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Motivation 1-1

Motivation

� Time-varying conditional autoregressive expectile (CARE)
parameters Parameter Dynamics

� Practice: time-homogeneous parameters
� Regime shifts, structural breaks

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Motivation 1-2

Objectives

(i) Localizing CARE Models
I Local parametric approach (LPA)
I Balance between modelling bias and parameter variability

(ii) Tail Risk Dynamics
I Estimation windows with potentially varying lengths
I Time-varying expectile parameters

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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windows.
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closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.
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Motivation 1-3

Statistics and Risk Management

Statistics
� Modelling bias vs. parameter variability
� Flexible framework

Risk Management
� Parameter dynamics and structural changes
� Measuring tail risk

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.
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Motivation 1-4

Example

Risk Management

An investor observes 250 index returns and estimates the underlying
risk exposure. Tasks:

(a) Statistical properties of the CARE parameter estimates

(b) Estimate the 1% expectile level

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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closing phase, see Figure 8. We attribute this to a higher variation of trading
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Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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Conditional Autoregressive Expectile (CARE) 2-1

Conditional Autoregressive Expectile

� Taylor (2008), Kuan et al. (2009)
� CARE specification, Ft - information set up to t

yt = et,τ + εt,τ E [εt,τ |Ft−1 ] = 0,Var (εt,τ |Ft−1 ) = σ2
ε,τ

AND

et,τ = α0,τ + α1,τyt−1 + α2,τ
(
y+
t−1
)2

+ α3,τ
(
y−t−1

)2
I Expectile et,τ at τ ∈ (0, 1), θτ =

{
α0,τ , α1,τ , α2,τ , α3,τ , σ

2
ε,τ

}>
I Returns: y+

t−1 = max {yt−1, 0}, y−t−1 = min {yt−1, 0}

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those
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Conditional Autoregressive Expectile (CARE) 2-2

Parameter Estimation

� Data calibration with time-varying intervals
� Observed returns Y = {y1, . . . , yn}
� Quasi maximum likelihood estimate (QMLE)

θ̃I ,τ = arg max
θτ∈Θ

`I (Y; θτ )

I I = [t0 −m, t0] - interval of (m + 1) observations at t0
I `I (·) - quasi log likelihood Details

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.
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closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.
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Conditional Autoregressive Expectile (CARE) 2-3

Estimation Quality

� Mercurio and Spokoiny (2004), Spokoiny (2009)
� Quality of estimating true parameter vector θ∗τ by QMLE θ̃I ,τ

in terms of Kullback-Leibler divergence; Rr (θ
∗
τ ) - risk bound

Eθ∗τ
∣∣∣`I (Y; θ̃I ,τ )− `I (Y; θ∗τ )

∣∣∣r ≤ Rr (θ∗τ ) Gaussian Regression

� ’Modest’ risk, r = 0.5 (shorter intervals of homogeneity)
� ’Conservative’ risk, r = 1 (longer intervals of homogeneity)

Solomon Kullback and Richard A. Leibler on BBI:

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.
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risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable
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Local Parametric Approach (LPA) 3-1

Local Parametric Approach (LPA)

� LPA, Spokoiny (1998, 2009)
I Time series parameters can be locally approximated
I Finding the (longest) interval of homogeneity
I Balance between modelling bias and parameter variability

� Time series literature
I GARCH(1, 1) models - Čížek et al. (2009)
I Realized volatility - Chen et al. (2010)
I Multiplicative Error Models - Härdle et al. (2014)

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest
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Local Parametric Approach (LPA) 3-2

Interval Selection

� (K + 1) nested intervals with length nk = |Ik |

I0 ⊂ I1 ⊂ · · · ⊂ Ik ⊂ · · · ⊂ IK
θ̃0 θ̃1 θ̃k θ̃K

Example: Daily index returns

Fix i0, Ik = [i0 − nk , i0], nk =
[
n0ck], c > 1

{nk}11
k=0 = {20 days, 25 days, . . . , 250 days}, c = 1.25

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable
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Local Parametric Approach (LPA) 3-3

Local Change Point Detection

� Fix t0, sequential test (k = 1, . . . ,K )

H0 : parameter homogeneity within Ik vs. H1 : ∃ change point within Jk

Tk,τ = sup
s∈Jk

{
`Ak,s

(
Y, θ̃Ak,s ,τ

)
+ `Bk,s

(
Y, θ̃Bk,s ,τ

)
− `Ik+1

(
Y, θ̃Ik+1,τ

)}
,

with Jk = Ik \ Ik−1, Ak,s = [t0 − nk+1, s] and Bk,s = (s, t0]

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Data

� Series
I DAX and FTSE100 returns, 20040102-20141231 (2869 days)
I Research Data Center (RDC) - Datastream

� Setup
I Expectile levels: τ = 0.05 and τ = 0.01
I Interval lengths: 20, 60, 125 and 250 trading days

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Empirical Results 4-2

Parameter Dynamics Motivation

Figure 1: Estimated α1,0.05 for DAX and FTSE100 using 20 (1 month) or
250 (1 year) observations more parameters

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Empirical Results 4-3

Parameter Dynamics Motivation

Figure 2: Estimated α1,0.01 for DAX and FTSE100 using 20 (1 month) or
250 (1 year) observations more parameters

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Empirical Results 4-4

Parameter Distributions

Figure 3: Kernel density estimates of α1,0.05 for DAX and FTSE100 using
20, 60, 125 or 250 observations
Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Empirical Results 4-5

Parameter Distributions

Figure 4: Kernel density estimates of α1,0.01 for DAX and FTSE100 using
20, 60, 125 or 250 observations
Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Empirical Results 4-6

Expectile Dynamics

Figure 5: Estimated α1,0.05 for DAX and FTSE100 using 20 (1 month) or
250 (1 year) observations

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor

19



Empirical Results 4-7

Expectile Dynamics

Figure 6: Estimated α1,0.01 for DAX and FTSE100 using 20 (1 month) or
250 (1 year) observations

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Conclusions

(i) Localizing CARE Models
I Balance between modelling bias and parameter variability
I Parameter dynamics

(ii) Tail Risk Dynamics
I Varying distributional characteristics
I Expectile levels τ = 0.05 and τ = 0.01

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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and larger modelling bias.
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Quasi Log Likelihood Function Parameter Estimation

� If ετ ∼ AND
(
µ, ω2

ε , τ
)
with pdf fε (·)

then y ∼ AND
(
eτ + µ, ω2

ε , τ
)

� Quasi log likelihood function for observed data
Y = {y1, . . . , yn} over a fixed interval I

`I (Y; θτ ) =
∑
t∈I

log fε (yt − et,τ )
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Gaussian Regression Estimation Quality

Yi = f (Xi ) + εi , i = 1, . . . , n, weights W = {wi}ni=1

L (W , θ) =
n∑

i=1

` {Yi , fθ (Xi )}wi , log-density ` (·), θ̃ = arg max
θ∈Θ

L (W , θ)

1. Local constant, f (Xi ) ≈ θ∗, εi ∼ N
(
0, σ2)

Eθ∗
∣∣∣L(W , θ̃)− L(W , θ∗)

∣∣∣r ≤ E |ξ|2r , ξ ∼ N (0, 1)

2. Local linear, f (Xi ) ≈ θ∗>Ψi , εi ∼ N
(
0, σ2), basis functions

Ψ = {ψ1 (X1) , . . . , ψp (Xp)}, multivariate ξ

Eθ∗
∣∣∣L(W , θ̃)− L(W , θ∗)

∣∣∣r ≤ E |ξ|2r , ξ ∼ N (0, Ip)
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Parameter Dynamics Parameter Dynamics

Figure 7: Estimated α2,0.05 for DAX and FTSE100 using 20 (1 month) or
250 (1 year) observations
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Figure 8: Estimated α2,0.01 for DAX and FTSE100 using 20 (1 month) or
250 (1 year) observations

Localized Conditional Autoregressive Expectile Model

and larger modelling bias.

10 12 14 16
1

2

4
6

30
AAPL

Trading Hour

L
en

gt
h 

in
 H

ou
rs

10 12 14 16
1

2

4
6

30
CSCO

Trading Hour
10 12 14 16

1

2

4
6

30
INTC

Trading Hour
10 12 14 16

1

2

4
6

30
MSFT

Trading Hour
10 12 14 16

1

2

4
6

30
ORCL

Trading Hour

Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Figure 9: Estimated α3,0.05 for DAX and FTSE100 using 20 (1 month) or
250 (1 year) observations
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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Figure 10: Estimated α3,0.01 for DAX and FTSE100 using 20 (1 month)
or 250 (1 year) observations
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Figure 6: Estimated length of the interval of homogeneity nk̂ (in hours) for seasonally
adjusted trading volumes of selected companies in the case of modest (r = 0.5, blue) and
conservative modelling risk (r = 1, red), using an EACD(1, 1) model for data from NAS-
DAQ trading on 22 February 2008. We use the interval scheme with K = 13 estimation
windows.

We apply the LPA to seasonally adjusted 1-min aggregated trading volumes for all five

stocks at each minute from 22 February to 31 December 2008 (215 trading days, in total

77400 trading minutes). We use two specifications (EACD and WACD) with two risk

levels (modest, r = 0.5, and conservative, r = 1). Furthermore, schemes (a) with K = 8

and (b) with K = 13 are employed to set the estimation windows.

The empirical results can be summarised as follows:

(i) Interval of homogeneity - The distribution of all interval lengths is similar across all

five stocks, see Figure 7. The interval of homogeneity ranges between 60 minutes

and 6 hours for all cases. Intervals for AAPL and INTC are slightly larger than those

for other companies. In the course of a typical trading day, even after removing

the seasonal component, one observes slightly shorter intervals in the opening and

closing phase, see Figure 8. We attribute this to a higher variation of trading

volumes during the market opening and closure.

(ii) Risk level - the length of the intervals is shorter and more variable in the modest

risk case (r = 0.5) than in the conservative case (r = 1), see Figures 7 and 8.

Practically, if an investor aims for obtaining more precise estimates, it is advisable

to select longer estimation periods, such as 4-5 hours. By doing so, the investor
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