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Lévy Processes

Definition
A cadlag stochastic process (X;)e>0 on (2, F,P) with values in
R? such that Xo = 0 is called a Lévy process if it possesses the

following properties:
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Lévy Processes

Definition
A cadlag stochastic process (X;)e>0 on (2, F,P) with values in
R? such that Xo = 0 is called a Lévy process if it possesses the
following properties:
e Independent increments: for every increasing sequence of
times tp, ..., t, the random variables
Xty Xty — Xtgs - - - » Xt, — Xt, , are independent.
e Stationary increments: the law of X;,, — X; does not depend
on t.
e Stochastic continuity: Ve > 0, limp_o P(| Xt1nh — X¢| > €) = 0.
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X

Xi

Exponential Lévy Model

Some Examples

Pure Drift, Brownian Motion,
Pure Jump, Sum of previous

Asymptotic Normality
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Characterization and Finite Intensity Case

Lévy processes are characterized by their Lévy triplets (a2,,v),
with volatility o > 0, drift v € R, jump measure v and intensity
A =r(R).



Lévy Processes Exponential Lévy Model Asymptotic Normality

Characterization and Finite Intensity Case

Lévy processes are characterized by their Lévy triplets (a2,,v),
with volatility o > 0, drift v € R, jump measure v and intensity
A =r(R).

In the case of finite intensity A < oo we have:

N
Xt:’yt—i-aWt—}—ZY,',
i=1

with Brownian motion W;, independent random variables Y; ~ v/
and Poisson process N; with intensity A (all independent).
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Exponential Lévy Model

Let (e™"S;,t > 0) be a martingale on a filtered probability space
(Q,F,Q, (Ft)), where r > 0 is the riskless interest rate.

Let S; = Se™tXt with a Lévy process X; for t > 0,
where S > 0 is the present value.



Exponential Lévy Model

Exponential Lévy Model

Let (e™"S;,t > 0) be a martingale on a filtered probability space
(Q,F,Q, (Ft)), where r > 0 is the riskless interest rate.

Let S; = Se™™Xt with a Lévy process X; for t > 0,
where S > 0 is the present value.

Aim: Estimation of the Lévy triplet (02, ) from option data

Restriction: Let (X;) have finite intensity and an absolutely
continuous jump measure.
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Options

European Call Option C(K, T): right, but not the obligation to buy
an underlying asset for the price K at time T

European Put Option P(K, T): right, but not the obligation to sell
an underlying asset for the price K at time T
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Options

European Call Option C(K, T): right, but not the obligation to buy
an underlying asset for the price K at time T

European Put Option P(K, T): right, but not the obligation to sell
an underlying asset for the price K at time T

Substitute K by the negative log-forward moneyness x:
x = log(K/(Se'™™))
Put-call parity:

Cx, T) = P(x, T) = S(1 — &)
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Observations

Define: 1( )
S57C(x, T), x>0
O = { SP(x,T), x<0
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Observations

Define: ) ( )
S57C(x, T), x>0
00 = { SP(,T), x<0
O is observed in the Gaussian white noise model:

dO(x) = O(x)dx + € eo(x)dW(x),

with Brownian motion W, ¢y € L2(R) and € > 0.

Asymptotic Normality
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Description of the method

Putting u(x) := e*v(x), the following equality holds:

volu) = %Iog(l—i—iu(l—l—iu)]—"@(u))

02 2 . 2 02
= —yu it ut (5 = A) + Fulu).
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Description of the method

Putting u(x) := e*v(x), the following equality holds:

vo(u) = % log (1 + iu(1 + iu)fO(u))
0'2 0'2
= —Su il +Nut (5 7 =N+ Fulv).

1. Substitute FO(u) by its empirical counterpart
F(dO)(u) = FO(u) + e [7_ e eo(x)dW(x).

2. Calculate ¥, (u) with F(dO,) instead of FO.

3. Determine 62, 4, \ from the coefficients of the quadratic
polynomial. Fi is given by the remainder.
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Known Results

There are estimators for discrete observations such that
(Belomestny & Reil3 2006):

e The Lévy triplet is estimated consistently.

e In general the rates are logarithmic. If ¢ = 0 is known, the
rates are polynomial.

e The rates are optimal in the minimax sense.
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Continuous Complex Logarithm

We need to calculate ¥, : R — € with

o0

@D@E(u):%Iog(l+iu(1+iu)(]~'@(u)+e / ei”Xeo(x)dW(x))>.

—0o0

=:p(u)

The logarithm needs to be taken such that ©o_(u) is continuous
and 1, (0) = 0.
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Continuous Complex Logarithm

We need to calculate ¥, : R — € with

’QD@E(U) = % Iog (1 + iu(l + iu)(]:O(u) + € /OO eiLIXEO(X)dW(X)) >

—0o0

=:p(u)
The logarithm needs to be taken such that ©o_(u) is continuous
and 1, (0) = 0.

We have Re(log(re®)) = log(r). The real part is defined for all
o(u) # 0. For all u € R almost surely ¢(u) # 0.
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Imaginary Part of the Complex Logarithm

We have Im(log(re®)) = 6 + 2k with k € Z.

To define o _(v) = (1/T)log(¢(v)) the whole path
¢ : [0, v] — C needs to be distinct from zero.

Res

mleg)
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Imaginary Part of the Complex Logarithm

We have Im(log(re®)) = 6 + 2k with k € Z.

To define o _(v) = (1/T)log(¢(v)) the whole path
¢ : [0, v] — C needs to be distinct from zero.

Res

If [ (14 [x])Peo(x)?dx < oo
with p > 1, then almost surely for
all uin R ¢(u) # 0 (S. 2010).

[ e eg(x)dW(x) is a Gaussian
process. Use methods from Gaus-
sian processes.

mleg)
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Confidence sets

How good is the estimation?
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Confidence sets

How good is the estimation?

Project: Confidence intervals and confidence bands for these
estimators.
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Confidence sets

How good is the estimation?

Project: Confidence intervals and confidence bands for these
estimators.

Method: Study the asymptotic behavior of the estimators.
Obtain confidence sets from quantiles of the
asymptotic distribution.
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First steps towards confidence sets

bolu) = %Iog<1+iu(1+iu)}"(’)(u))
2 2

= —%uz +i(o® +y)u+ (% + 9= A) + Fu(v)
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First steps towards confidence sets

1
—log (1 +iu(1+ /u)fO(u))
o2 o2
= 2u 21+ i(o? +’y)u—|—(2+’y A) + Fu(u)
Let B be the Borel o-algebra with respect to the topology of
uniform convergence on compact sets. Then
1 iu(1 + iu)
(o)t (w) = Tt ey [ bW

in distribution with respect to B as ¢ — 0.



Lévy Processes

Cut-Off
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Asymptotic Normality

Dependence between oracle cut-off and noise level, noise in
multiples of O(x), Kuo model, oracle cut-off without noise: 68.4
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Empirical Density
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Density of & after 1000 Monte Carlo Simulations,
[E(6 — 0)?]*/? = 0.00341, o = 0.1, oracle cut-off, noise 0.1 O(x),
Kuo model
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Thank you for your attention!
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