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Motivation 1-1

EPK Paradox: Option Markets

Figure 1: EPK's across moneyness κ and maturity τ for DAX from

20010101− 20011231, Giacomini and Härdle (2008)
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Motivation 1-2

EPK Paradox: Stock Markets

Figure 1. Estimated pricing kernels. Figure 1 depicts point estimates of the pricing kernels
estimated without global restrictions. The point estimates are calculated at the mean of the
instrumental variables and the support for the graphs is the observed range of the return on
labor and the value-weighted index. The coefficients of the pricing kernels are estimated via
GMM utilizing the Euler equation condition,

E @~1 1 Rt11!mt116Zt # 2 1N 5 0,

where mt11 represents a polynomial pricing kernel. The coefficients are estimated using the
Hansen and Jagannathan ~1997! weighting matrix E @~Rt11 J Zt !~Rt11 J Zt !

' # . The coeffi-
cients are modeled as

dn 5 In~dn
' Zt !

2 In 5 H 21 n 5 2,4

1 n 5 3.

The set of returns used in estimation are those of 20 industry-sorted portfolios covering the
period July 31, 1963, through December 31, 1995, augmented by the return on a 30-day Trea-
sury bill. The measure of aggregate wealth includes human capital.
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Figure 2: EPK for the US stock market. Data: returns of 20 industry-

sorted portfolios from 19630731 to 19951231 with human capital (lagged

labor income), Dittmar (2002)
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Motivation 1-3

Objectives

(i) Pricing Kernel (PK) estimation

I State-dependent utility
I Generalized Method of Moments (GMM)

(ii) EPK paradox across stock markets

I Time-varying EPK
I Statistical signi�cance
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Motivation 1-4

Research Questions

� How well does the proposed methodology explain the EPK
paradox (i.e., locally increasing EPK)?

� How strong is the variation of the EPK (parameters) over time
and across countries?

� Are the results statistically signi�cant?
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Outline

1. Motivation X

2. Pricing Kernel (PK)

3. Generalized Method of Moments (GMM)

4. Empirical Results

5. Conclusion
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Pricing Kernel (PK) 2-1

Consumption Based Model

� Representative agent with exogenous income ωt

� Budget constraints

ct = ωt − q>t St (1)

ct+1 = ωt+1 + q>t St+1 (2)

Consumption ct , k assets (stocks)

Asset holdings qt = (q1,t , . . . , qk,t)
>, prices St = (S1,t , . . . , Sk,t)

>
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Pricing Kernel (PK) 2-2

Utility

� State-independent utility

u (ct , ct+1) = u (ct) + βEt [u (ct+1)]

Preference parameter β, Et [•] = E [• | Ft ], Ft - information set up to t

� State-dependent utility

u (ct , ct+1) = u (ct) + β1Et [u (ct+1)] I {ct ∈ [0, x0 )}
+ β2Et [u (ct+1)] I {ct ∈ [x0,∞)}

Preference parameters β1 and β2, reference point x0
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Pricing Kernel (PK) 2-3

Utility Maximization

max
ct ,ct+1

u (ct , ct+1) , under constraints (1) and (2)

St = Et [Kθ (ct , ct+1) St+1] (3)

with state-dependent PK given parameter θ = (x0, β1, β2)>

Kθ (ct , ct+1) =β1
u′ (ct+1)

u′ (ct)
I {ct ∈ [0, x0 )}+

+ β2
u′ (ct+1)

u′ (ct)
I {ct ∈ [x0,∞)}
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Pricing Kernel (PK) 2-4

Pricing Kernel

� Log utility u (x) = log x ,
u′ (ct+1)

u′ (ct)
=

(
ct+1

ct

)−1
� Power utility, u (x) = xγ

γ ,
u′ (ct+1)

u′ (ct)
=

(
ct+1

ct

)γ−1
� Consumption growth is linear in the market portfolio gross

return rm,t+1 = Sm,t+1/Sm,t , Cochrane (2001)
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Pricing Kernel (PK) 2-5

Pricing Kernel

� State-dependent PK in the market portfolio gross return

Kθ (rm,t+1) = β1r
−1
m,t+1

I {rm,t+1 ∈ [0, x0 )}+

+ β2r
−1
m,t+1

I {rm,t+1 ∈ [x0,∞)}
St = Et [Kθ (rm,t+1) St+1]

� Rewrite

Kθ (x) =

[
x

{1− F (x)}β1 + F (x)β2

]−1
F (x) = 0 if x ≤ x0, F (x) = 1 if x > x0
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Generalized Method of Moments (GMM) 3-1

Generalized Method of Moments

� Hansen (1982), expectation of k moment conditions

Et [Kθ (rm,t+1)Rt+1 − 1k ] = 0k

Stock returns Rt+1 = (S1,t+1/S1,t , . . . , Sk,t+1/Sk,t)
>

� De�ne g (θ) = Kθ (rm,t+1)Rt+1 − 1k , Et [g (θ)] = 0k

� Sample: gn (θ) = n−1
∑n−1

t=0
{Kθ (rm,t+1)Rt+1 − 1k}
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Generalized Method of Moments (GMM) 3-2

GMM Estimation

1. Iterated GMM

Hansen and Singleton (1982), Ferson and Foerster (1994)

θ̃n
def
= arg min

θ

{
g
>
n (θ) gn (θ)

}
, W̃n = n

−1
n−1∑
t=0

g(θ̃n)g(θ̃n)>

θ̂n
def
= arg min

θ

{
g
>
n (θ) W̃−1n gn (θ)

}
, Ŵn = n

−1
n−1∑
t=0

g(θ̂n)g(θ̂n)>

2. GMM with Hansen-Jagannathan (HJ) weighting matrix
Jagannathan and Wang (1996), Hansen and Jagannathan

(1997), W̃n = n
−1

n−1∑
t=0

RtR
>
t
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Generalized Method of Moments (GMM) 3-3

GMM Hypothesis Testing

� Newey and West (1987) - �D-test�

� Test statistic

D =ng>n (θ̃n)W̃−1n gn(θ̃n)− ng>n (θ̌n)W̌−1n gn(θ̌n)
L→ χ2j

number of parameter restrictions j , estimates θ̃n and θ̌n, weighting
matrices W̃ and W̌
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Empirical Results 4-1

Data

� Markets: Australian Securities Exchange (AUS), Deutsche
Börse (GER), Tokyo Stock Exchange (JPN), SIX Swiss
Exchange (SUI), LSE (UK), NYSE (US)

� Span: 1 January 1990 - 31 May 2012 (daily data)

� Series: stock market indices, prices of 20 largest blue chips per
market

� Windows: n ∈ {250 (1 year), 500 (2 years), 1250 (5 years)}
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Empirical Results 4-2

PK Estimation

Kθ (x) =

[
x

{1− F (x)}β1 + F (x)β2

]−1
� Scenarios

Case 1. β1, β2 > 0 - state-dependent, unconstrained

Case 2. β2 > β1 > 0 - state-dependent, constrained

Case 3. β1 = β2 = β > 0 - state-independent
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Empirical Results 4-3

Parameter Dynamics

1990 2000 2010

10

20

30

0

AUS

1990 2000 2010

10

0

20

30
GER

1990 2000 2010
0

10

20

30
JPN

1990 2000 2010
0

10

20

30
SUI

1990 2000 2010
0

10

20

30
UK

1990 2000 2010
0.90

0.95

1

1.05
US

Figure 3: Time series of the estimated parameters β1 and β2 across six

worldwide largest stock markets for case 2 (β2 > β1 > 0). We employ the

iterated GMM estimation technique with n = 500 (2 years).
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Empirical Results 4-4

Reference Point Analysis
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Figure 4: Kernel density plots (Gaussian kernel with optimal bandwidth)

of optimal reference point x0 for case 2 (β2 > β1 > 0). We employ the

iterated GMM estimation technique with n = 500 (2 years).
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Empirical Results 4-5

Empirical Pricing Kernels
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Figure 5: Empirical pricing kernels across six worldwide largest stock mar-

kets (for average parameter values): case 1, β1, β2 > 0 and case 2,

β1 = β2 = β.
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Empirical Results 4-6

Hypothesis Testing

Iterated GMM GMM with HJ matrix
1 year 2 years 5 years 1 year 2 years 5 years

AUS 76.32 79.49 67.76 68.64 69.88 70.21
GER 89.94 88.99 81.76 81.55 84.27 86.30
JPN 84.22 83.02 83.15 83.60 84.67 76.93
SUI 92.06 88.47 87.14 85.21 79.77 80.62
UK 82.13 86.43 79.26 86.20 73.61 81.32
US 78.16 75.92 74.85 70.44 52.64 54.81

Table 1: Percentage of rejections of the null hypothesis of the D-test (H0 :

β1 = β2 = β) as indicator for the existence of the EPK paradox across the

worldwide largest six stock markets.
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Empirical Results 4-7

Germany: EPK Dynamics

Figure 6: EPK on the German stock market in 2005.
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Conclusion 5-1

Conclusion

(i) Pricing Kernel (PK) estimation

I State-dependent utility admits PK nonmonotonicity
I GMM successfully used for estimation and hypothesis testing

(ii) EPK paradox across stock markets

I Time-varying preferences
I Optimal reference point slightly above 1
I Statistically signi�cant results
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