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Motivation

Snapshot of a Limit Order Book (LOB)
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Figure 1: Snapshot of a LOB for National Australia Bank Ltd.
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Market Quotes | Trades | Brokers | Net Flow | Order Flow | Price Vol. | Limit Orders |

stack | Time | Type | Broker | price | Volume | Attrib.
NAB  10:11:00  ASK 3520 500 MKT
NAB  10:10:57  CHG_ASK 3520 10300 MKT
NAB  10:10:57  BD 3521 8000 BEST
NAB  10:10:55  ASK 3522 12246 BEST
NAB  10:10:53  BD 3520 10000 MKT
HAB ASK 3520 5000 MKT
NAB ASK 3520 500 MKT
NAB ASK 3560 109

NAB ASK 3520 11000 MKT
NAB 8D 3523 2500 MKT
NAB 8D 3510 7500

NAB CAN_ASK 3540 1162

NAB CHG_ASK 3523 20000 BEST
NAB ASK 3523 1000 MKT
NAB ASK 3523 5000 MKT
NAB CHG_ASK 3523 300 MKT
NAB ASK 3524 20000 BEST
NAB CHG_ASK 3525 10300

NAB CHG_BID 3523 3849 BEST

(NAB)

Ve




Motivation

LOB - Graphical Illustration
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Figure 2: Limit order book for NAB on July 8, 2002
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Motivation 1-3

Objectives

[] Modelling the LOB spatial and time structure using a dynamic
factor model
» Estimating and predicting factors and factor loadings
» Understanding factor dynamics
» Impact of explanatory variables capturing the state of the
market

[ Forecasting demand and supply curves — liquidity supply

» Extensive rolling window out-of-sample forecasting exercise
» Forecasting evaluation against naive benchmark
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Motivation 1-4

Statistical Challenges

[] Require flexible framework for modelling and forecasting
high-dimensional time-varing phenomenon

(] Dimension reduction: extraction of common factors driving the
order book

[J No obvious parametric model for factors: nonparametric
approach

] Modelling philosophy: smooth in space and parametric in time

[] Capturing dynamics by parametric multivariate TS model for
factor loadings
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Motivation 1-5

Economic Implications

] LOB reflects liquidity supply on both sides of the market
[ Information content: LOB reflects market's expectation

[-] Shape of order book curves drive instantaneous trading costs
for given volumes

[J Prediciting transaction costs yield implications for splitting
strategies: transaction costs vs. liquidity risks
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Outline
1. Motivation v
2. Limit Order Book Data
3. The Dynamic Semiparametric Factor Model (DSFM)
4. Modelling LOB Dynamics
5. Forecasting LOB Dynamics
6. Conclusions
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Limit Order Book Data 2-1

The Data

[ Limit order data from the Australian Stock Exchange (ASX)

» Allows for complete reconstruction of the LOB at any time
» Accounting for all LOB activities outside continuous trading

[ Analyzing 4 stocks:

» Broken Hill Proprietary Ltd. (BHP)
» National Australia Bank Ltd. (NAB)
» MIM

» Woolworths (WOW)

[] Period covered: July 8 - August 16, 2002 (30 trading days)
[ Daily trading period: 10:15 - 15:55
(] LOB sampling frequency: 5 minutes
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Limit Order Book Data

Descriptive Statistics

Orders BHP NAB MIM WOW
Limit orders
(i) buy (bid side) | 50012 28850 9551 13234
(i) sell (ask side) | 32053 25953 6474 11318
Market orders
(i) buy 28030 16304 4115 7260
(ii) sell 16755 15142 2789 6464

Table 1: Number of orders from July 8 to August 16, 2002

2-2

Forecasting Liquidity Supply




Limit Order Book Data 2-3

Notation and Data Preprocessing

[] Seasonally adjusted ask/bid side volume at time t and level j:
Y= Y"’ /st € R0 and Yb = Yb /st € R101
[ Seasonally adjusted ask side vqume at time t and level J:
[] Best ask/bid price at t: 53101, gfl
[ Relative price deviations from best bid/ask quotes: S,f’d- and
S
(] Capturing intraday seasonality using FFF approximation:
M
se=0-t+ Z {0c,mcos (t - 2mrm) + 05 msin (t - 2rm)},

m=1

where t € [0, 1].
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Limit Order Book Data
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Intraday Seasonalities in Liquidity Supply
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Figure 3: Seasonal factors for quantities at gtb:lOl (red) and §f1 (blue)
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The Dynamic Semiparametric Factor Model (DSFM) 31

The Dynamic Semiparametric Factor Model

(] Orthogonal L-factor model of an observable J-dimensional
random vector - Park et al. (2009), Fengler et al. (2007):

Yej=moj+ Zeamyj+ - Zeimpj+ e

m(-) = (mo,m1,...,my)" - tuple of functions
m; : RY — R - time-invariant factors
Zi=(1,2Za,. .., ZLL)T - factor loadings

[ Including explanatory variables X; j:

L
Yej =3 Zeymy (Xej) +eej = Z m(Xej) + e
/=0
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The Dynamic Semiparametric Factor Model (DSFM) 3-2

Estimation

(] Efficient nonparametric method

L
X) = Zeym(X Z Z: ,Z athi (X) = Z Ay (X)
1=0 =0

¢ (-) = (¢1,...,0K) " - basis functions (tensor B-spline basis)
A= (ax) € RIEHD*K _ coefficient matrix

(Z,ﬁ) = arg mmZZ{YM ZTAd) (Xtd)}

t: t— _]7

(] Minimization by Newton-Raphson algorithm
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The Dynamic Semiparametric Factor Model (DSFM) 3-3

Implementation

Selection of L and K

(] Explained variance:

B oty S { Yy = Sio Zeatn (Xej) Y
Y Yl Ve - Y2

EV(L)=1

Statistical Inference

(] Difference between Z and Z; can be asymptotically neglected

] TS models can be used for modelling of Z:
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Modelling LOB Dynamics 4-1

Modelling Liquidity Supply

(] DSFM approaches:
» "Separated” approach - demand and supply separately, i.e.
Yé’j € R0 and Y€ R101
» "Combined” approach - whole LOB, (f Yt‘fj, Yt‘fj) € R202
[] Explanatory variables, X;
> Relative price levels, Stbd- and S7;

» Deseasonalized lagged 5 min buy/sell volume, Qf and Qf
» Lagged 5 min log return r;
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Modelling LOB Dynamics

LOB Based on Relative Price Levels -
Explained Variance

Approach

BHP

NAB

MIM

WOWwW

Bid side
(i) Separated
(i) Combined

0.964
0.921

0.965
0.936

0.996
0.975

0.975
0.914

Ask side
(i) Separated
(i) Combined

0.941
0.930

0.948
0.912

0.953
0.951

0.959
0.948

4-2

Table 2: EV of the estimated LOB data from July 8 to August 16, 2002
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Modelling LOB Dynamics

LOB - Estimation
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Figure 4: True (solid) and estimated (dashed) LOB on July 8, 2002
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Modelling LOB Dynamics

Estimated LOB Factors

4-4
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Figure 5: Estimated factors vs. relative price levels
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Modelling LOB Dynamics 4-5
Estimated Factor Loadings
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Figure 6: Estimated factor loadings vs. relative price levels
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Modelling LOB Dynamics 4-6

Properties of Estimated Factor Loadings

(1 Unit root hypothesis is rejected

[] Stationarity not rejected

[] No evidence for cointegration

(1 VAR(p) model for Z: € R%:
Zi=c+BiZi1+...BpZt_p+c

(] Model selection based on BIC

[J BHP and MIM - VAR(4), NAB - VAR(2), WOW - VAR(3)
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Modelling LOB Dynamics 4-7

Estimation Results for VAR(p) Models

[ VAR(p) specifications provide reasonable fits
[J High own-dynamic persistence

(1 Cross-correlation dependency is more pronounced for illiquid
stocks than for liquid ones

[J Preferred VAR(p) specification used for forecasting
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Modelling LOB Dynamics

LOB and Economic Variables

48

Approach BHP  NAB MIM  WOW
Bid side
(i) Traded buy quantity | 18.45 159.52 22.01 15.16
(ii) Traded sell quantity | 42.95 45,59  193.50 12.95
(iii) Log returns 17.27 1249 110446 9.51
Ask side
(i) Traded buy quantity | 12.09 217.03  122.93 18.72
(i) Traded sell quantity | 37.00  19.97 61.58 17.32
(iii) Log returns 15.76  12.68 7750.16 16.40

Table 3: RMSE of the estimated LOB data from July 8 to August 16, 2002
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Forecasting LOB Dynamics 5-1

Forecasting Setup

[] Forecasting period: July 22 - August 16, 2002 (20 trading
days)

[] Rolling windows shifted over 5 minute grids

(] Information set used at each 5min interval: last T = 690
demand and supply curves (10 trading days)

[] LOB forecasts produced for all 5 minute intervals until the end
of a trading day

(] Forecasting approaches:

» "DSFM-Separated”’ approach - estimated factors and factor

loadings every 5 minutes
» "Naive" approach - use last observed LOB curve
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Forecasting LOB Dynamics 5-2

LOB - Forecasting

x 10° NAB,10:30

Quantity
[N
T
1,

-50 0 50
Absolute Price Levels

K<) [= e +]

Figure 7: True (solid) and forecasted LOB using the "DSFM-Separated”
(dashed) and the "Naive” approach (black) on July 22, 2002
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Forecasting LOB Dynamics 5-3

Root Mean Squared Prediction Errors
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Figure 8: RMSPEs using DSFM (red and blue) and naive forecast (black)
for all intervals during the day
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Conclusions 6-1

Conclusions

[1 Two factors are sufficient to model LOB dynamics
(slope, curvature)

[] Both estimated factor loadings reject the unit root hypothesis
[] Estimated factor loadings are not stationary processes

[ Demand and supply curves are modelled and forecasted
sucessfuly

[J Applications: analysed dynamics and predictability of equity
value
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Conclusions 6-2

Further Steps

(] Studying market elasticities

[J Linking factors and loadings to execution risks and execution
probabilities

[] Studying liquidity risks, GARCH, 'default’ risks

[ Financial applications
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