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Introduction

This presentation is based on:

1. “Central Limit Theorems and Bootstrap in High Dimensions,"
ArXiv, 2014, Ann. Prob., 2016.

2. “Gaussian Approximation of Suprema of Empirical Processes," Ann.
Stat., 2014a

3. “Uniform Inference after Selection for LAD and Other Z-Estimation
Problmes" Biometrika, 2014b (with A. Belloni). ArXiv 2013.

4. “Uniformly Valid Post-Regularization Confidence Regions for Many
Functional Parameters in Z-Estimation Framework" (with A. Belloni and
Y. Wei). ArXiv, 2015.



Introduction

Let Xi,..., Xn be a sequence of centered independent random
vectors in RP, with each X; having coordinates denoted by Xj; that is,

Xi = (Xij)f:1
Define the normalized sum:
S (S,’,jﬂ;—fo (1)

Let Yq,..., Y» be independent Gaussian random vectors in IRP:
Vi ~ N(O, E[XiX/]).

Define the Gaussian analog of SX as:

Sy = (Sp)y = \FZ )



Introduction

Define the Kolmorogorov distance between SX and SY:
pn = sup [P(SX € A)—P(S) € A)‘
AcA

where A is some class of sets

Question: how fast can p = p, grow as n — oo under the restriction

Bentkus (2003): for i.i.d. X, if A is the class of all convex sets, then

1/4 3
on=0 (P E%X”z])

Typically E[|| X||3] = O(p%/2), so
on—0 if p=o(n?'7)

Nagaev (1976): this result is nearly optimal, p, > E[||X||3]/v/n



Introduction

However, in modern statistics, often p > n
@ high dimensional regression models
@ multiple hypothesis testing problems

Question: can we find a non-trivial class of sets A such that
p=pp>n but pp—0

Our first main result(s):

Subject to some conditions, if A is the class of all rectangles (or
sparsely convex sets), then

on—0 if logp=o(n'")



Simulation Example

The example is motivated by the problem of removing the
Gaussianity assumption in Dantzig/Lasso estimators of (very)
high-dimensional sparse regression models. Let

1 n
szizx-, Xi = zjej, ¢€jiid. t(5)/c
"CvngTh

z;’s are fixed bounded "regressors”, |z;| < B, drawn from U(0, 1)
distribution once, and

1 2 .
S,\,/ = % ,; Y,‘, Y,j = Zje;, € i.i.d. N(O, 1),
so that E[Y;Y/] = E[X;X]]. Compare
P (ISl <) andP ([|S) ]l < 1).

(i.e. pn for A = cubes in RP)



Simulation Example

n=100; p=5000 n=400; p=5000
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Figure: P-P plots comparing P (||S,’,/||Oo < t) and P (HS,)fHoo < t). The
dashed line is the 45° line.



Introduction — Bootstrap

Generally, P(SY € A) is unknown since don’t know covariance matrix
%2?21 E[X;X/]. So the second result, is that under similar conditions

pn = sup [P(SY" € A| (X} 1Ly) ~P(SY € A)| +p 0
S

We prove this result for the Gaussian Bootstrap (multiplier method
with Gaussian multipliers):

agE

1 ¢ . .
Siti= = Y (Xi—X)e, X=_} X, (3)
! Vn = n;j

1

where (e;)7_, are i.i.d. N(0, 1) multipliers; and the Empirical
Bootstrap:

s

n
. o 1
Sr)y( = Z mln X = n Xi, (4)
i=1 i=1

where (m; ,)_, is n-dimensional multinomial variate based on n trials
with success probabilities 1/n, ..., 1/n.



Let b > 0 and g > 4 be constants, and (Bp)_; be a sequence of
positive constants, possibly growing to oo.

Consider the following conditions:
(M.A) =1y, E[X,jz-} >bforalj=1,..., o3
(M.2) n=' 0 E[|X;(2HK] < Bk forallj =1, ..., pandk =1,2.
and one of the following:
(E.1) Elexp(|Xj|/Bn)] <2foralli=1,..., nandj=1,..., p,
(E.2) E[(maxq<j<p |Xj|/Bn)9 <2foralli=1,..., n,

Let A = A" be a the class of all rectangles:



Formal Results, |

Theorem (Central Limit Theorem)

Recall that
pn:= sup |P(SX € A)—P(S) € A)‘
Ac A"
Assume (M.1-2), then under (E.1)
1/6
2 10a7
on< C <W> &

where the constant C depends only on b, and under (E.2)

1/6 1/3
B2log’ (pn B2log®
[(”) v (Bege ©

where the constant C depends only on b and q.

Remark: Bentkus (1985) provides an example, with (Xj;, 1 <j < p) C F, where F is
P-Donsker, such that p, > (1/n)"/8 .



Formal Results, Il

Theorem (Gaussian and Empirical Bootstrap Theorem)

Define

Op = Sup
Ac A"

P(SK* € A[{X}y) —P(SY € A)|.

Assume (M.1-2), then under (E.1), with probability at least 1 — «,

1/6
. - ¢ [ Balog®(pn)log?(1/a)
Pp < - ,

where the constant C depends only on b, and under (E.2), with
probability at least1 — a,

5 5 1/6 3 1/3
oi < C [(B,%Iog (pn,)7log (1/uc)> +< B2log® p > ] ®)

a2/C7n1 72/q

where the constant C depends only on b and q.



Some ingredients behind the proofs, |

Focus on max rectangles for simplicity:

A:{z:(z1 ..... zp)’e]Rp:maxzjgs}, seR
1<j<p

@ Slepian’s interpolation:

Define
Z(t) ;= ViSK+V1—tSY, te0,1]
Then

P(SX € A)—P(SY € A) =E[1(Z(1) € A)] —E[1(Z(0) € A)

@ Smoothing:

Approximate the indicator map
z—1(ze A =1 (max zjgs)
1<j<p
by some smooth map
z— m(z)
by smoothing the interval indicator y — 1(y < s) and smoothing the
max operator z — maxi<j<p Z-



Some ingredients behind the proofs, Il

@ Calculations:

E[1(Z(1) € A)] — E[1(Z(0) € A)] % [m(zmm —E[m(Z(0))]

e

~0

by proving the (1) first and that

& [Im20)] <

@ Approximation of max operator by a logistic potential:

log p
B

max zj — B~ "log Qi exp(/Sz,-)) <
=

1<j<




Some ingredients behind the proofs, I

@ Anti-concentration of suprema of Gaussian processes: (needed to show
negligibility of errors due to smoothing the indicator function)

supP (t< max SY, <t <4e(E|max SY;| +1) <elogp,

e ( gz M7 +€) - €( LSISP ”'/}Jr )Nem
stated for the case when E[(S,’{j)2] = 1 for each j. This is opposite of
the (super)-concentration.
Ref: CCK, PTRF.

@ Stein’s leave-one-out method (needed to simplify computations of
expectations)

(stability property of third-order derivatives of the logistic potential over
certain subsets of RP play a crucial role)



Some ingredients behind the proofs, IV

@ Double Slepian Interpolation: to improve the dependence of
bounds on n (Inspired by Bolthausen’s (1984) arguments for
combinatorial CLTs)



Details on Double Slepian Interpolation

@ By using single Slepian interpolant
Z(t) :=VtS{ +v1—1tS), te|0,1]
the argument gives

pon<phi= sup  [P(Z(t) € A)—P(Z(0) € A)| < n" /8 x C(n,p).
te[0,1],Ac A"

@ Define the double Slepian interpolation
D(v,t):=VvZ(t)+vV1—=vSY velo1], te[01]

where S is an independent copy of SY.
@ By doing double interpolation and using other ingredients mentioned

above, obtain

o<

< 3P0 n~18x C(n p) = result



Connections to Literature

Classical CLTs under expanding dimension:

@ Senatov (1980), Asriev and Rotar (1985), Portnoy (1986), Gotze
(1991), Bentkus (2003), L.H.Y. Chen and Roellin (2011), and
others

Bootstrap and Multiplier methods:

@ Gine and Zinn (1990), Koltchinskii (1981), Pollard (1982)
Stein’s Method and other modern invariance principles

@ Chatterjee (2005), Roellin (2011).
Spin glasses

@ Panchenko (2013), Talagrand (2003), and others.



Further Results

@ (CCK, Ann. Stat. 2014a). The results presented extend to
suprema of empirical processes:

P (sup Gp(f) < t) —P <sup Gp(f) < t>
feFn feFn

provided the complexity of F, does not grow too quickly.
The approximations are more generally applicable than
Hungarian couplings (e.g. Rio), and competitive when both apply.

@ There is also an analogous result for Gaussian and Empirical
bootstrap.

sup —0

teR




Results do extend beyond rectangles

Definition (Sparsely convex sets)

For integer s > 0, we say that A C RP is an s-sparsely convex set if
there exist an integer Q < p® and convex sets Ag CRP,
g=1,..., Q, such that o
and the indicator function of each Ag,
wi— 1{w e Aq},

depends at most on s components of its argument w = (wy, ..., Wp)



Examples of Sparsely Convex Sets

@ Example 1: Rectangle (1-sparse) — intersection of 1-d shells
A={zeRP:zc|g,b] forallj=1,..., p}
forsome —co < g, < b <o0,j=1,..., p

@ Example 2: Sparse Polytope (s-sparse) — intersection of
sparsely defined hyperplanes.

A={zeRP:viz<g, foralj=1,..., m}
for some g; € R such that v; € SP~" with ||vj[lo < s,j=1,....m

@ Example 3: Sparse convex body (s-sparse) — generated by the
intersection of cylinders with s-dimensional base:

A={zeRP: |(Z)jes B < a: k=1, ..m},

for some a, > 0 and Jj being a subset of {1, ..., p} of fixed
cardinality s, k =1, ..., m



Let b > 0 and g > 4 be constants, and (Bp);;_; be a sequence of
positive constants, possibly growing to co.

Consider the following conditions:
(M.A7) n=' Y0 E[(V/X)?] > b forall v e SP~" with ||v|o < s,
(M.2) n 'Y E[|X;|2TK] < Bk forallj=1,..., pandk =1,2.
(E.1) Elexp(|Xj|/Bn)] <2 foralli=1,..., nandj=1,..., p,

(E.2) E[(maxi<j<p |Xj|/Bn)] <2 foralli=1,..., n,



Formal Results, llI

Theorem (CLT for Sparsely Convex Sets)
For AS denoting the class of all s-sparsely convex sets, let

pn:= sup |P(SX € A)—P(S) € A)‘

AcAs

Assume (M.1°) and (M.2), then under (E.1)

> 7 1/6
on< C (BIg(m) )

where the constant C depends only on b and s, and under (E.2)

1/6 1/3
B2log’ (pn B2 log®
o< C [(ni(i’)> + (W) ] (10)

where the constant C depends only on b, g, and s.



Formal Results, IV

Theorem (Gaussian Bootstrap Theorem)

Define

Pp = Sup
Ac AS

P(SK* € A[{X}y) —P(S) € A)].

Assume (M.1-2), then under (E.1), with probability at least 1 — «,

(11)

1/6
< (B,% log® (pn) logz<1/o«>>
n — n '

where the constant C depends only on b and s, and under (E.2), with
probability at least1 — a,

2 105 2 176 21003 \ /2
ot <C [(Bnlog (pn,)7log (1/04)) +< B:log® p ) ] (12)

az/qrﬂ 72/q

where the constant C depends only on b, g, and s.



Applications to Confidence Bands

@ In [3], we used the results to give confidence bands for a large
collection of approximately linear estimators in high-dimensional
(approximately) sparse linear median regression and
Z-estimation problems

@ In [4], we used the results to give confidence bands for a large
collection of approximately linear function-valued estimators in
high-dimensional (approximately) sparse functional regression
and Z-estimation problems

@ As explained in [3-4], approximately linear estimators gan be
generated by solving Neyman-orthogonal estimating equations.



Example: High-Dimensional Logistic Regression

Suppose that we are interested in studying the dependence of a
random variable Y on a p-dimensional vector of covariates,
X=(Xq,..., Xp)', where pis large
One approach to study this dependence is the following:

@ For u € U, define

Y, =1 {Y < u}
@ For each u € U, consider the logistic regression:
E[Yu | X] — A(Xleu) + ru(X),

where A(-) is the logistic link function;

@ The map
u— Gu - (9U1 ..... Gup)/

is a function-valued parameter of interest, and r,(X) is an
asymptotically vanishing approximation error (pretend that
ry(X) = 0)



General Moment Conditions Setup and Z-estimators

Foreachuellandj=1,..., p:

@ Assume that the parameter 6, satisfies the following moment
condition:

E[lpuj(Wr B, qu)} =0,
where W is a random vector, 7, is a nuisance parameter, and
¥; is @ known moment function
@ Let (W;)_, be a random sample from the distribution of W

@ Here both p and the dimension of 77,; can be larger than n; in
fact, 17,; can be a function

@ Let 77,/ be an ML-type estimator of 7, (in the logistic regression
example, we assume that 77, is either a Lasso-type or
Post-Lasso-type estimator of 77,)

@ Define a Z-estimator of 6,

—_

n
*Z Py W977u1)

9, = arg min
uj g n

0€0y;

where O, is a set where 6, is known to belong to



Neyman Orthogonality Condition

We assume that the moment functions ¢,; satisfy the following
Neyman orthogonality condition: forallu e U, j=1,..., p, and
n € Tyj, the Gateaux derivative map with respect to the nuisance
parameter vanishes:

al’ElPuj{Wr Oujs Nuj + r(n — Wuj)} -0 =0

where 7, is a set such that 77,; € 7, with probability approaching one
uniformlyoveruce fandj=1,..., p

Neyman orthogonality condition: Heuristically, small deviations in
nuisance parameters 7,; do not invalidate moment conditions.




Constructing Orthogonal Moment Conditions for

Likelihood Models, |

In the likelihood models, we can generally construct moment
functions satisfying the orthogonality condition building upon classic
ideas of Neyman (1958, 1979)

Suppose log-likelihood function is given by ¢(W, 6, B) where
@ 6 is a scalar parameter of interest
@ jis a d-dimensional nuisance parameter
Under regularity, true parameter values, 6y and By, satisfy
E[0gl(W, 09, Bo)] =0, E[dpl(W, 0, Bo)] =0

However, the original moment function ¢(W, 6, B) = 0g¢(W, 6, B) in
general does not satisfy the orthogonality condition



Constructing Orthogonal Moment Conditions for

Likelihood Models, Il

We, therefore, construct new moment function satisfying the orthogonality
condition:

P(W,6,17) = 3L(W. 6, B) — judsl(W. 6, B),

@ Nuisance parameter: 7 = (g, ')’
@ 1 is the d-dimensional orthogonalization parameter
@ True value pq of the parameter u is given by o = Jﬁ*; Jgg for

_( oo Jdep \ _
J = ( J‘BQ J‘BB ) = a(g/'ﬁ/)E[a<9/'ﬁ/)/€( W, 9, ‘B)] ‘9:90; ﬁ:ﬁo

@ Then E[p(W, 69, 79)] = 0 for g = (By, 1g) (provided g is well-defined)

@ And ¢ obeys the orthogonality condition: o, E[yp(W, 6y, 17)]‘ =0
=10
This construction can be used to derive the moment functions ¢,; satisfying
the orthogonality condition in the logistic regression example with the
log-likelihood function

0(X, Yy, 00) = Yulog A(X'04) + (1 — Yy)log(1 — A(X'6y))

using 6, as a parameter of interest and 7 = (u, 8, _;) as the nuisance



Asymptotic Normality for Many Z-estimators

Theorem (Asymptotic normality)
Under certain regularity conditions, the estimators §uj satisfy

M = G+ 0p(1)

uniformly overue U andj=1,..., p,
qu
where
E[Z (W, 6y, 7)]
2 uj i1y L ) )
Oy = J—Ej Jyj = aG{EWUJ(ervUU/H}‘ezeuj,
and (W, )
- Pui (W, 045, 1
(W)= --——-—--.
lpU]( ) quJuj
As a consequence, under further regularity conditions,
n(By — 6y
sup P sup M St —P sup ‘Nu]‘gt 20(1),
teR uelU 1<j<p Ouj uel 1<j<p

where {Ny:uel, j=1,..., p} is a certain Gaussian process.



Simultaneous Confidence Bands via Bootstrap

The theorem above can be used to construct simultaneous confidence bands
for the parameters 0,

@ ForeachuclUandj=1,..., p, let 7, and Juj be estimators of 0,; and
Jyj» respectively
@ Foreachueldandj=1,..., p, let

be an estimator of ()

© Let (¢))7_, be a random sample from the N(0, 1) distribution that is
independent of the data (W;)[_,

@ Fora € (0,1), let ¢, be the (1 — &) quantile of the conditional
distribution of

T= sup
uel 1<j<p

given the data (W;)]_,

1 L .
\/ﬁ I:Z1 éllpuj( I)
@ Define the simultaneous confidence bands:

~ ~ Cab\’,_,j ~ Cab\’uj i
@u]:(gu/* \/ﬁ,euj+ﬁ), UEZ/{,]: ..... p




Bootstrap Validity

Theorem

Under certain regularity conditions, the simultaneous confidence bands @uj
satisfy

P(Buje@uj foralluel, j=1,..., p):1—zx+o(1).

In fact, the result holds uniformly over a large class of data-generating
processes.



Conclusion

Thank you!



