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Abstract We consider a system with Poisson arrivals and i.i.d. service times. The
requests are served according to the state-dependent processor-sharing discipline,
where each request receives a service capacity which depends on the actual num-
ber of requests in the system. The linear systems of PDEs describing the residual and
attained sojourn times coincide for this system, which provides time reversibility in-
cluding sojourn times for this system, and their minimal non-negative solution gives
the LST of the sojourn time V(t) of a request with required service time 7. For the
case that the service time distribution is exponential in a neighborhood of zero, we
derive a linear system of ODEs, whose minimal non-negative solution gives the LST
of V (), and which yields linear systems of ODEs for the moments of V(7) in the
considered neighborhood of zero. Numerical results are presented for the variance of
V(7). In the case of an M/G1/2-PS system, the LST of V(r) is given in terms of
the solution of a convolution equation in the considered neighborhood of zero. For
service times bounded from below, surprisingly simple expressions for the LST and
variance of V (7) in this neighborhood of zero are derived, which yield in particular
the LST and variance of V() in M /D /2-PS.
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1 Introduction

Processor Sharing (PS) systems have been widely used in the last decades for mod-
eling and analyzing computer and communication systems, cf. for example [2, 4, 5,
7,9, 11, 12, 17, 18], and the references therein. In this paper we deal with sojourn
times of requests in a node, where the requests are served according to the following
generalized processor-sharing discipline, which we call State-Dependent Processor
Sharing (SDPS) discipline, cf. [8, 9]. If there are n € N := {1, 2, ...} requests in the
node then each of them receives a positive service capacity ¢(n), i.e., each of the n
requests receives during an interval of length At the amount ¢(n) At of service. In
the case of ¢1(n) = 1/n, n € N, we obtain the well known single-server PS system,
cf. for example [7, 18], in the case of ¢; x(n) = 1/(n + k), n € N, we have a single-
server PS system with k € N permanent requests in the system, cf. [15, 19], in the case
of ¢, (n) =min(r/n, 1), n € N, an r-server PS system, where all requests are served
in a PS mode, but each request receives at most the capacity of one processor, cf. [8,
p- 2831, [3, 4, 9], in case of ¢, x(n) = min(r/(n+k), 1), n € N, an r-server PS system
with k € N permanent requests, in the case of ¢ (n) = 1, n € N, an infinite-server
system.

A system working under the SDPS discipline and where the requests arrive ac-
cording to a Poisson process of intensity A, the required service times are i.i.d. with
df. B(x) := P(S < x), where S denotes a generic service time, and finite mean
mg := ES and independent of the arrival process is denoted by M/G1I/SDPS, the
corresponding r-server PS system is denoted by M /G /r-PS.

Networks with nodes working under the SDPS discipline are investigated in
[1, 4-6, 8, 10, 20]. In particular, for the M/G1/SDPS system some basic results are
known, cf. [8], which we will use and therefore shortly review in the following Let
N (t) be the number of requests in the system at time z, Y*(¢) := (Yl* ®,.. N(t) )
the vector of the residual service times of the N (7) requests in the system at time ¢,
ordered randomly, and Y*() = ()?l* ®, ..., ?,*(,(t)(t)) the vector of the attained ser-
vice times of the N(¢) requests in the system at time ¢, ordered randomly. The vec-
tor processes (N (7); Y*(t)), t € R, and (N(¢); f*(t)), t € R, are Markov processes.
The M/GI1/SDPS system is stable, i.e., there exist unique stationary processes
(N(1); Y*(1)), 1 € R, and (N(1); Y*(1)), t € R, if and only if

Z]—[ 0@ < 0, (1.1)

=0¢=1

where o := Amg denotes the offered load, cf. [8] (7.18). We assume in the follow-
ing that the system is stable and in steady state, i.e. that (1.1) is satisfied and that
(N@); Y*(1)), t € R, and (N(1); ?*(t)), t € R, are stationary Markov processes.
Then the stationary occupancy distribution p(n) := P(N(t) =n), n € Z4, as well
as the stationary distributions of (N (¢); Y*(¢)) and (N (¢); ?*(t)) on {N(t) =n} are
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given by

o0 m _1 n
4 4
= — —_— 1.2
P (Znew)) ) 42
P(NW) =n; Y{() < y1,.... Y, (1) < yn)

=pm) [[Br0)=P(NO) =n: Y} () < yi..... Y5 (@0) <yu).  (1.3)
=1

where
1 X
Br(x) := —/ (1-B())ds, xeRy, (1.4)
ms Jo

denotes the stationary residual service time distribution having the density bg(x) =
(1 — B(x))/mg, x € Ry, cf. [8] (7.19) for the case of phase-type distributed service
times, [20] for the general case. For the sojourn time V of an arbitrary arriving request
with required service time S, from Little’s law and (1.2) we find

1 & |
S = - . 1.5
D _np(n) msZ(p(nH)p(n) (1.5)

n=0 n=0
For the conditional sojourn time V (7) of a request with required service time T € R
T
EV(t)=—EV, (1.6)
msg

cf. [8] (7.27). More generally, for T € R4, k € N we have the estimate

3] 1 .
rk<2mp(n)> <FE Vk(r) <‘[k2( a —i—l)) p(n), 1.7)
n=0

cf. [5] Theorem 1.1. It seems that in the case of the general M /G I /SDPS system for
V(r) and V besides (1.5)—(1.7) there are known only asymptotic results for heavy
tailed service times, cf. [9]. However, for special cases several results and numerical
algorithms are well known. We mention only a few references. For the M/G1/1-PS
system and special cases, cf. for example [7, 11, 13, 1618, 21]. The variance of
V(t) in the M /M /2-PS system is given in [14]. The Laplace—Stieltjes transform
(LST) and moments of V (7) in the general M /M /r-PS system are treated in [3] and
in the M /M /SDPS system in [4].

The aim of this paper is to derive analytical results and representations for sojourn
times in the M /GI/SDPS system. The paper is organized as follows. In Sect. 2 we
analyze a linear system of partial differential equations (PDEs), which has two dif-
ferent stochastic interpretations, implying time reversibility including sojourn times
of the M /G1I/SDPS system. Moreover, its minimal non-negative solution gives the
LST of V(r), which implies that V (r) depends on B(x) for x > t only via mg in
distribution. In Sect. 3 we assume that the service time distribution coincides with
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an exponential distribution in some interval [0, d). We derive a linear system of or-
dinary differential equations (ODEs) with constant coefficients, whose minimal non-
negative solution gives the LST of V (1), t € [0, d), and which provides correspond-
ing linear systems of ODEs for the moments of V(7), t € [0, d). For the case that
the service time is the minimum of an exponential and deterministic time we give
the LST and the moments of V in terms of minimal non-negative solutions of linear
systems of ODEs. Numerical results are presented for the variance of V in M/D/r-
PS. In Sect. 4 we assume again that the service time distribution coincides with an
exponential distribution in some interval [0, d), but we consider the special case of
an M /G1/r-PS system. For the M /G /2-PS system a representation for the LST of
V (1), T € [0, d], in terms of the solution of a convolution equation is given. For the
limiting case of service times bounded from below, surprisingly simple expressions
for the LST and variance of V(7), t € [0, d], are derived, which yield in particular
the LST and variance of V(r) and V in M /D /2-PS.

2 Sojourn times in M /G I /SDPS

We assume in the following that the system is stable, i.e., that (1.1) is satisfied, and in
steady state. In particular m is finite. Moreover, for technical reasons—if not stated
otherwise—we make in the following the assumption:

(A1) B(x) has a continuous density b(x) and B(x) < 1 for x € R;..

For notational convenience let B(x) := 1 — B(x), Br(x) := 1 — Br(x), cf. (1.4),
and B(x) := b(x)/B(x), Br(x) := br(x)/Bg(x) be the complementary distributions
and hazard rates of the service time df. and the stationary residual service time df.,
respectively. Further we will use several vector notations in this section. If not stated
otherwise, let y := (y1, ..., y¢) € Rﬁ where ¢ = m or £ = n, respectively, and

Q@Z:{yeRﬁ:0<y1<~-~<y@}.

Fory,j e R¢let y <jifandonlyif y; <3 fori=1,...,¢.

Besides the randomly ordered residual service times Y;*(¢),...,Y ;\}(z)(t) and at-
tained service times Y o, ..., ?;(t)(t) we need them ordered increasingly. Let
0=<Y1(t) - - < YN () be the residual service times of the N () requests at time ¢,
ordered increasingly, and let Y (¢) := (Y1 (¢), ..., Yy () (¢)) be the corresponding vec-
tor. In view of the SDPS discipline, this implies that the requests are ordered ac-
cording to their departure instants in this case. Let 0 < Y H<---< Y N (t) be the
attained service times of the N (¢) requests at time ¢, ordered increasingly, and let
Y (1) := (17 1), ..., f’N(t)(t)) be the corresponding vector. In view of the SDPS dis-
cipline, this implies that the requests are ordered reversely to their arrival instants in
this case. Forn e N, y € £2,, let

n

WP(NU)ZW Y () S)’)

p(n;y) =
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be the density of Y (¢) on {N(t) =n} and
n

mP(N(t)=n; Y(t) <y)

p(n;y) =

be the density of ?(t) on {N(t) = n}. On the boundary of £2,, let p(n; y) and p(n; y)
be defined by continuous continuation. The support of p(n;y) and p(n;y) is the
closure £2,, of £2,.

Denoting by S, the set of all permutations of the set {1, ..., n}, from (1.3), (1.4)
forn e N, y € £2,, we obtain

al’l
p(n;y) = Z mP(N(f) =n; Yl*(t) S Vr)s e Y:(f) = }’n(n))

7eS, :

=nlp() [ [brOve), @2.1)

=1

and analogously it follows that

pn; y)=nlpm) [ [ br(y0). 22)
=1

By continuous continuation, (2.1) and (2.2) hold for n € N, y € £2,,, too.
2.1 PDE:s for sojourn times

For the M/GI/SDPS system let the stability condition (1.1) and (Al) be satis-
fied. Let Vi(¢), £ = 1,..., N(t), be the sojourn time of the request with resid-
ual service time Y (¢#) from time ¢ on until its departure from the system, i.e.,
its prospective sojourn time from time ¢ on. Since the Y,(t) are ordered increas-
ingly, the SDPS discipline implies that the V,(¢) are ordered increasingly, too, i.e.,
0<Vi(¥) £+ < Vyu(t). Further, Vi(¢) =0 if and only if Y;(¢) = 0. In view of
(A1) and the distributional and independence assumptions, for 0 <m <n, y € £2,,
the LSTs

R —5V(0) _ <
Unm (83 ) : 8y1...8y,,E[e ]I{N(t) n,Y(t) _y}] 2.3)
of V(1) on {N(¢t) =n, Y (t) €dyy,..., Y, (t) € dy,} are well defined for s € Ry.
For fixed s and 0 < m < n, let v, ;, (s; ¥) be defined on the boundary of £2,, by contin-
uous continuation. Taking into account that in [5] the residual service times Y, (¢) are
denoted by Ry(t), from [5] (2.2)—(2.6), (1.2), and (1.4) it follows that the v, » (s; y)
satisfy the following linear system of PDEs:

d
w(n)_vn,n1(5§y1 +& ..., +8&)
0§ £=0
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= —<A+s +¢(n)2ﬂ(yz)) Unm (S5 Y15 -+ ¥n)

=1
n+1 ye
F00 DY [ st (11 )BT

¢=1"YYe-1

2.4)

forO0 <m <n, y € £2,, where yg := 0 and y, 4 := 0o, with initial condition
n
) =n! “1TT» 2.5
Un,l(ss 7)’27-~7)’n) np(n)ms R(W): ( . )

=2

A
Un,m(s§07y27---vyn):—Un—l,m—l(S;y%-u’yn)a l<m<n, (2.6)

@(n)
for 0 < yy <--- <y, and that
n
Um0 ) =nlp() [ [br(ye), O<m<n,ye, @7
=1

Note that these equations are consequences of the Kolmogorov forward equations
(Fokker—Planck equations) and of (2.1).

Let Vo (1), £=1,..., N(t), be the sojourn time of the request with attained service
time Y, ¢(t) from its arrival at the system until time 7. Since the I?g (t) are ordered
increasingly, the SDPS discipline implies that the V (¢) are ordered increasingly, too,
ie.0<Vi(t) <--- < Vn(t). Further, V| (t) = 0 if and only if Y () = 0. In view of
(A1) and the distributional and independence assumptions, for 0 <m <mn, y € £2,,
the LSTs

8"

Bnm (53 ¥) = mE[e—SVm(’>H{N(r) =n,7(1) <y}] 2.8)

of Viy(t) on {N(t) =n, Y1(t) €dyi, ..., Y,(t) € dy,} are well defined for s € Ry.
For fixed s and 0 < m < n, let U, » (s; y) be defined on the boundary of £2,, by con-
tinuous continuation. As v, , (0; ¥) corresponds to the density of Y(t) on {N(t) =n},
from (2.2) we find that

n
O (0;y) = p(n: y) =nlp(m) [ [ brGe), O<m<n,ye, (29
=1

In the following let s € Ry be fixed. The dynamics of the M/GI/SDPS system
during an interval [z — h, t] of length h provide for 0 <m <n, y € 2, the balance
condition
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ﬁn,m(Slew--a)’n)

n
= <1 —h—@mhy ﬁ(w))e"hﬁn,m(s; yi—@mh, ..., yn —@n)h)
(=1
n+1 ye
+om+1)h Z Unt Lm+1{e<m) (3 Y15 -+ s Ye—1, T, Ye, .., yo) B(T) dT
(=1 Ye-1
+ o(h).

The first summand on the r.h.s. corresponds to the situation that during [t — &, ] there
is no arrival and no departure; the sojourn time increases by /. The second summand
corresponds to departures from the system. Subtracting on both sides vy, ,, (s; y1 —
omh, ..., y, —p(n)h), dividing by & and taking & | 0 provides the following linear
system of PDEs:

a .
¢(n)—vn,;n(S;Y1 "l‘é’---»))n +E)‘
0§ £=0

= —<A+s +qo(n)2ﬁ(yz)) Onm ($3 V15> ¥n)

=1
n+1

(4
F00 DY [ st (11 T )BT
¢=1"YYe-1

(2.10)

for 0 <m <n, y € £2,, which correspond to the Kolmogorov forward equations.
Taki~ng into consideratipn arrivals, we find the initial conditions for 0 < y, < --- < y,.
As Y1 (t) =0 implies V1 (¢) =0, from (2.9) and (1.4) we obtain

n
D1 (550, 2, -0 ¥n) = Bn1(0; 0, 2, ... ya) =nlpmmg' [[br(ye).  (2.11)
=2

In the case of 1 < m < n the dynamics provide

- AL
Un,m(s;o’y%u-’yn):—Unfl,mfl(s;)’Za---,yn)a 1<m§n7 (2‘12)

@(n)

as the arrival probability for an interval of length /@ (n) is 1 — e~h*/¢
Note that the v, (s;y) and the v, ,,(s; y) satisfy the same system of PDEs
2.4)-.7).

Lemma 2.1 For any fixed s € (0, 00), the linear system of PDEs (2.4) with the initial
conditions (2.5), (2.6) and growth condition

Ofvn,m(SQy)fvn,m(O;y), O<m§n7y€~(_2n: (2.13)

where v, ,,(0; y) is given by (2.7), has at most one solution.
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Proof Lets € (0, c0) be fixed. Replacing in (2.4) y; by y; +1,i =1, ..., n, integrat-
ing with the weight exp((A + s)n/e(n) [T,_, B(y¢)/B(y¢ + 1) over [—y, 0] with
respect to n and applying (2.5), (2.6) demonstrates that the system of PDEs (2.4)
with the initial conditions (2.5), (2.6) is equivalent to the following linear system of
integral equations forO <m <n, y € 24

Un,m(S;)’l,---a)’n)

={m = ! prym"e 5" (H B(W))
=1

Ats 1 B()’E)
+m > 1} e oY = |Un—1m—1(S; Y2 = Y1, -+, Yn — V1)
() DIB(ye—yl) e ’
w(n+1)/ ks ” _BOo
p(n) i e lB(yz +é)
ntl oy,
x Z/ Unt Lm+T{e<m)(S: Y1 + &, .. ye1 + 6, T+ &, ye + &,
=1 ye—1—I{e=1}

v +E)P(T+§)drds. (2.14)

Assume that the system of integral equations (2.14) has two different solutions, where
both solutions fulfill the growth condition (2.13). Then the difference vy, (s; y)
of these solutions satisfies the homogenized version of (2.14). For 0 < m <n
let k,,m € Ry denote the smallest number such that [V, (55 ¥)| < kn,mVn,m(0; y),
y € £2,,. Note that Kn.m € (0, 1] due to the growth condition. Let «,,— ¢ := 0 for no-
tational convenience and let ko := supg_,, <, kn.m. The triangle inequality applied to
the homogenized version of (2.14), the definitions of kn.m and ko, and (2.7), (1.4),
(1.2) provide after some algebraforO <m <n,y € f)n that

|l_)n,m(5§y17--~7)’n)‘
A s (S By
<kn—1m-1——e€ ¢m” ———— | tm=100; Y2 = Y1, e Y — V1)
n—1i,m— ( ) EB(ye_yl) n m n
o+ 1) [0 s ({0 By
+Kkg———= e v H_i
) Joy, v BOe+8)
n+1 ye
X Z/ Unt1,m+1{e<m}(0; Y1 +&, ., ye—1 +§, T+ &,y + &,
(=1 ye—1—1{e=1}§

cYn+E)P(T+§)drds

_ ks A _ ks
= (Kn—l,m—le O + mKO(l —e W(n)yl)>vn,m(0; VlseeusYn)

@ Springer



Queueing Syst (2010) 64: 167-201 175

A
< max(:c,,_l,m_l, mKo) Un,m (05 Y1, -0y Yn)-

Therefore, by definition of «, ,, it follows that

A
Knm < max(:cn_l,m_l, —K()), 0<m<n. (2.15)
A+s

Let j € Z be arbitrarily fixed. In view of «; o =0, from (2.15) we find «j11,1 <

A . . . A . .
735 ko- Now induction on m € N yields k4 ,m < 735 ko in view of (2.15). Thus we

obtain kg < %ﬂfco, which implies the contradiction x¢ < 0. O

From Lemma 2.1 we conclude that the Kolmogorov forward equations (2.4)—
(2.7) and (2.9)—(2.12) provide a complete description of the LSTs v, ,(s; y) and
Un.m(8; ¥), respectively. Moreover, since the vy, (s; y) and the v, ,(s; y) satisfy
the same system of PDEs (2.4)—(2.7), and taking into account (2.1), (2.2), from
Lemma 2.1 we obtain the following time reversibility result for M/G1I1/SDPS sys-
tems, cf. [10] for the relationship between reversed processes, supplemented by spent
and residual lifetimes, and insensitivity in the case of finite state spaces:

Theorem 2.1 Let the stability condition (1.1) for the M/ G 1 /SDPS system with (A1)
be satisfied. Then

ljn,m(S;y):Un,m(S;y)a 0<m§n,y€5_?n,S€R+, (2.16)
P(Vu@®) <xIN®)=n,Y(t)=y)=P(Vu(t) <xIN@®) =n,Y (1) =),
O<m<n,ye 2, xecR,. (2.17)

Because of the SDPS discipline, from a probabilistic point of view, for 0 < m <=,
y € £2,, the sojourn time V,,(¢) conditioned on N (t) =n, Y (t) = y depends only on
Y1, --., ym and the total number n of requests in the system since the requests with
residual service times yy, 41, ..., ¥, have residual service times of an amount greater
or equal to y,, and are thus in the system at least as long as the request with service
time y,,. However, in the following a rigorous proof will be given. In view of (2.16)
and (2.7), (2.9), we try the substitution

ﬁn,m(S;YI,u-syn) = vn,m(S;,YI,'-wyn)

n
=ty (S Y1 m) [] ROV (2.18)
l=m+1

where the u, n(s;y),0<m <n,ye £2,,, are continuous functions. The system of
PDEs (2.4) is satisfied if the u, ;,(s; y) satisfy the following system of PDEs for
O<m<n,ye2,:

a
(p(n)gun,m(sv Y1 +Ev s Ym +$)L_O

@ Springer



176 Queueing Syst (2010) 64: 167-201

—(A +s5+9n) Zﬂ(ye))un,m(s; Yiseees Ym)

=1

ooy
+o(n+1) Z/ Un i1 m1 (S5 V15 o3 Yoo 1, T, 05 - ym) B(T) dT
(=1 Ye-1

+ @+ DOR(Ym)un+1,m(S3 Y15 ...y Ym)- (2.19)
The initial condition (2.5) is satisfied if for | =m <n
Un,1(550) =n!pmymy’, (2.20)

and the initial condition (2.6) is satisfied if for | <m <n,0<y; <--- <y,

A
un,m(s; 0,y2,....9m) = —un—l,m—l(S; V2o eey Ym)- (2.21)
@(n)

Note that (2.7) is satisfied if for O <m <n, y € 2
m
nm (03 y1, . ym) =nlp() [ [ br(0)- (2.22)
(=1

Lemma 2.2 For any s € R, the linear system of PDEs (2.19) with the initial con-
ditions (2.20), (2.21) has a minimal non-negative solution, and the minimal non-
negative solution is bounded by u, ,,(0; y), i.e. by the r.h.s. of (2.22).

Proof Analogously to the derivation of (2.14) we find that the system of PDEs (2.19)
with initial conditions (2.20), (2.21) is equivalent to the following system of integral
equations forO0 <m <mn, y € Qm:

un,m(Slew--7Ym)

m =
:e_;(t'x)yl l_[ %
i1 BOe—=y1)

<]I{m—1}n' (mymg" +1{m > 1} ()un 1,m—1(5; Y2_)’17---»)’m_)’1))

90(n+1)/ L5 _BOo
g Joy, o IB()UZ +£)

ye
x Z[ Un+1m+1(S5 Y1+, ye—1 +8, T +E ye +8,
(=1 ye-1—-I{=1}§

o ym+EB(T +E)dr

+bR()’m+‘§)un+l,m(S;y1+Ew~~v)’m+‘§)> ds. (2.23)
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This system of integral equations can be solved by the method of successive approx-
imation starting from u,_;;.0(s; y1, ..., Ym) = 0 and defining uy ;i 41055 Y1, .-, Ym)
recursively with respect to i by the r.h.s. of (2.23), where the u,, ' (s; ¥1, ..., yn) are
replaced by u,’ '.i (S; ¥1, ..., Yn). For this recursion by induction on i it follows that
for fixed 0 <m <n,0<y; <--- < yp the uy ;i (s; y1,..., ym) are monotonically
increasing with respect to i and that

un,m;i(S; Vi ooy Ym) < Mn,m;i(O; Yi,-ons ym)- (2.24)

Moreover, if u, p (s; ¥1, - .., Ym) is any non-negative solution of the system of PDEs
(2.19) with initial conditions (2.20), (2.21) for fixed s € R, then u, ,» (s; y1, ..., Ym)
is a non-negative solution of (2.23), and thus it follows that u, ,.; (s; y1,..., Ym) —
Un.m(S; Y1, ..., ym) satisfies the corresponding homogeneous recursion with respect
to i. Therefore induction on i yields

Ui (83 Y10 oo s Ym) S (S5 V1, -+ -5 Ym)- (2.25)

Because of (1.2) and (1.4), the r.h.s. of (2.22) is a solution of (2.19) and (2.20), (2.21)
for s = 0, thus u, i (0; y1, ..., ym) is bounded by the r.h.s. of (2.22), and in view
of (2.24), up m:i (s; ¥1, ..., ym) is bounded by the r.h.s. of (2.22) for any s € R Thus
for any s € R, the limit lim; o0 U m:i (S; Y1, - - ., Ym) €Xists pointwise and is, due to
Lebesgue’s theorem, a non-negative solution of (2.23). This solution is the minimal
non-negative solution of (2.23) because of (2.25). Moreover, in view of (2.24), it is
bounded by the minimal non-negative solution of (2.23) for s = 0, and thus by the
r.h.s. of (2.22) as the r.h.s. of (2.22) is a non-negative solution of (2.19) and (2.20),
(2.21) for s =0, i.e. of (2.23) for s = 0. g

Summarizing Lemma 2.1 and Lemma 2.2 we have proved the following.

Theorem 2.2 Let the stability condition (1.1) for the M/ G 1/SDPS system with (A1)
be satisfied.

Then for s € (0, 00), the LSTs vy, (s; y) and Uy (s y) are given by (2.18) for
O<m<n,ye 2, where Unm(s;y),y € 2, is the minimal non-negative solution
of the linear system of PDEs (2.19) with the initial conditions (2.20), (2.21), i.e. the
non-negative solution of (2.19)—(2.21) which is bounded by the r.h.s. of (2.22).

It seems that for general ¢(n), n € N, there is no explicit solution of (2.19)—(2.21).
However, for ¢y x(n) =1/(n + k), n € N, k € (—1, 00), the minimal non-negative
solution can be given by adopting results of [11, 17], leading to the well known
results for M /G 1/1-PS systems, cf. Example 2.1 in [5].

Example 2.1 Let 91 x(n) =1/(n+k),n e N, k € (—1,00), and s € R;. We try, cf.
[11, 16], the substitution

m—1

Upm (S5 V15 s Ym) n—+k 1
’ =5(S, Ym) _
Unm (03 V1, -y Ym) " }:[1 8, ym — Ye)
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for 0 <m <n, 0<y <--- <y, where u, ,»(0; y1,...,ym) is given by (2.22)
and §(s, v) is a continuously differentiable function in v € R with initial condi-
tion 4 (s, 0) = 1. The substitution satisfies (2.20) and (2.21). Inserting the substitution
into (2.19) and using that ¢ x (n) = 1/(n + k), n € N, one finds that the linear system
of PDEs (2.19) is satisfied if 1/38(s, t) satisfies the integro-differential equation

o1 + A ! —,\/r&—xé
it oG - OtV M e =g (®)

with initial condition 1/8(s,0) = 1, which has a uniquely determined solution,
cf. [16]. Note that 1/5(s, t) is non-decreasing with respect to t, which implies that
Un.m(S; Y1, ..., ym) is bounded by u, » (0; y1, ..., ¥m). The product form solution for
Un.m(S; Y1,y Ym)/Un.m(O; ¥1, ..., ym), given above, has been proved for k =0, i.e.
for M/G1/1-PS systems, for the first time by a decomposition of the sojourn time in
[11, 16] and for k € N, i.e. for the single-server PS model with k permanent requests,
in [19].

2.2 LST and moments of V(t)

For the M/G1/SDPS system let the stability condition (1.1) and (A1) be satisfied.
ForseR;,0<m <n,x e R; let

0
Snm (5, %) 1= 8—E[e*3Vm(‘>]1{N(t) =n, V(1) <x}]. (2.26)
X
Note that in view of Theorem 2.1, also
d —sVu(?) >
Snm (s, x) = aE[e "OUN@) =n, Y (1) < x}].
From Theorem 2.2 by integrating v, , (s; y) over
O<yi<=  Zym1=xXZYymt1 =" =Zn

with respect to dy; ...dyy,—1dym+1 - . . dy, we obtain

8nm (8, X) = en_pm(X) fru,m(s, %), (2.27)
where

Br(x)*
VA

ee(x) = (2.28)

Frm (5, 5) :=/ (55 V1 o2 Yt Xy oyt (229)
O<y1<-=<ym-1=x

Fors € (0,00),0<m <n,x eR;, L€ Z; let

(&) = (— Zi
80 (5:) = (=)' S g (5.2). (2.30)
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From (2.26) it follows that
d s
g (s, x) = gE[V,ﬁ e "mOUN () =n, Yu(t) < x}], (2.31)

which implies
0<g (s, %) < €5 g (0, x) (2.32)

in view of vle™V < £ls~¢. Moreover, from (2.31) it follows that g (s x) is
monotonically decreasing w1th respect to s € (0, 00). Thus the limit

g (x) = hmg,f) (s,x), O<m<nxeRy LeZ,, (2.33)

exists, but it may be infinite for some £ € N.

Let V(n,t), n € Z4, T € Ry, be the sojourn time of a tagged arriving request
with required service time t (7-request) finding n requests at its arrival in the system,
and let V(7), T € R4, be the sojourn time of a tagged arriving t-request. For the
M /GI1/SDPS system the following representations for the LSTs and moments of
V(n, t) and V (t) are known, cf. [5] Theorem 1.1, Theorem 2.1, and Theorem 3.1:

Theorem 2.3 For the M /G1/SDPS system let the stability condition (1.1) and (A1)
be satisfied. Then for s € Ry and t € Ry the LSTs of V(n,t),n € Z+,and V(1) are
given by

E —SV(n,r) (p(n + 1) fan
[e )»(‘E)p(l’l) Z 8n+1,m(s,7), (2.34)
E[e™V 7] = ( 2 Zw(n) Z Znm(s.T), (2.35)
respectively, where
A(x):=AB(x), xeR,. (2.36)
If additionally
o0 1 k
Z(W) p(n) < oo (2.37)
n=0

for some k € N, then the kth moments of V(n,t), n € Z, and V() are finite for
Tt eRy, and

1 n+
E[Vk(n,r)]zf((:)—:(n))z g (@), (2.38)
n (k 1)
E[Vi@] = A()Zq)(n)Zg(k)(r)— /ZZ M) Lax. 239)
n=1m=1
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Theorem 2.3 yields the following insensitivity property of V(r) in
M/GI1/SDPS.

Theorem 2.4 Let the stability condition (1.1) for the M/ G I /SDPS be satisfied. Then
the conditional sojourn times V(n, t), n € Z,, and V (t) depend on the service time
distribution B(x) for x > t only via the mean service time mg in distribution.

Proof Suppose first that (A1) is satisfied. Then uy ,(s; y1,..., Ym) is the mini-
mal non-negative solution of the linear system of PDEs (2.19) with initial con-
ditions (2.20), (2.21). Therefore uy ,, (s; ¥1, ..., yn) depends on B(x) for x > y,
only via mg, and hence f, (s, T) depends on B(x) for x > 7 only via mg because
of (2.29). In view of (2.28), (1.4), (2.27), and (2.36), thus the assertion follows from
(2.34) and (2.35). The case of a general distribution B(x) of the service time with
finite mean m g is obtained by taking the limit in distribution of a sequence of service
time distributions B, (x), v =1, 2, ..., where the service times have the given mean
mgs and the B, (x) satisfy (A1) and converge weakly to B(x). U

Example 2.1 (cont.) In the case of @1 x(n) =1/(n+k),n e N, k € (—1, 00), from the
product form solution for uy pn (S5 Y1, -+ Ym)/Un.m(0; y1, ..., ym) and Theorem 2.3
for s e Ry, t € Ry it follows that

E[e—sV(r)] _ ( (I-0)4(s, 1)

k+1
1—08(s, D(fy 50255 + éRm)) ’

cf. [11, 16] for k =0 and [19] for k € N. As §(s, 7) does not depend on B(x) for
x > 7, thus V(7) depends on B(x) for x > 7 in this case obviously only via the mean
service time mg in distribution.

Note that the outlined approach to the LST of V (r) for the M/G1/1-PS system
is similar to the approach of [13].

3 Locally exponential service times

We assume now that the service time S has finite mean mg and that its distribution
B(x) coincides with an exponential distribution in a neighborhood of zero, i.e.

B(x)=1—¢", x€[0,d), 3.1

where u € Ry, for some d € (0, 00). Moreover, for technical reasons we assume (A1)
again, i.e., we assume that B(x) has a continuous density b(x) and that B(x) < 1 for
X € R+.

Again we assume in the following that the system is stable, i.e. that (1.1) is satisfied
and in steady state. In view of (3.1),forO <m <n,0 < y; < --- < y,, <d the system
of PDEs (2.19) simplifies to

d
(p(n)_”n,m(S; n+é& ..., ym+8é)
0§ £=0
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=—A+s+o@mu)uy pm(s; yi,..., Ym)

+<0(n+1)u2/ Un g1 (83 V1, oy Vo1, T Vs -, Ym) AT
Ye—1

+on+ l)mg e MUy L (S VL Y-

Replacing y; by y; +n,i =1, ..., m, and integrating over [—y, 0] with respect to n
yields the system of integral equations

Unm (S5 V1o Ym) — Unm (550, Y2 — Y1, -0y Y — Y1)

1 0
:_/ —A+s+oemmuwuy m(s;y1+&, ..., ym +8)
omn) J_y,

+<P(n+1),uz Uptimr1(Ss 1 +E&, .., ye—1 +§, T +E,
ye1—I{e=1}¢

)’K‘f‘fn-w)’m +é)df
+ o+ Dmg e ™ Om )y (i v+ €, Y+ é:)) dé.

In view of (2.29), integrating over 0 < y; < --- <y, = x < d with respect to
dyj ...dy,—1 and applying Fubini’s theorem yields after some algebra

fn,m(s’x)_/ un,m(s701€211§m)dé2dsm
0<&r<--<&m=x

1 X
— m /() (_()h + 5+ </)(n)m,u)fn,m(s, Em) —+ (p(n + l)m/'Lfn+1,m+1 (S, ém)

+ o+ Dmg e foit (s, En)) dén. (32)
Because of (2.20), (2.21) and (2.29), from (3.2) we obtain the linear system of ODEs

w(n) fn m (8, Xx)

= —(A +s+o@)mp) fom(s, x)
+I{m > BAfu—1m—1(s, ) + o(n + Dmpfuiims1(s, x)
+ o0+ 1)mgle_’”fn+1,m(s, x), 0<m<n0<x<d, 3.3)

with the initial condition

Jam(s,0)=I1{m = 1}n!p(n)m§l, 0<m<n. 3.4)
Note that from (2.29), (2.22), (1.4), and (3.1) it follows that
_ Fm—]
Snm(0,x) =n!p(n)(m5e"x) m(i(lx)?, O0<m<n,0<x<d, (3.5)
m—1)!
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where

(@ —1)/u, w0,

N ' Zo YR (3.6)

F(x) :={

Let
1 _
By (s, %) := ——(mse" )" ™" fum(s,x), 0<m<n0<x<d. (3.7)
p

In view of (2.27), (2.28), (1.4), (3.1), (3.6), and (3.7), we obtain
gn,m(S,x)Zdnfm(x)hn,m(sax)’ 0<m<n,0<x<d, (3.8)
where

()(s“x

do(x) = —F(x)", teZi xeR,. 3.9)

Note that dy(x) >0 for0 < x <d as

00 d
m5=/ B(x)dxz/ B(x)dx = e M F(a).
0 0

Because of (3.7), (3.3), (3.4), and (1.2), the A, , satisfy the linear system of ODEs
with constant coefficients

<p(n)%hn,m(s, x)
=—A+s+omnu)hy m(s,x)
+I{m > 1}Ahy—1,m-1(s,x) + o(n + Dmphyi1 ms1 (s, x)
+omn+Dhyr1m(s,x), 0<m<n,0<x<d, (3.10)

with initial condition

B (s, 0)_]Im_1}1_[ () 0<m<n. (3.11)

From (3.7), (3.5), and (1.2) it follows that

n A mel
hn,m(o,x)=<]_[m e*nﬂxﬁ(lx)?, O<m<n0<x<d. (3.12)
j=1 ’

Replacing in (3.10) x by &, integrating appropriately weighted over [0, x] with re-

spect to & and applying (3.11) demonstrates that the system of ODEs (3.10) with
initial condition (3.11) is equivalent to the following system of integral equations:

(52 %) = B (5, %) + —— / “(Tm > Aoyt (5. 8)
’ pn) Jo

@ Springer



Queueing Syst (2010) 64: 167-201 183

+ 0 + Dmpthyit mi1(5,8) + @0 + Dhys1 (s, €))
e G tWEO qe 0 om<n0<x<d, (3.13)

where

n

A
h:m(s,x)zll{mzl}(l | ﬁ>e (¢<">+"”)x O0<m<n,0<x<d. (3.14)
’ el AV
J=1

Lemma 3.1 Let h;, , (s, x) be arbitrary continuous functions.

Then for any ﬁxed s € (0, 00), the linear system of integral equations (3.13) with
growth condition

|hnm (s, %)| < chym(0,x), 0<m<n,0<x<d, (3.15)

for some ¢ > 0, where hy, ,,(0, x) is given by (3.12), has at most one solution.

Proof The proof runs analogously to the proof of Lemma 2.1. Assume that the
system of integral equations (3.13) has two different solutions, where both solu-
tions satisfy the growth condition (3.15). Then the difference I;,,,m(s,x) of these
solutions satisfies the homogenized version of (3.13), i.e. (3.13) in the case of
h;‘m (s,x) =0.For 0 <m <n let k, ,, € Ry denote the smallest number such that
|i_zn,m(s, X)| < knmhnm(0,x),0<x <d. Note that «, ,, € (0, 2c] due to the growth
condition. Let «,_1 ¢ := 0 for notational convenience and let ko := Supy_,, <, Kn.m-
The triangle inequality applied to (3.13), the definitions of «, ,, and «o, and (3.12),
(3.6) provide after some algebra for 0 <m <n, 0 <x < d that

‘ﬁn,m(sa x)’
1 X
< —— (Kn—l,m—l)thn—l,m—l(ové)
en) Jo

+ k0@ (n + Dmpthp 11.m11(0,€) + ko@(n + Dhyy1,m(0,6))e” (G Hn (x—8) de
(ﬁ ) ) R
i e ) m—=D!

X/X(Kn Lm—t(m—1)F"™ 2(5)6“5+K0%F’” 1(§)>e¢’<n>gd£§
0

A nooa \ e Gt Ats
<max| ky_1m—1, —K F=1(g)eom b ¥

KO) hn,m 0, x).

= max(’cn—l,m—l, At

Therefore, by definition of «;, , it follows that «, , < max(k,—1,m—1, %ﬂxo), 0<
m < n, which provides a contradiction as at the end of the proof of Lemma 2.1. [
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Lemma 3.2 Let hy, (s, x) be arbitrary continuous functions such that
0<hy,,(s,x) <hy,0,x), 0<m=<n0<x<dseRy. (3.16)

Assume that there exists a non-negative solution of the system of integral equations
(3.13) for s = 0.

Then the system of integral equations (3.13) has a minimal non-negative solution
fzn,m (s, x) forany s € Ry, and

By (s, X) <hpm(0,x), O<m<n,0<x<d,seR,. (3.17)

Proof For fixed s € Ry let iy pm.0(s,x) :=0,0 <m <n, 0 <x <d, and recursively
fori =0,1,... let

X

B i1 (8,%) = Iy, (s, %) + % (H{m > DAhp—1m-1,i (s, €)

+ @+ Dmphpit mi1:i (5, €) + @+ Dl m:i (5, )
G eO g 0 cm<n,0<x <d. (3.18)

By induction on i € Z after some algebra it follows that A, ,,.; (s, x) is monotoni-
cally increasing with respect to i, that

hpm:i(8,X) <hgm(s,x), O0<m=<n,0<x<d, (3.19)
for any non-negative solution £, ,, (s, x) of (3.13), and that

hpm:i(s,X) <hpn0,x), 0<m<n,0<x<d, (3.20)
for any non-negative solution £, ,, (0, x) of (3.13) for s = 0. Thus the limit

B (s, %) := 1im hy pi(s;x), O<m<n,0<x<d,
1—> 00

exists pointwise and represents, due to (3.18) and Lebesgue’s theorem, a non-negative
solution of (3.13). From (3.19) it follows that £, (s, x) is the minimal non-negative
solution of (3.13), and (3.20) implies (3.17). O

Now, from Theorem 2.3, and Lemma 3.1, Lemma 3.2 we obtain the following.

Theorem 3.1 Let the stability condition (1.1) for the M/GI/SDPS system, where
the service time distribution fulfills (3.1), be satisfied. Then for s € R4 and t € [0, d)
the LSTs of V(n,t), n € Z4, and V(t) are given by

n+1

gt l) S arin0 TE0D, 62D

E[e—sV(n,r)
k(t)p(n)

E[ *YV(T) )L( ) Z(p(n) Zgn m(s,7), T€l0,d), (3.22)
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respectively, where
Ax)=re ", x€l0,d), (3.23)

8n.m (s, x) is given by (3.8), (3.9), and hy, 1 (s, x) is the minimal non-negative solution
of the linear system of ODEs (3.10) with initial condition (3.11).

Proof Suppose that (3.1) and (A1) are satisfied. Then Theorem 2.3 yields (3.21),
(3.22), (3.23), where g, (s, x) is given by (3.8), (3.9), and A, (s, x) is a solution
of the linear system of ODEs (3.10) with initial condition (3.11). Further, taking into
account (3.8), we find that A, ,, (s, x) is non-negative and monotonically decreasing
with respect to s € Ry since g, , (s, x) is non-negative and monotonically decreasing
with respect to s € R4 in view of (2.26). The case of a general distribution B(x)
of the service time with finite mean mg and (3.1) is obtained by taking for fixed
T € [0, d) the limit in distribution of a sequence of service time distributions B, (x),
v=1,2,..., where the service times have the given mean mg, B,(x) is given by
(3.1) for x € [0, d") for some d’ € (z, d), the B, (x) satisfy (A1) and converge weakly
to B(x).

As hy, ,(0,x) given by (3.12) is a non-negative solution of (3.10), (3.11) for
s =0, in view of (3.14) from Lemma 3.2 it follows that there exists a minimal non-
negative solution ,,_,, (s, x) of (3.10), (3.11), and that 0 < /1, (s, x) < (0, x) <
hu.m(0,x). Since hy (s, x) is non-negative and monotonically decreasing with re-
spect to s € Ry, moreover 0 < Ay, (s, x) < hy (0, x). In view of Lemma 3.1 for
¢ =1, thus we have hj, ,,; (s, x) = ﬁn,m(s, x) for s € (0, 00).

AS hy (s, x) is monotonically decreasing with respect to s € R, the limit

hym(x) :=limhy, 4, (s, x) = limﬁn’m(s, x), O0<m<n0<x<d,
540 540

exists pointwise and represents, due to Lebesgue’s theorem, a non-negative so-
lution of (3.13) for s = 0, and /1,,,(0,x) < hpm(x) as hy (0, x) is the mini-
mal non-negative solution of (3.13) for s = 0. Further, Lemma 3.2 demonstrates
that /1, 1 (s, X) < Iy (0, x) for s € (0, 00), and by taking the limit s | 0 we find
hpm(x) < ﬁn,m (0, x). Hence we have hj, ,; (x) = ﬁn,m(O, X).

Note that limg o E [e=VD] = | since the distribution of V(n,t) is non-
defective because of the stability of the system. Taking the limit s | 0 in (3.21) there-
fore yields

Ax)p(n—1)
@(n)

, 0<n,0<x<d,

> dnm (O hy i (x) =

m=1

cf. (3.8). On the other hand, from (3.9), (3.12), (3.23), (1.2) we find

Ax)p(n —1)

, 0<n0<x<d.
@n)

Z dpn—m (x)hn,m(ov x)=

m=1
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In view of hy ,(x) = fz,,,m(O, x) < hpm(0,x) and dy—, (x) > 0, therefore we con-
clude that

lyif(}hn,m (s,x) = hn,m 0,x) = hn,m(oe x). (3.24)

Thus &, 1, (0, x) given by (3.12) is the minimal non-negative solution of (3.10), (3.11)
for s = 0. O

Remark 3.1 Note that the data in (3.10)—(3.12) are independent of mg and thus of
B(&) for & > d, and therefore A, (s, x) as the minimal non-negative solution of
(3.10), (3.11) is independent of B(&§) for & > d, too. Moreover, A, (s, x) can be
continued for fixed s € R to the minimal non-negative solution of (3.10), (3.11) for
x € Ry since the proof of Lemma 3.2 remains valid for any positive d.

For s € (0,00), £ € Z4 let

8(
hO), (s, x) = (—l)i‘whn’m(s,x), 0<m<n0<x<d. (3.25)

Note that from (2.30), (3.8) it follows that

849 (5, %) = dyem (R, (5,%), O<m<n,0<x<d. (3.26)

Thus hff)m (s, x) is monotonically decreasing with respect to s € (0, c0) in view of
(2.31), and (2.32) implies

0<h®) (s.x) <05 hym(0,x), 0<m=n0<x<d. (3.27)

Taking the £th derivative with respect to s € (0, 0o) at both sides of (3.10) yields the
linear system of ODEs

0
w(n)ahffin(s, x)
=—(A+s+pmnwhl), (s, x)
+I{m > 1}rhn° (s,x) + @@ + Dmpuh® (s, x)

n—1,m—1 n+1,m+1

+ o+ DHrY

im0 F LRV (s, x), 0<m<n, 0<x<d, (3.28)

where h,(,_,,i) (s, x) := 0, and from (3.11) we obtain the initial condition
oA
W 5.0 =T{t=0m=1}[ . O<m=n. (3.29)
’ iz #W)

Note that the system of ODEs (3.28) with initial condition (3.29) is equivalent to the
following system of integral equations:

1 X
(s, x) = h} (s, %) + m/o (Ifm > l}khfze—)l,m—l(s’ &)
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o+ Dmph | (5.6 + o+ DAY, (5.6))

Ats
x e G E ge 0 <m<n,0<x <d, (3.30)
where
n )\ Ats
h:m(ssx):]l{gzo’m:l} 1_[_ e_(W‘FnM)x
’ )

L * (s _
+<—>/ RV (s, 6)e GO g 0 <m<n,0<x <d.
o) Jo
(3.31)

Assume now that (2.37) is satisfied for some fixed & € N. Due to Holder’s inequal-
ity and Theorem 2.3, the limits

g,ﬁ@n(x) =li&)1g,%2n(s,x), O<m=<n,0<x<d,
s

cf. (2.33), existfor £ =0, 1, ..., k. In view of (3.26), thus also the limits

hi, (x) :leiﬂ}hff) (5.x), O<m<n0<x<d, (3.32)

m

existfor £ =0,1,...,k, and

O () =dpem (L), (x), 0<m=<n0<x<d, (3.33)

gn,m

for=0,1, ..., k. Taking the limit s | 0in (3.28) and (3.29) yields the linear systems
of ODEs

d

=—(A+ (p(n)nu)h,(fzn x)+1{m > 1})"h;(1€)1,m71 (x)

+ o+ Dmuh), 4 0+ o0+ DAL @)+ 0h 0 (),

O<m=<n0<x<d,te{l,... k) (3.34)
with the initial conditions
h,0)=0, 0<m=<n,te{l,... k) (3.35)

In view of (3.32), (3.25), from (3.24) and (3.12) we find
n

A Fml
hi, (x) = (]_[ )e‘”’”ﬁ O<m<nO<x<d  (336)

el (m—D!"

Now, from Theorem 2.3, and Lemma 3.1, Lemma 3.2 we obtain the following.
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Theorem 3.2 Let the stability condition (1.1) for the M/GI/SDPS system, where
the service time distribution fulfills (3.1), be satisfied. Further, let (2.37) be satisfied
for some k € N. Then the kth moments of V(n,t), n € Zy, and V(1) are finite for
Tt eRy,andfort €[0,d)

o+ 1) 'K
E[Vk(n,r)]:mmi_: gl (. Tel0.d) (3.37)
n 1)
E[VkD)] = / ghm S )y ei0.d), (3.38)
n=1m=1 )\(x)

where A(x) is given by (3.23) and g(z) (x) by (3.33), 3.9) for £ =0, 1, ..., k, where
h,(,z,, (x) is given by (3.36) and hfl,m(x) is the minimal non-negative solution of the
linear system of ODEs (3.34), (3.35) for ¢t =1, ..., k.

Proof Suppose that (3.1) and (Al) are satisﬁed Then Theorem 2.3 yields (3.37),
(3.38), where A(x) is given by (3.23), g (x) is glven by (3.33), (3.9) for £ =
0,1,....k, where h\"),(x) is given by (3.36) and h''),(x) is defined by (3.32) for
£ =1,...,k. The case of a general distribution B(x) of the service time with finite
mean mg and (3.1) is obtained by taking for fixed 7 € [0, d) the limit in distribution of
a sequence of service time distributions B, (x), v =1, 2, ..., where the service times
have the given mean mg, B, (x) is given by (3.1) for x € [0, d") for some d’ € (z,d),
the B, (x) satisfy (A1) and converge weakly to B(x).

Letf e {l,...,k} be fixed. As hﬁfzn (x) is a non-negative solution of (3.28), (3.29)
for s =0, in view of (3.30), (3.31) from Lemma 3.2 it follows that there exists a
minimal non-negative solution h(z) (s, x) of (3.28), (3.29) for any s € R+, and that
0 < i (s,x) < k{9 (0,x). From (3.27) we obtain 0 < i\, (s, x) < hi (s, x) <
015~y (0, x) for s € (0, 00), which implies 5, (s, x) = 70 (s, x) for s € (0, 50)
by applying Lemma 3.1 for ¢ = £!s¢. Since the limit

n,m

h%fn(x)zlsiﬁ}h(z) (s, x) —hmh“) (s,x), O0<m<n,0<x<d,

represents, due to Lebesgue’s theorem, a non-negative solution of (3.30) for s = 0,
we obtain fz,(fzn 0,x) < hflezn (x) as ﬁff}n (0, x) is the minimal non-negative solution of
(3.30) for s = 0. Further, as 2 ), (s, x) < i{, (0, x) for s € (0, 00), by taking the limit
s § 0 we find h%n x) < h(g) (0, x). Hence hf,eln x)= h,(ﬁ,l (0, x). Thus hf,zm (x) is the
minimal non-negative solution of (3.28), (3.29) for s =0, i.e. of (3.34), (3.35). Il

Note that the LSTs and the moments of V(n,t), n € Z4, and V(t) at t =d are
given by continuous continuation from 0 <t <d.
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3.1 Cut exponential service times

Let the service times be distributed according to the minimum of an exponential time
with parameter ;1 € R4 and a deterministic time d € (0, 00), i.e.

Bx)=1-T{0<x <d}e ™™, xeR,. (3.39)

For the mean mg we find
mg=e " F(d), (3.40)

where F(d) is given by (3.6). Note that the model corresponds to an M /D /SDPS
system for u =0.

Let the stability condition (1.1) for the M/G1/SDPS system with service time
distribution (3.39) be satisfied. Then the LSTs of V(n,7), n € Z4+, and V (1), T €
[0, d), are given by Theorem 3.1, and the moments of V(n, 1), n € Z4, and V (1),
T € [0, d), are given by Theorem 3.2.

In view of

sle)= [ Ele@las.  E[V]= [ E[Vi©]as.
i +

and (3.23), (3.39), (3.40), from Theorem 3.1 and Theorem 3.2 we obtain the following
representations for the LST and the moments of the unconditional sojourn time V,
respectively, where (1.7) and Fubini’s theorem are used for the moments of V.

Theorem 3.3 Let the stability condition (1.1) for the M /G 1/SDPS system with ser-
vice time distribution (3.39) be satisfied. Then for s € (0, 00), the LST of V is given
by

1 [ n d
E[e—sV] — . Zw(n) Z (M/O &nm (s, x)dx + gn m (s, d—)), (3.41)
n=1 m=1

where g, (s, x) is given by (3.8), (3.9), and hy, (s, x) is the minimal non-negative
solution of the linear system of ODEs (3.10) with initial condition (3.11). If addition-
ally (2.37) is satisfied for some k € N, then the kth moment of V is finite, and

ko4
E[V¥]= ;fo o> el Ve dx, (3.42)

n=1m=1

where g,(jf,;l)(x) is given by (3.33), (3.9), where h,(B,)n(x) is given by (3.36) and
hffl,l (x) is the minimal non-negative solution of the linear system of ODEs (3.34),
(335 fort=1,....,k—1.

3.2 Numerical results

We apply the results of this section to the variance of the sojourn time V in M/D/r-
PS, which means u = 0 in (3.39) and ¢(rn) = min(r/n, 1), n € N. Let the stability
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condition (1.1) for the M/D/r-PS system be satisfied, i.e., let ¢ = Ad < r. Then
(2.37) is satisfied for all k € N. Thus from Theorem 3.3 it follows that E[V?] in
M/D/r-PS is given by (3.42) for k = 2, where gi'),(x) is given by (3.33), (3.9)
for £ =1, where h,% (x) is the minimal non-negative solution of the linear system
of ODEs (3.34) with the initial condition (3.35) for £ = 1, and h\"), (x) is given by
(3.36). In view of u = 0, from (3.33), (3.9), (3.40), (3.6), (3.34), (3.36), and (3.35)
we obtain

gD (x) = p(0) (n__ oy D (x), 0<m<n0<x<d, (3.43)

where h,(fi,, (x) is the minimal non-negative solution of the linear system of ODEs

d

P () 1Y), (1) = =2h{h, () + Lim > a0 + e+ DAY, (0

n A xm—1
+[]==)——= 0<m=n0<x<d (344
oGy ) =

with the initial condition

KD 0)=0, 0<m<n. (3.45)

n,m

The minimal non-negative solution h,(fz,, (x), 0 <m <n, of (3.44), (3.45) can be ap-
proximated by solving a suitable finite version n < n’ of the linear system of ODEs
(3.44), (3.45), where h{), (x) is replaced by 0 on the r.h.s. of (3.44) if n > n’. The
second moment E[V?] can be computed subsequently via (3.42), (3.43) by numerical
integration. The first moment E[V] can be computed via Little’s law (1.5).

Note that the sequence of the solutions of the finite versions of (3.44), (3.45) in-
dexed by n’ converges pointwise monotonically increasing to h,gl,)n (x) for n — oo:
Applying the construction of the minimal non-negative solution given in the proof of
Lemma 3.2 to the corresponding finite versions of (3.30), (3.31) fors =0 and £ =1,
by induction on i € Z and taking then the limit i — oo we obtain the monotonic-
ity of the solutions of the finite versions of (3.30), (3.31) with respect to n” and that
they are bounded by hfllﬁ,, (x). Thus the sequence of these solutions converges point-
wise monotonically increasing to a non-negative solution of (3.30), (3.31), which is
bounded by h,(fl])n(x). Since hf,l,)n (x) is the minimal non-negative solution of (3.30),
(3.31), the assertion is proved. Therefore, due to Lebesgue’s theorem, E [Vz] can be
computed with arbitrary accuracy by choosing n’ sufficiently large.

In Table 1 there are given E'V and var(V) for r = 2,4, 8, 16. Note that in the case
of r =2 the simple expression (4.54) for var(V) = var(V (d)) has been used. Without
loss of generality we have chosen d := 1 (unit of time).
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Table 1 The mean and variance of the sojourn time V in M/D/r-PS for r =2,4,8, 16 in case of d = 1

o/r r=2 r=4 r=28 r=16
EV var(V) EV var(V) EV var(V) EV var(V)

0.30 1.0989 0.0559 1.0132 0.0034 1.0006 0.0001 1.0000 0.0000

0.35 1.1396 0.0885 1.0232 0.0070 1.0017 0.0002 1.0000 0.0000
0.40 1.1905 0.1354 1.0378 0.0133 1.0039 0.0006 1.0001 0.0000
0.45 1.2539 0.2031 1.0584 0.0239 1.0079 0.0014 1.0004 0.0000
0.50 1.3333 0.3011 1.0870 0.0411 1.0148 0.0033 1.0011 0.0001
0.55 1.4337 0.4454 1.1260 0.0689 1.0260 0.0069 1.0029 0.0003
0.60 1.5625 0.6628 1.1794 0.1142 1.0436 0.0140 1.0065 0.0009
0.65 1.7316 1.0018 1.2532 0.1889 1.0708 0.0274 1.0137 0.0025

0.70 1.9608 1.5563 1.3572 0.3166 1.1128 0.0529 1.0270 0.0063
0.75 2.2857 2.5273 1.5094 0.5476 1.1785 0.1030 1.0511 0.0151
0.80 2.7778 4.4060 1.7455 1.0045 1.2860 0.2083 1.0953 0.0366
0.85 3.6036 8.6560 2.1489 2.0534 1.4771 0.4604 1.1805 0.0933
0.90 5.2632 21.3348 2.9694 5.2085 1.8769 1.2376 1.3696 0.2797
0.95 10.2564 92.7299 5.4571 23.0418 3.1104 5.6830 1.9752 1.3814

4 M/GI/r-PS with locally exponential service times

We consider now an M /G /r-PS system, i.e.
¢(n) =min(r/n,1), neN, “.1)

where the service time § has finite mean mg and its distribution B(x) coincides with
an exponential distribution in a neighborhood of zero, i.e.

B(x)=1—¢", x€[0,d), 4.2)

where u € (0, 00), for some d € (0, 0c0). Moreover, we assume that the stability con-
dition (1.1) is satisfied, i.e. that ¢ < r, and that the system is in steady state. From
Theorem 3.1 it follows that the LST of V (t) for s € (0, 00) is given by

—sV (1) _ﬂ - . P(O) ur n—m
E[e™"] == Zw(n)r;—(n_m),(mse F@)" " hn (5. 7).

T €[0,d), (4.3)

n=1

where h, (s, x) is the minimal non-negative solution of the linear system of ODEs
(3.10) with initial condition (3.11). Applying the substitution

n
1
g (s,0) = K ] = J e D /3 1),
j=1%Y

O<m<n,0<x<d, 4.4)
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and the notation « := /A, it follows that 9, ,, (o, &) is the minimal non-negative
solution of

D (o, ) = —(i . 1)x> (0,8)
aé n,m ’ - ( ) n,m ’

FI{m > D011 (0. 8) + Ot a1 (0. €)

p(n)
b (@ E), O<m=mEc©,00, (45
@(n)
with initial condition
V.m0, 0O)=I{im=1}, O0<m=<n, 4.6)

restricted to & € [0, Ad), cf. Remark 3.1. The linear system of ODEs (4.5), (4.6) is
equivalent to the system of integral equations

B (0. €) = I{m = 1}~ (om T D0

3
+/O (H{m>1}z9n L1 (o0 ) + ()ﬁnﬂmma "

1
+Mﬂn+1,m<mn>) SGEHODOE gy 0 <m<n. & Ry

A.7)

As (e= DK /im — DN (e — 1) /)™, 0 <m < n, & € Ry, is a non-negative
solution of (4.5), (4.6) for o = 0, the minimal non-negative solution ¥, (o, §),
0<m<n, &Ry, of (4.7) for o > 0 can be constructed by the method of suc-
cessive approximation starting from 9, ,,.0(0, §) = 0, defining ¥, j,.;+1(0, §) recur-
sively with respect to i by the r.h.s. of (4.7), where the ¢, (0, n) are replaced by
Uy i (0, 1), and taking the limit i — o0o. This construction provides the estimate

(=it 7 gk _ 1\ M1

0<Vym(0,8) < ( ) , O<m<n€eR,, 4.8)
( — 1! K

and it follows that 9, ,,, (0, &) for 0 <m <n — (r — 1) does not depend on ¢(£) for

¢ < r. By continuous continuation from (2.34), (2.36), (4.2), (2.27), (2.28), (3.7), and

(4.4) we find that

E[eVOEM] =9, 1(0.6). &€ l0.0d], (4.9)

where V (0, 7) denotes the sojourn time of a t-request finding at its arrival the
M/GI/r-PS system empty. Further, by continuous continuation from (4.3), (4.4),
and (3.6) we find that

oo oo [n—1 — K& e
E[ekgv(g/k)]zp(o)zz<l—[ 1.><(KQ llze +1>

m=1n=m \j=1 (P(J)
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ﬁn,m(aa &)
X —_—
(n —m)!

. Eel0,d]. (4.10)

Note that o = 1/« for the M /M /r-PS system.

As ¥y (0,&) for0 <m <n—(r—1) does notdepend on ¢(£) for £ < r, as well as
the M/ G1/r-PS system we consider the corresponding M/ G1/SDPS system where
the service capacity ¢(n) = min(r/n, 1), n € N, is replaced by

¢m)=r/n, nel. 4.11)

Note that this M/GI/SDPS system is equivalent to an M /G /1-PS system by re-
placing the service time S by S/r. We denote by p(n) the stationary occupancy distri-
bution of the M /G I /SDPS system with service capacity (4.11), by V (7) the sojourn
time of a t-request in this system and by f?,,, m (0, &) the minimal non-negative solu-
tion of the corresponding system of ODEs

0 Brm(@.) <1+"+( 1)) (0.£)
= VUnm\O, =—\| = n— 1)k n,m (0,
o€ @(n)
~ mK -~
+I{m > l}ﬁn—l,m—l(av &)+ ~—l9n+l,m+l(as &)
@(n)
1 -
+~—ﬁn+l,m(aa§)» 0<m§n,§€(0, OO)’ (412)
@(n)
with initial condition
Dpm(@,0)=I{m =1}, 0<m<n, (4.13)

which is equivalent to the system of integral equations
l~9n,m(0, &) =1I{m= 1}6 (n) I +(n—1)K)éE

+/O <]I{m> l}ﬁn 1,m— 1((I 77)+ ( ) n+1 m—H(CI 77)

1 - (o _
+ﬁz‘/‘n+1,m(0,n)>e Gy tO=DOE=D g, 0 <m<n & eRy,
(p n

4.14)

cf. (4.5)-(4.7). Analogously to (4.8) we obtain the estimate

e~ (n=Dké & _1\"!
O<l9n m(0,8) < m —1)! ( p > , O<m=<né§ecR,. (4.15)

Further, analogously to (4.9) it follows that

E[e_“’v(o’sm] =11(0,8), §€l0,2d], (4.16)
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where V (0, 7) denotes the sojourn time of a t-request finding at its arrival the
M /G1/SDPS system with service capacity (4.11) empty. Using the well known ex-
pression for the LST of the sojourn time of a t-request finding at its arrival the cor-
responding M /G1/1-PS system with scaled service time empty, cf. [18] (2.24) and
(2.26), where, because of (4.2), ¥ (s, u) for u € [0, d) can be determined directly from
[18] (2.22) and the initial condition (s, 0) = 1, in view of (4.16), after some algebra
we find that

B1,1(0,8) = E[e oV O/M]
_ rp —ri
T (rp — Derz—rE/r 4 (1 — pp)eri—ré/r’

£e[0,rd], (4.17)

where

riai=(1+0o+rkcFvVA+0+r1)? —4rk)/2 (4.18)

are the zeroes of 72 — (1 + o0 +rk)z + rk. Note that (4.18) implies
0 <r; <min(rk, 1), rp > max(rk, 1) (4.19)

for o > 0. Moreover, analogously to (4.10) we find that

- oo oo [n—1 — K& e
E[e_mv(g/x)] — 5(0) Z Z (l—[ 1 )((KQ 126 + 1>

AR EI0)
Inm@8) o 10, 2d). (4.20)
(n —m)!

On the other hand, by using the well known expression for the LST of the sojourn
time of a t-request in the corresponding M/G1/1-PS system with scaled service
time, cf. [18] (2.29), in view of (4.2), after some algebra we obtain

7 _¢
o R p— -2
Gl - d-rp) - [
r2(r2r—2r1)e(r2 ri)éEfr _ ﬁe(’l rE[r 4 Ioxg
& €0, Ad]. 4.21)

Note that (4.21) for o = 1/k also follows from the expression for the LST of the
sojourn time of a T-request in the M /M /1-PS system, cf. [18] (2.43).
As Uy m(0,&) for 0 <m <n — (r — 1) does not depend on ¢(£) for £ < r and
since ¢ (£) = ¢(£) for £ > r, we find that
Onm(0,6) =Dpm(0,§), 0<m<n—(r—1),§eRy. (4.22)
Because of (4.22), (4.1), and (4.11), from (4.10) and (4.20) we obtain
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E[eoV /0]

oo m+r—2 /n—1 —m q
1 (ko — l)ekg +1\"" Pum (0,8)
=P 2. (H )( . ) (= m)!

w1 n=m \jy #0)

r—1 r—1 -m =
(ko — 1)e<s + 1\ Dy (0, §)
o E 3 ((IT5) ) (St s

m=1n=m
r'pO) L —ra Ve
—F i) 4.2
+ 150 Ele . &el0.2al, (4.23)
where
Fnm(0,6) =0 m(0,6) — Dum(0,&), 0<m<nEeRy. (4.24)

From (4.6) and (4.13) it follows that
Bpm(0,00=0, 0<m<n, (4.25)
and (4.22) yields
Dum(0,6)=0, O<m<n—(r—1),&eR,. (4.26)

Moreover, from (4.8) and (4.15) we find the estimate

e~ (1=DkE 7 k€ _ 1 \m—1
|19n m(o, é;-)|_ m— 1) < P > , O<m<n,&eR,. 4.27)

4.1 M/GI/2-PS with locally exponential service times

Let us consider the M /G1/2-PS system, i.e. the case of r =2, in more detail. We
assume that the stability condition (1.1) for the M/G1/2-PS system is satisfied, i.e.
that o < 2, and that the system is in steady state. In view of (1.2), (4.1), (4.11), in the
case of r = 2 the representation (4.23) for the LST of the sojourn time of a t-request
simplifies to

1—0/2 .
E[e~V€/P] = ngz(zG(s, D)= G 0)— 1.1 (0.6))

2

Ty [e2VEM] £ €10, d), (4.28)

where 911 (o, £) and E[e*VEM are given by (4.17) and (4.21) for r = 2, respec-

tively, and where for fixed positive o

2 (m—1)! -
G0 =3 B o 0 (4.29)

m=1
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The series on the r.h.s. of (4.29) converges for & € [0, Ad], |z| < 2/0 as well as for
& e Ry, |z] <2k due to (4.27), (4.2), and it follows that

2K

|G, 2)| < rpt £ eRy, |z| < 2. (4.30)
Further, (4.25) yields that
G(0,2)=0. (4.31)
Because of (4.30), the Laplace transform
G*(w,z):= /R e "G (E,2) dE (4.32)
+

of G(&, z) with respect to & exists for Rw > 0, |z] < 2k. From (4.1), (4.5), (4.11),
(4.12), (4.24), and (4.26) we find for & € (0, co0) that

0 - _ _ 0 -
gﬁl,l(fﬂ E=—-140)01(0,&) +k22(0,8) + %7}1,1(0» &), (4.33)
_ 1 _ _
aiﬁm,mw, £ = —(M +(m — 1>K)ﬂm,m<o, E) 4 Doyt (0, 8)
£ 2
m2K -
+ 0 1 @.8), mz2. 4.34)

In view of (4.15) and (4.27), the Laplace transform 1§f‘ 1 (o, w) of 1771,1 (0,&) and the

Laplace transforms 5:1,m (o, w) of 5‘QO (0,&), m > 1, exist for Hw > 0. Because of
(4.13) and (4.25), from (4.33) and (4.34) it follows for Rw > O that

(1+0 +w)df (0, w) =k}, (0, w) + wd (o, w) — 1, (4.35)
m(l+o _
<¥ +(m— Dk + w)ﬁ:;,,m (o, w)
. m2K .
=0, _1m100, w)—}—T mlme1 (O W), m>2, (4.36)

respectively. In view of (4.29), (4.32), and (4.35), multiplying both sides of (4.36) by
(m — 1)!(z/2)"~! and summing up for m > 2 yields after some algebra that

2 I *
(F—A+o0+2)z +2x)8—zc w,2)+ (z — (1 +0 +2w)G*(w, 2)
=1—-wG*(w,0) — wz?/‘il(o, w), NRw>0,|z] <2«. (4.37)
As the zeroes rq 7 of 2Z2—(+0+4+2k)z+2k satisfy (4.19), G*(w, z) is a solution of

the ODE (4.37) for fixed w which is continuous at z = ry. For real z € (r1, 2x) thus
from (4.37) it follows that

G*(w,7) = (wG*(w, 0) + wzg‘{k’l(a, w) — 1)
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X/z((x—rl)(rz—z))rzrzh:rlzw dx
n \N@EZ—rpi2—x) (x—r)r2—2)’

Rw >0, z € (r, 2¢). (4.38)

The substitution ((x —r1)(r2 —2))/((z —r1)(r2 — x)) = e~k yields

r—r

G*(w,2) =

(wG*(w,0) + wdi (o, w) — 1)

00 efwé df
“Jo (2= 2)e 20k 1 (7 — ry)en—200E/2
Rw >0,z € (r1, 2%). (4.39)

By means of analytic continuation to z = 0 and applying the geometric series with
common ratio (r/r2)e17"2%/2 to the integrand, for Rw > 0 from (4.39) we obtain
the representation

Zoo (r/ro)*
k=0 (r,—2x+2w)/(r,—r1)+k

o (r/ro)*
rn—-w Zk:O (ro—2k+2w)/(ra—r1)+k

G*(w,0) = (Wi (o, w) — 1) (4.40)

of the Laplace transform of G (£, 0) by a hypergeometric function. On the other hand,
in view of (4.13), (4.31), and of the properties of the Laplace transform, from (4.39)
we find that

_ £/ 9 ~
GE.2)="2 r‘/o (—(G<n,0)+m,1(a,n))>

2 an
dn
X (17 — 2)e2=20E=1/2 1 (7 — r)er1—20E-)/2
EeRy,ze(r,2), 4.41)

where (4.41) even holds for £ € R, |z| < r2 due to the uniqueness theorem for ana-
lytic functions and Taylor’s theorem, and where r, > 1 because of (4.19). In view of
(4.13) and (4.31), integration by parts provides us with

1 -
G(,2)= E(G(S, 0) + 91,1(0,£))

1 rn—r
2(ry — )2 22 4 (7 — ry)en1 =252

rn—r
4

(r2 — 2)(ra — 2k)e 27 20E=M/2 4 (7 _ ) (r] — 2k)e1—2)E=/2
((rp — 2)e2=200E=m/2 4 (7 — r1)er1—20)E—1)/2)2

EeRy, |zl <. (4.42)

£ N
/0 (G(,0) +91,1(0, 1))

dn,
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In particular, choosing z = 0 in (4.42) yields

rp—ri
72€(r2_2’()é_/2 — rle(rl_z’()éf/z

G(£,0)=1011(0,&) —

rp—ri
2
ry(ry — QK)e(r2—2K)(€—n)/2 —ri(r — QK)e(rl—ZK)(S—n)/Z
X

¢ )
/0 (GG1.0) + 311 (0. 1)

(e =20G=/2 _ | o(r1=2)E=1)/2)2 dn, §€Ry.
(4.43)
Due to (4.43), (4.29), (4.24), (4.9), and (4.17), moreover, we obtain
E[e—AaV(O,E/A)] _ 2(ra —11)
(rp — 1)e2=28/2 4 (1 — rp)e(r1=26)§/2
_ rp—rg _ rp—rp § E[ef)hgv(()‘n/)h)]
1022082 _ 1 g(ri—20)E/2 2 )

ra(ry — 2k)e2=2E=/2 _ o (r) — 2pc)e1 =200 E—)/2
% (r2e"2=20GE=0/2 _ ori=20E=1)/2)2

& €[0,d], (4.44)

dn,

cf. [3] Theorem 4 for the case of an M /M /2-PS system.

The Volterra integral equation (convolution equation) (4.43) can be used for com-
puting G(&,0), & € [0, Ad], for example by means of the Neumann series. Alter-
natively, (4.40) can be used for computing G (&, 0), & € [0, Ad], by inverting both
factors on the r.h.s. and applying the convolution formula. Subsequently, G(§, 1),
& € [0, Ad], can be computed via (4.41) or (4.42) for z = 1.

4.2 M/GI1/2-PS with bounded from below service times

In this section we consider the M/ G1 /2-PS system with bounded from below service
times, i.e., we consider the case of r =2 where

B(x)=0, x¢€l0,4d), (4.45)

for some d € (0, 00). Moreover, we assume that the stability condition (1.1) for the
M /G1/2-PS system is satisfied, i.e. that o < 2, and that the system is in steady state.
The LST of V (7) is given by the limit x|, 0 of the LST of V (7) in the corresponding
system with locally exponential service times, cf. Sect. 4.1. Thus from (4.28) we
obtain

_ . (1-0/2 =

AVE/NDT _ _ _

Ele ]—}(%1<1 Q/2(2G(E, 1) —G(,0)—D1,1(0,8))
2

. E emmsm]), £ €0, Ad]. (4.46)

1+0/2 [
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In view of

limr; =0, limr, =1+o0, 4.47)
k0 k0

cf. (4.18), from (4.17) we find that

14+0

limdy (0, &) =
k0

Moreover, after tedious algebra from (4.21) and (4.18) it follows that

. oV 1—9/2
lim E[e 27V E/M] = ;
«10 [ ] (1 —Q/2)+1_%5/24'(1_%)2(9<H”)5/2_ 1)
£ €0, Ad]. (4.49)

In the limiting case of « | 0, in view of (4.47) and (4.48), the Volterra integral equa-
tion (4.43) for G (&, 0) simplifies to

_ 140 —(+0)E/2
G§,0)= T oelto ¢

l+o [f l+0o
_ _ o\ —(to)E-n)2
2 /0 (G(”’O)+ l+ae(1+0)’7/2>e an

£ € [0, Ad]. (4.50)

Multiplying by e11?)¢/2differentiating with respect to &, and multiplying again by
e(179)8/2 demonstrates that

o(l +0.)2 e(l+0)3§/2

a
(14+0)& —
_(e 7 G(E’O)) - 2 (1 +O‘e(1+0)é/2)2’

9§
In view of G (0, 0) =0, cf. (4.50), thus we find that

£ e (0,1d).

¢
G(g,O):—U(l—l—a) ( n

2
d . Ecl0,ad],  (451)
¢? 1 1+G77> n‘;_euws/z :

where

o\ 1 1+o;) o(¢—1) )
= -1 =21
‘A (l—kan) di 03(a(€ ) °g< l+o _¥(l+ojﬂn+0§)

for o > 0. Further, in the limiting case of « | 0, taking into account (4.47), (4.48),
(4.51), and using integration by parts, from (4.41) for z = 1 after some algebra we
obtain

_o(+0)® (¢ ot °( o \
¢ b= /1 (w+oc)2w2/1 (1+an> dnde
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o(1+0)? /4 ¢
— dw
2 1 (I+ow)(w+0a¢)?

o(140) << n )2d‘
- n
2r2 1 \1+on (40152

¢ 1 w 2
—_ 2 n
=—-0(1+4+o0) /1 (w—i—a{)zw/l <1+C”l> dndw

1 ¢ 2
_olto) ( n ) dn’ . Ec[0.Ad], (452)
e 1 \l+on =e(i+0)E/2

where for the last equation again integration by parts has been used. Note that the
r.h.s. of (4.52) can be evaluated by using the dilogarithm function

Liz(z) = — /OZ MT_(U) do.

Summarizing, from (4.46), (4.52), (4.51), (4.48), and (4.49) we find the following
representation for the LST of V(7).

Theorem 4.1 Let the stability condition o < 2 for the M/GI/2-PS system, where

the service time fulfills (4.45), be satisfied. Then for s € R and t € [0, d] the LST of
V(t) is given by

_ 1-0/2 ‘1 “(_n Y
sV(T)] _ _ 2
E[e ]_1+Q/2< 2ot +o) /1 (w+a§)2w/1 <1+on> dnde

_o(l+o) §< n >2d_1+0

;2 1 \l+on 14+0¢
N 2(1+0)? >
(1—=0/2(A+0)?+0log(Q) + 0% = 1) /o=y i r=ettora’
T €[0,d]. (4.53)

Note that Theorem 4.1 also provides the LST of V (7), t € [0, mgs], and in partic-
ular the LST of V =V (mg) in M/D/2-PS for d = mg.

Taking the kth derivative with respect to s at s = 0 on both sides of (4.53) yields
the kth moment of V (7) for t € [0, d]. In particular, we find the following simple
expression for the variance of V() after tedious algebra.

Corollary 4.1 Let the stability condition o < 2 for the M/ G1/2-PS system, where

the service time fulfills (4.45), be satisfied. Then for t € [0, d] the variance of V(1)
is given by

var(V (1)) =

1 ( 20¢° _ AE-1-9
22\ (1 +0/22(1-0/22  (1+0/2(1-0/2)
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21-9/2

51 +Q/2((12g— 10)ef +9+e—25)>‘ . tel0,d]

E=At/2
(4.54)

Note that Corollary 4.1 also provides the variances of V (t), T € [0, mg], and of

V =V (mg) in M/D/2-PS for d = mg, cf. Table 1 for r = 2.
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