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Model and assumption

Assumption (efficient log-price processes)

The efficient processes X and Y are lté—processes on
(2,3, (31),P):

aX; = ut dt+ot dBy |

dY: =) dt+o) dB/ ,
with (§¢)—adapted Standard Brownian Motions BX and BY and
pt = corr (BX, BY').

The drift processes uX and 1), spot volatilities o and o) and
pt are (§:)—adapted, continuous processes.

Aim: Estimation of the quadratic covariation

;
(X, Y>T—/o ool pat .
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Model and assumptions

Assumption (observation schemes)

The deterministic sampling times

g¥n — {0 < " < " < . < £ <1} and
JYim = {0 < T(()m) < 71('") < 7™ < 1} are assumed to be
regular in the following sense:
X = sup (ti—tq) = (n 1) (1a)
ie{1,...,n}
Y ._ 1
Smi= sup (17— 7j-1) <m ) (1b)
je{l,...m}

Furthermore, tp = O (n~") and 7o = O (m~") as well as
A-t)=0("and (1 —7m)=0(m).
Number of observation are of same asymptotic orders: m ~ n.
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Model and assumpiti

Assumption (economic market microstructure noise)

At the sampling times the efficient processes are observed with
an additive microstructure noise:

Xt,- =Xti—|-€£,(, YT]. = Y7'j+€7¥j‘
e and €)' are modelled as i.i.d. centred discrete processes
independent to each other and to the efficient processes. We

K
assume E (X)* E (¢¥)* < oo where B (X)" .= & (eff) and

K
E (") =E (e) analogously.
/

The noise variances are denoted by

2 2
77)2( =K (e?,() and 77%/ =K (eTj)
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only transactions that led to price chan-

ges for the same data set

RN Ge



Alo

more informative model: Equidistant synchronous observations
of Standard Brownian Motions X and Y with p = corr(BX, BY);
Gaussian i.i.d. noise:

eg(wN(O,nf() andegNN(O,n%) ,i=0,...,N

Local Asymptotic Normality (LAN) with N—"/*-rate:
szN 1 2N 2
p+N" 3 hy Py _ h I(p)
log (—dPgN ) L5 hzZ\/1(p) — (2)

for hy — h where Z ~ N (0, 1) and Fisher-Information /(p).
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(convolution + minimax) =

For any sequence of estimators py a lower bound for the rate of
convergence is given by N'/4,

Parametric efficiency bound (Cramér-Rao):

AVAR(pp) > I(p) .

bounds for the Fisher-information (nx > ny):

1 1 1

(e) 2 8nx ((1 o (1 0)3/2> e
V2 oA 1 1
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(convolution + minimax) =

For any sequence of estimators py a lower bound for the rate of
convergence is given by N'/4,

Parametric efficiency bound (Cramér-Rao):
AVAR(pn) > I(p)~".

Fisher-information : for nx = ny:

1 1 1
0= g5 (777 + =77 %)
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Q Dealing with non-synchronous observations
@ Dealing with noise contamination
@ Quick overview: related methods

@ simulation study

e Outlook




Q Dealing with non-synchronous observations
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" Hayashi-Yoshida-estimator
The Hayashi-Yoshida(HY)-estimator

(MY
(X, Y)r ZZAX&AYT/ﬂ[mm(t,,T,)>max<a B

i=1 j=1
yields a consistent, asymptotically unbiased and (under certain
assumptions) asymptotically normal estimator for the integrated

covariance from asynchronous observations in the absence of
noise.

“Translation” into an algorithm:

SR -y (Z A%+ Y AVT,)
i=0 i=0 \ gt res
N

= (% - %) (V.- ¥)

i=0

=] =



first step:

o for fp < 79 and pg :=min(w € {1,...,n}|o < tw}):

H° = {to,...,t,,} and S° = {70}
+1
G {uo

if 70 =ty
Ho
o for ty = 7p:

. and r; =1
if 10 < tﬂo

HO = {t,} and % = {rp}
gr:=1 and ry:=1
o for ty > g and wp :=min (I € {1,..., m}|ty < 71}):

3% = {to} and S° = {r,

e Tw )
g =1 and r, ::{Wo-l-‘l if o= Tw,

Wo

o =




i-th step (given H'~" and §'—1):

o forty, < 7, and p; :=min(w € {g; +1,...,n}7, < tw}):

H ={tg,...,t,} and §' = {7}
g — {q,-+1 = pi+1

Qiv1 = Wi
o for ty, = 71

|f 7'/,- = t,u,-

. and r; — ripq = r+1
|f Tr; < tﬂi

H' = {tg} and §' = {r;}
9 —Qir1=q+1 and r— riq4=r+1
o forty, >m,and w;:=min(/ € {ri+1,...,m}|t, < 7/}):

H' = {ty} and §' = {r,..., 7w}

Qi — Qi+1 = gi+1 andr,-_>{’+1 wi+1 if tg, =1y,

ligg =W, if tg, < 1w,
[m] = = =
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ty tg tg
T T T B Ty
70 g | w? | w® | ot | ad | b | | o
{to}
g0 gt | g2 | ¢ | gt | ¢ | ¢® | g7 | g®
{m0}
o =

Tg T9 Tio
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ty t? ty ts tg
To T 2 T3 T5 T 7 Tg Tg T
30 3! 32 | o® | ot | S | 9 | a7 | a8
{t} | {83}
g0 g' g2 | g | g* | ¢ | s | ¢ | gt
{m0} {m}
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T

ts tg tg
T 12) T3 T T T T3
30 3! 32 Foy N I 7 B B A B
{to} {ti, b, i3} {3}
g0 g! g2 g8 | g | ¢° | ¢¢ | g7 | g®
{70} {71} {12, 73}

T9 Tio




T9 Tio

T T T T3 T T
30 3! 32 73 34 | 35 | w8 | | o
{io} {ti, o, 3} {3} {t4, 85,8}
g0 g' g2 g® gt | ¢5 | g | 7 | ¢
{m0} {1} {70, 73} {4}




t; t t; ty g tg t; tg

T T T T 5 B Ty T3
30 7! 32 33 34 #5 | 38 | w7 | w®
{to} | {t,b, B3} {3} {ta. 65,66} | {l,t7}

g0 g' g2 g® g* g® | ¢ | g7 | g8
{70} {m} {12, 73} {ma} {75}

T9 Tio




ts tg t;
To T 2 T3 T Tg
30 3! 32 33 a4 5 38 | a7 | 3B
{to} | {h .t} {3} {ta, 65,56} | {ts;t7} | {t7.18}
g0 gt 52 53 g4 55 g6 g7 38
{0} {m} {12, 73} {4} {5} {76}

T9 Tio




2 T3 T5 % 7 Tg T
30 3! 32 33 a4 35 38 H7 | 8
{t} | {t.b, 53} {3} {ta,; 65,86} | {ts;t7} | {tr, 18} {ts}
g0 g' g2 g® g* g° g8 g | g8
{0} {m} {2, 73} {4} {5} {76} {77, 78}




To T T2 T3 T 5 % 7 ] T To

0 3! 2 3 4 5 fand 7 #8
{to} | {t.t, 13} {ts} {ta, 65,86} | {ts;t7} | {tr.88} {tg} {to}

g0 g' g2 g® g* g° gb g’ g®
{70} {m} {12, T3} {4} {5} {76} {m7, 78} | {78,790}




To T T2 T3 T 5 % 7 ] T To

0 3! 2 3 4 5 fand 7 +8
{to} | {t.t, 13} {ts} {ta, 65,86} | {ts;t7} | {tr.88} {tg} {to} {tio}
g0 g' g2 g® g* g° gb g7 g®
{70} {m} {m2, 73} {4} {5} {76} {m7,m8} | {7879} | {79,710}




t ot tla ':x ;5 '
T T T3 T4 B ’ ’ 18
50 g | 9@ | 9 | 5% | 96 | 96 | o | a8
{to}
30 g | 2| @ | 5 | 55| g6 | g | o
{7‘0}
4 . - T Ta Ts Ts T7 Tg
t0 =T

tin

Tg

T10




To

ty ty ts tg tg
T
1::1 2 T3 7 5 T Ty T3
50 3! 32 | 3 | ot | w5 | S | w7 | a8
{to} {ti, o, 3}
g0 g! g2 | g8 | g* | g5 | ¢® | g7 | g8
{m0} {m1}
T T T T T Ts Ts T Ts
=19 kal

T3 T1o




tin

T10

b e -
T,
To T T2 ‘E:3 T4 - i t7 18 |
) ; P 73 ¢4 35 38 57 58
. {ti, o, 13} {3}
90 91 32 93 94 95 96 97 98
{0} {m} {72, 73}
TO : a T3 n Ts Ts T7 Tg
fo =70 ] —




ty ;5 ts t'7 t:a
T
Ty 7 2] T3 1:'4 T5 5 Ty T

0 5! 72 33 a4 | w5 | w8 | T | B
{to} {ti, o, 3} {3} {ta, t5, 86}

g0 g' g2 g® gt | g% | ¢ | g7 | g8
{0} {m} {12, 73} {14}

To T T T3 Ts Ts Ts T Ts

=70 1 i3 =73 T4

Tg

tio

o
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tio

o

P ot b
T
T 2 T3 7 1:5 T Ty T3 Tg
50 3! 2 73 4 H5 | w8 | w7 | B
{to} {ti, o, 13} {3} {ta, 65,86} | {l;t7}

g0 g! g2 g® g g | g% | g7 | g8
{0} {m} {2, 73} {74} {75}

To T T2 T3 Ty Ts Ts Tz Tg
=10 T 3=13 4 75




tg ) tg tg tio
Ts
To T T2 T T 1;s ] T To
30 3! 32 33 H* 35 H® | " | H®
{to} {ti, 2,13} {ts} {ts, 55,86} | {ts,t7} | {tr, 08}
g0 g g2 g3 g g° g® | g7 | g8
{70} {1} {72, 73} {74} {75} {76}
To T To T3 In Ts Ts T7 Tg
h=1o T 3 =13 T4 75 76
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To T2 3 Ts Tg
70 3! 2 73 4 55 faad w7 | 8
{to} {ti, o, 13} {3} {ta, 65,56} | {te;t7} | {t7.83} {tg}
g0 g! g2 g® gt g° g® g | g8
{70} {m1} {2, 3} {74} {7s} {76} {7, 18}
To T To T3 Ty Ts Ts T7 Tg
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t; t t; t.a ty g
To T T2 T3 T T T Tg Tg T
3° ! 32 33 34 35 38 57 8

{t} {ti, b, 13} {3} {t, 5,66} | {ts,t7} | {t7,88} {ts} {19}
g° g' g2 g® g g° gt g7 g8
{m0} {m} {2, 73} {4} {5} {76} {m7,78} | {78,790}
To T T2 T3 Ty Ts Te Tz Tg
) T 3 =13 T4 75 T6 i fy




o tot bt ts t5 t
To T T2 T3 T T B 7 Tg Tg T
3° ! 32 33 34 35 38 57 38
{t} {ti, b, 13} {3} {ta; 65,86} | {te;t7} | {tr.18} {ts} {19} {tio}
g° g' g2 g® g g° gt g7 g8
{m0} {m} {2, 73} {4} {5} {76} {m7,78} | {78,790} | {79,710}
To Ty T2 T3 Ty Ts Te Tz Tg
) T 3 =13 T4 75 T6 i f to = T10
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T T T, T Ts ; T
To 15'1 T2 ‘;4 1-"5 fls 4 ' Tg ‘ Tg T
3° ! 32 33 34 35 38 57 38
{t} {ti, b, 13} {3} {ta; 65,86} | {te;t7} | {tr.18} {ts} {19} {to}
g° g' g2 g® g g° gt g7 g8
{m0} {m} {2, 73} {4} {5} {76} {m7,78} | {78,790} | {79,710}
To Ty T2 T3 Ty Ts Te Tz Tg
) T 3 =13 T4 75 T6 i f to = 710




Proposition

The set of refresh times 79" = { Ty, ..., Ty} with
Ti:=min(gj,vi), i =0,..., N defines a partition of [0, T].
The refresh times are related to pseudo-aggregation as follows:

Ti = min(g;,7i) = max (i1, A1), i=1,...,N-1 (4)

and oy := supjeqy,. ny (Ti = Tie1) = O (N77).




Split the error due to discretization
N

D

i=0

1
(Xg — X;) (Y — V) — /0 proXo) dt = DY 4 Al
approximation

_ pN
=T
in a discretization error of the closest synchronous

oY =3 (Xn = xr_,) (Yn - ¥n_,) —/T' Py oy dt
i=1

Tiz1

g ATo T
— / profo) dt — / P
0 IhATm

and an error due to asynchronicity

AI'IV - Z (Y’Yl

oo dt

+ Z (Xgi

X1y = )]1{7': 1}= >\)
=) (Y = Y1) Lzmgy + (Y1, - )1{7, 1=hy
i=1 =] = 1PN G4
_

Ya) (X = X) 1irmy + (



Definition

The sequence of functions

GN(t) = N

> (A1) telo, T
T,-(N)ST

is called the sequence of quadratic variations of refresh times.
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Asymptotic q

Assumption

We assume for T,.(N) and the sequence of quadratic variations
of refresh times the following:

@ GN(t) = G(t) for N — oo, with G(t) continuous
differentiable.

%) GN(””,’;’A)I_GN(’) — G/(t) uniformly in N — oo and
hy=0 (N_1).

v



Crucial assumption

Assumption

The observation schemes have to tend to “an asymptotic

degree of asynchronicity”, so that the sequence of variances of
AY converges.

(‘IX’”,TY”") N <‘J«X,as’TY,as) for n,m— oo

or equivalently

U(g<”) TN, AN — 8, 7N N 7N 5y

U(g(as) Ti(as)’,yi(as) _ Ti(as), Ti(i'? _ Ii("f's)7 Ti(—a? _ )\’(35)) for N — oo.




\/N(DN ’N(O T/ G’t) atat (pt—l—‘l))
(5)

VNAY Ls (o T / as G (1) (o] a,)2> . (6)
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@ Dealing with noise contamination

RN Ge



Var(X Y

i E>\i—KN+1)
2 2N
N Ky Ky Ky
=] = = A

sub

1 N
<Xa Y>T =

T Y)\i—KN+1> :
KN

22 (COV @/a @/) + Cov (@n @/) + Cov (@H @j) + Cov (®l’ ®/))
with 4 uncorrelated addends

(Xg, — X’f—KN+1) (Yw - Y>\i_KN+1)
©;= (Eg; — e

li—ky+1

@i = (Xg, - X’i—KN+1) (6’\;: - GKI—KNJH)
) (Y‘Yi - Y>\i—KN+1) @; = (ES)J(:' - E/)i(_;<,\,+1) (E“\/( -
= Var ((ﬂ)srw) =0 (KN

7)2




@ The overall asymptotic variance is minimized for
Ky = Csub N3,

@ No bias-correction is needed as in the univariate case (Two
Scales Realized Volatility).




My .

—— mult —— sub,i

<X, Y>T = E a,',N(X, Y>T s (MN > 2).
i=1

(b, 90).
(lo, o),
(lo, 9o),
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—— mult —— sub,i

<X, Y>T = E a,',N(X, Y>T s (MN > 2).
i=1

(b, 90).
(lo, o),
(lo, 9o),
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—— mult —— sub,i

<X, Y>T = E a,',N(X, Y>T s (MN > 2).
i=1

(b, 90).
(lo, o),
(lo, o),




A generalized multi-scale approach

</\ mult

Z

O‘IN Z (Xg/

i+1) (Y/’Yj - ¥
j=i—1

YA/-;+1>
with Y~ a; = 1. Analysis of the overall variance
—— mult
X, Y)

(X, Y)r = error due to noise + discretization error

discretization error = synchronous approximation + error due to asynchronicity

My N
. (0%}
error due to noise = Z ,TN Z (

X _ X Y Y
€g 6//7:41) (EW/
i=1 j=i—1

ENj i )
+-cross terms

[m]

=



The leading term in the error due to noise is minimized for

ot (1272 6i 6i
= (ae - oe o wew) O
:12i2

W‘%“ +0(1)) -




Theorem
The generalized multi-scale estimator,

/\ mult

ZOA Nopt Z (Xgl :+1) (V»,I. — VA]—/H)

j=i—1

converges for My = ¢ - v/N stably in law to a mixed Gaussian:
W(&ﬁﬂ”%nnﬁfﬂwmﬁ@ ®)

with asymptotic variance

24 4 12k 12 i
AVAR = B4 200 5 ﬂ/(@+mmmmnafw+5 i
12 (1 + k3)

5o (BT +m0T)

where 0 < k1 < 1,1 <kp <2and0 < k3 < 2.




Proposition

The one-scale subsampling estimator with i = ¢ - N*/®

_——sub 1 N . . o .
(X, Y)r = 7 Z (ng - X’j—i+1) <Y7/' - Y’\i—i+1>

j=i—1

converges with rate N'/¢ stably in law:
NP (VT = X Y)r) £5N (0. 12
with the asymptotic variance
AVAR,,, = 4775(—2”% + %cT/OT(/«U + 2)G () (o) )?at

where 1 < x < 2.




@ Quick overview: related methods




There exist three related methods to deal with the influence of
noise (for univariate or multivariate synchronous data):

@ one-scale subsampling estimator and multi-scale

Christensen, Vetter)

estimator(s) (Mykland, Zhang, Ait-Sahalia, Palandri)
@ pre-averaged estimators (Jacod, Podolskij, Kinnebrock,

o kernel estimators (Barndorff-Nielsen, Hansen, Lunde,
Shephard)

[m]
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3 methods:
method technique for noise
1 generalized multi-scale approach
2 kernel estimator
3 pre-averaging
method synchronization
1 pseudo—aggregation (HY)
2
3

refresh times and previous—tick
—/refresh times /HY

[m]

=



BNHLS kernel estimator converges with N'/5-rate and assures
positive semi-definiteness with

1 T
AVAR = 2¢c </O Rz(x)dx> T/O ((1 + p2) (oo )2ds> o fdu .
For synchronous observations with optimal rate

The pre-average estimator for synchronous, equidistant
observations converges with optimal rate and

AVAR — 2 151

— 0T [ (1 )Pd
72 (50640 [+ Aoty vas
it

.
55T L (@Fm? + @Ymo? + 2ncvpeokal) s

555 (s + iy )
N'/5-rate.

There is a version that assures positive semi-definiteness with

There is a rate-optimal Hayashi-Yoshida version (W|thout CLT)

[m]

=



@ simulation study




Constant parameters oX =¥ =1, p=0.5, X = ¥ =0 and
set T =1.

Sampling times: two independent Poisson—processes with

En = 30000 = Em (then EN = 20000)

Gaussian i.i.d. noise

estimators in the absence of noise (50 MC-iterations):

mean sd
Hayashi-Yoshida/pseudo-aggregation 0,506 0,037
refresh time realised covariance 0,336 0,037

= Realised Covariance using the previous-tick refresh-time
method is heavily biased downwards
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Minimizing the MSEs for Ky = ¢susN7? and My = CruiivV/N
leads to:

Copt \l 2477X My
sub ™

_ 3 96772,'72
= 'IX'ly
fo (1+ ps)(Us Os )2dt 5

_ 2520 12172, \/ 5041212,
™ 82 [ (1 + pB) (0¥ oY )2t 13




noise level ng =% | Ky | My
(1/v/10) 646 | 216

0.1 300 | 122
(1/4/10)- 0.1 139 | 68
0.01 65 38
(1/4/10)- 0.01 30 | 22
0.001 14 | 12
(1//10)- 0.001 6 | 7
0.0001 3 | 4




0.000316

multi-scale

0.001
[m]

0.00316

>
°
=]
=
n
<
K=l
s
>
£
(7]

0.01

0.0316

0316
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02
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Density

kernel density of MC-iterations

— one-scale
— multi-scale
— kermnel
T T T T T
03 04 05 08 07
N=500 Bandwidth =001307
=}
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Density

Sample Quantiles

0.4 05 0E

03

kernel density of MC-iterations

T T T T T
03 04 s g 07

M=500 Bandwidth = 0.01307

QQ multi-scale

Thearetical Quantiles

Sample Cuantiles

Sample Quantiles

03 04 05 0B 07

04 05 06 07

03

QQ one-scale

Theoretical Quantiles

QQ kernel

Thearetical Quantiles
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Density

15

10

kernel density of MC-iterations

— one-scale
— multi-scale
— kemel
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MN=500 Bandwidth=0006333
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Density

Sample Quantiles

040 045 050 055 080

kernel density of MC-iterations

T T T T
045 0.50 0.gs 0.60

M=500 Bandwidth = 0.005333
multi-scale
B
o
T T T T T T T
32 o 1 2 3

Thearetical Quantiles

Sample Cuantiles

Sample Quantiles

048 052 056

044

0.40 0.50

0.30

one-scale

Theoretical Quantiles

kernel

Thearetical Quantiles
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e Outlook




@ jump diffusion/general semi-martingale / Lévy-process
models for the efficient processes




@ jump diffusion/general semi-martingale / Lévy-process
models for the efficient processes

@ non-i.i.d. noise and relaxing other assumptions




@ jump diffusion/general semi-martingale / Lévy-process
models for the efficient processes
@ non-i.i.d. noise and relaxing other assumptions

@ random sampling schemes (in general, others than
independent Poisson-sampling)
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@ jump diffusion/general semi-martingale / Lévy-process
models for the efficient processes

@ non-i.i.d. noise and relaxing other assumptions

@ random sampling schemes (in general, others than
independent Poisson-sampling)

@ unifying theory for different estimation methods
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Thank you for your attention!
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