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Motivation 1-1

Predictability of stock returns

[] Test efficient market hypothesis

[] Check policy effectiveness

[J Look for potential investment 9
opportunities B \pred'\ctab\e

[ Foresee financial crisis
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Motivation 1-2

Mean Predictive Regression

Yt = Bo + BiXe—1 + Uot, X¢ = RTXxe—1 + Uxe,
Rr=1+4+c¢/T* t=1,...,T (1)

[J y¢ - stock returns
[J x¢—1 - predictors, e.g. monthly dividend-price ratio (DP),
earnings-price ratio (EP), or macroeconomic variables etc.

(] highly persistent and even non-stationary predictors, Rt is
close to 1

[ test the predictability of stock return, Hy : 31 =0
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Motivation 1-3

Two Issues due to Persistent Predictors

(] Embedded endogeneity
» x;_1 and ug; may be correlated
» OLS estimator and its standard error are biased in finite sample
> t-statistics tends to over-reject Hgp

[J Unknown degree of persistency
» non-pivotal statistics, depending on nuisance parameter
» robust inference theory across different persistence categories
is required
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Motivation 1-4

Corrections on the Issues

(] Embedded endogeneity
» first-order bias-correction estimator (Stambaugh, 1999)

» linear projection of ug; onto uy: (Amihud et al., 2009; Cai and
Wang, 2014)

[] Unknown degree of persistency

B> approximations to finite-sample distributions, construct
confidence intervals by Bonferroni's method (Cavanagh et al.,
1995; Campbell and Yogo, 2006)

> IVX filtering (Magdalinos and Phillips, 2009):

Z = RTzZt—l + AXt, R, =1+ %
» include one more redundant lag term x;_> (Ren et al., 2015)
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Motivation 1-5

Quantile Predictive Regresson

(] Advantages
» examine the predicability under the entire conditional
distribution
» skewed and heavy tailed errors in financial asset returns
» VaR in risk management

(] Existing works
> unit root predictor (Xiao, 2009) and nearly integrated case
(Maynard et al., 2011)
> IVX-QR (Lee, 2016)
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Motivation 1-6

Our Contributions

[] New two-step estimation procedure to deal with the two issues
in turn

» remove the endogeneity in the first step
> construct a pivotal statistic in the second step

[] Consistency and asymptotic normality of the estimator

[J Robust inference theory across different persistence types to
perform the tests
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Model and Estimation 2-1

Model Setting

(] Univariate predictive regression model
ye = Bo+ Pruxt + Baxe—1 + ve, t =1,..., T
E(velFe1) = 0,E (| Fe1) = o7 (2)
where F; = {(vj, uy) ",/ < t} is a natural filtration.
[] Persistent predictor

Xt = Rrxe—1 + Uyt
Rr=1+¢/T" (3)

with uxe = 3770 Fger—j ec ~ m.d.s.(0,02),E |e1[*™ < 0o,Vv > 0,
Fwo =1, ZﬁoJ“—_XJ‘ < o0, FX(Z) = ;:0 FXJ‘ZJ, FX(].) = ;-:0 ij >0
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Model and Estimation 2-2

Two Step Quantile Regression - 2SQR(1)

(] Quantile Predictive Regression

er(7—|ft*1) = 507 + Blruxt + 527—th1, T € (0, 1)
> stepl:

0,71,2

;
(Bors Prr, ar) | = arg 5 "éinﬁ > pr (ye = Bo — Brxe — Baxe—1),
t=2

where p. (e) = e[t — I{e < 0}].
> step2:
T

(Bar, B3r)" = arg min > pr (yer — Baxe-1 — Baxe—2),
2,M3 t:3

with yir = ys — BOT - BlTﬁxt, and iy are the errors from OLS
on (3).
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Model and Estimation 2-3

Two Step Quantile Regression - 2SQR(2)

(] Quantile Predictive Regression

er(7—|ft*1) = 507 + Blruxt + 527—th1, T € (0, 1)
> stepl:

0,71,2

;
(Bors Prr, ar) | = arg 5 "éinﬁ > pr (ye = Bo — Brxe — Baxe—1),
t=2

where p. (e) = e[t — I{e < 0}].
> step2:

T
327 =arg r%in Z pr (Yer — Baxe—1)
? =2

with yir = y: — BOT - BlTﬁxt, and iy are the errors from OLS
on (3).
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Inference Theory 3-1

Asymptotic Distributions

Theorem 1: Asymptotic distribution of 3., by 2SQR(1)

A T(1—7
ﬁ(52T7ﬁ2T> £> f;/(T(O))N (an-;xl)7

where 0, = X352  E(uxttxe—n), fur is the pdf of the residuals in

the 2nd step regression.
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Inference Theory 3-2

Test Statistics

Theorem 2: t-statistics of 3, by 2SQR(1)
Under Hy : 5> =0,

ﬁfVT(O)BZTé\-XX £>
T(1—7)

where fVT(O) and 6y are consistent estimators of f,(0) and 0.

N(0, 1),
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Inference Theory 3-3

Test Statistics
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Figure 1. Kernel density of the t-statistics and standard normal pdf,

with R = 099, 7 = 0.1, cov(ux,u:) = 0.95, normal errors.
QBQPR _statdensity
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Inference Theory 3-4
Asymptotic Distributions

Theorem 3: Asymptotic distribution of (,, by 2SQR(2)
v T(l_T) N (0,051, for 10;

c V;ﬁ )T) N (0 wil) for Ml

T (327— - 527) — m MN (0’ {fo J_C(r)zdr}71> , for Nl or I,

for (O) X

VIO MN (0,51 for ME:

where wy = fooo exp(2rc) o dr, Qe = fooo exp(—2rc) Y2dr, Ye = N (0, wx),
c Ts L
J() = J§ epl(r — )edB(s), L XU uy 5 Bu(s),

VT, for 10;

_ T2 for M,

Je(r) = J5( JS(r)dr, and Dy = ’ '
(1) = J2(r) = Jo Ji(r)dr, and Dr = T, for NI or I1;

T*RI,  for ME.

Quantile Predictive Regression predictable



Inference Theory 3-5

Test Statistics

Theorem 4: self normalized statistics of 3, by 2SQR(2)
Under Hy : 5> =0,

R “ _ _ 2
ﬁfVT(O)ﬁzMZI_fx?—#_l( Iix)
= N(0,1),

where #,.(0) is a consistent estimators of f,(0).

Note: Theorem 2 and Theorem 4 can be extended to Wald
statistics following x? distribution with multiple predictors.
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Inference Theory 3-6

Test Statistics

self normalized statistics
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Figure 2: Kernel density of the self normalized statistics and standard nor-
mal pdf, with Ry = 0.95, 7 = 0.1, cov(ux, tp:) = 0.3, normal errors.
QBQPR _statdensity
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Monte Carlo Simulation 4-1

Power Performance

One NI predictor:

c=-5, normal c=-25, normal ¢c=-40, normal

e
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Figure 3: Powe’;mperformance with one predictor, T :Bm250, T = 0.5,
B1 = 0.3, normal errors. Solid - 2SQR(1), dotted - 2SQR(2), dashed -

IVX-QR. QBQPR_power
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Monte Carlo Simulation 4-2

Power Performance

One NI predictor:

c=-5,1(3) c=-25, t(3) c=-40, t(3)
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Figure 4: Power performance with one predictor, T = 250, 7 = 0.5,
B1 = 0.3, t(3) errors. Solid - 2SQR(1), dotted - 2SQR(2), dashed - IVX-
QR. Q BQPR _power
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Monte Carlo Simulation 4-3

Size Performance

With one predictor in more cases:

ks 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
2SQR(1)

10: c= —0.1,r=0 6.8 4.7 4.9 4.0 4.2 3.3 3.3 5.2 4.5 6.4 6.6
Ml: c = —0.1,r = 0.9 6.2 5.0 3.9 4.3 3.6 5.4 4.6 3.8 5.0 5.3 7.8
Nl: c= —-0.6,r=1 7.1 5.5 4.6 4.9 4.2 4.2 4.2 41 5.1 a5 6.8
I1: c=0,r=1 6.9 6.3 4.8 5.0 4.6 3.9 3.9 4.3 4.9 5.2 6.4
ME: c =0.3,r = 0.6 5.6 5.3 5.7 6.0 4.5 3.5 3.5 3.4 5.5 6.1 5.1
2SQR(2)

10: c=—-0.1,r=0 8.1 7.5 5.2 4.5 4.8 7.0 4.7 6.2 7.1 7.4 7.7
Ml: c = —0.1,r = 0.9 8.4 6.3 7.3 7.1 4.9 5.8 4.9 6.0 6.2 7.2 10.5
Nl:c= —0.6,r =1 8.5 8.7 6.1 5.0 5.4 4.4 3.8 4.6 5.3 6.5 7.7
I1: c=0,r=1 7.5 6.5 5.5 6.0 3.9 6.0 4.8 5.1 5.2 7.9 8.0
ME: c = 0.3,r = 0.6 8.0 7.0 6.8 6.5 5.8 6.0 5.1 4.3 7.2 6.6 8.1
IVX-QR

10: c=—-0.1,r=0 7.8 7.0 3.6 4.6 4.3 4.2 3.6 4.9 4.6 5.4 7.5
Ml:c= —0.1,r = 0.9 16.9 12.8 9.5 8.2 9.3 8.1 7.4 8.0 10.6 13.0 15.8
Nl: c= —0.6,r =1, 15.1 11.5 8.4 7.0 8.9 7.8 7.7 9.4 8.1 12.4 13.7
I1: c=0,r=1, 16.1 13.3 10.2 9.8 9.1 5.4 7.4 10.0 9.8 14.5 15.0
ME: c = 0.3,r = 0.6 18.4 15.3 12.9 12.6 12.7 13.0 13.6 12.7 13.8 15.1 17.8

Table 1: Size performance (%) with normal errors and (; =
0.3. QBQPR_size
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Monte Carlo Simulation 4-4
.

Size Performance

With one predictor in more cases:
T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
2SQR(1)
10: c=—-0.1,r=0 8.4 5.0 5.6 3.6 3.6 4.6 3.6 6.3 6.1 6.8 7.8
Ml: c= —0.1,r =0.9 8.0 7.3 5.6 4.6 5.3 2.7 4.2 5.2 6.2 7.5 7.0
Nl: c= —-0.6,r=1 7.0 7.0 4.8 5.5 4.3 3.8 4.2 4.8 6.2 6.7 7.7
11: c=0,r=1 8.4 5.0 5.6 3.6 3.6 4.6 3.6 6.3 6.1 6.8 7.8
ME: c=0.3,r =0.6 7.8 8.0 6.2 3.9 4.4 3.7 4.2 5.6 6.6 8.1 7.9
2SQR(2)
10: c=—-0.1,r=0 10.8 6.7 6.9 7.2 6.1 5.8 6.4 6.1 6.8 9.6 10.3
Ml: c = —0.1,r = 0.9 10.3 7.9 6.6 5.8 4.8 4.8 3.6 4.5 5.8 8.6 10.7
Nl: c= —-0.6,r=1 9.4 7.4 6.4 6.4 5.3 5.9 3.9 4.1 5.6 8.1 9.8
11: c=0,r=1 11.6 9.3 6.3 5.4 5.8 5.8 5.0 6.1 8.2 8.0 11.9
ME: c=0.3,r=0.6 9.5 9.8 6.6 6.3 5.2 5.1 6.1 5.9 7.3 8.1 12.8
IVX-QR
10: c=—0.1,r=0 9.9 8.4 6.1 4.6 5.3 3.0 3.8 4.0 5.9 7.2 9.2
Ml: c= —0.1,r =0.9 16.8 14.3 12.6 10.2 10.9 7.7 9.9 11.6 11.0 14.2 16.3
Nl: c= —0.6,r=1 15.4 13.4 11.5 9.6 7.7 8.1 9.7 10.1 10.2 13.4 14.8
11: c=0,r=1 17.9 15.3 12.1 10.1 8.6 9.7 10.6 11.4 12.3 15.4 16.6
ME: c=0.3,r =0.6 21.8 17.0 15.1 12.3 14.8 10.1 8.9 13.7 17.1 19.1 19.6

Table 2: Size performance (%) with ¢(3) errors and f(; =

0.3.

Quantile Predictive Regression
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Empirical Applications 5-1

Predictability of US Stock Returns

[] Same dataset as Lee (2016): monthly data from 1927:01 to
2005:12

[] Eight persistent predictors: d/p, e/p, b/m, ntis, d/e, tbl, dfy,
tms

[] Predict S&P 500 index including dividends minus one month
Treasury bill rate
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Empirical Applications

Predictability of US Stock Returns by

5-2

2SQR(1)
T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 072 096 034 099 060 021 006 0.00 0.00 0.00 0.00
e/p 0.39 0.01 000 000 000 000 000 0.00 0.00 o0.00 o0.00
b/m | 0.34 092 095 099 099 0.89 0.61 0.06 0.09 001 0.20
ntis 062 027 071 045 035 09 09 079 019 0.23 0.16
d/e 090 080 073 060 092 098 093 089 085 059 099
tbl 055 058 021 024 029 069 057 0.17 0.09 0.11 0.08
dfy 0.15 0.11 0.10 0.04 060 078 000 0.04 000 0.02 0.00
tms 099 085 0.10 0.17 0.12 024 065 068 046 015 0.37

Table 3: p-values in hypothesis tests on univariate quantile predictor. Val-

ues are in bold if they are less or equal to 0.05.

Quantile Predictive Regression
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Empirical Applications

5-3

Predictability of US Stock Returns by

2SQR(2)
T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p | 001 000 000 000 000 010 036 08 075 0.14 0.00
e/p 0.00 001 023 013 000 000 000 000 0.01 063 0.21
b/m | 041 040 029 094 022 000 000 000 000 003 059
ntis 004 002 001 o0.07 002 001 013 0.17 030 073 0.93
d/e 0.00 000 000 003 050 072 095 0.09 0.02 0.00 o0.00
tbl 0.41 076 044 015 001 003 001 0.00 0.00 001 0.01
dfy 0.00 000 000 000 002 o046 001 000 0.00 0.00 o0.00
tms 0.97 0.51 0.10 038 017 036 047 083 026 0.00 0.00

Table 4: p-values

tor.

Quantile Predictive Regression

in hypothesis tests on univariate quantile predic-
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Empirical Applications 5-4
Predictability of US Stock Returns by
T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
e/p, dfy | 0.00 0.00 000 000 000 000 000 000 003 004 0.00
ntis, dfy | 0.00 0.00 0.00 0.00 0.00 0.06 0.23 0.00 0.00 0.00 o0.00
d/e, dfy | 0.00 000 000 000 008 076 004 001 000 000 0.00

Table 5: p-values in hypothesis tests on bivariate quantile predic-
tors. Q BQPR _ predictability

Quantile Predictive Regression

‘pred‘\cta\‘)\e


https://github.com/QuantLet/Balanced_Quantile_Predictive_Regression/tree/master/BQPR_predictability

Empirical Applications 5-5

VaR Backtesting

Violation frequency
d/p 0.0787
e/p 0.0694
ntis 0.0586
d/e 0.0540
dfy 0.0602
e/p, dfy 0.0571
ntis, dfy 0.0694
d/e, dfy 0.0648

Table 6: Violation frequency in backtesting on the estimated VaRg o5 (one
step ahead) by 2SQR(2), in rolling window samples with window width =
300. Q BQPR _backtesting
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Empirical Applications 5-6

VaR Backtesting
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Figure 5: One step ahead estimated VaRg g5, VaRg o5 by 2SQR(2) with
univariate predictor, and real observations. Q BQPR _backtesting
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Empirical Applications 5.7

VaR Backtesting
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Figure 6: One step ahead estimated VaRp 05, VaRo.os by 2SQR(2) with
bivariate predictors, and real observations. Q BQPR _backtesting
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Appendix 7-1

Persistence Categories

[ (10) Stationary: a =0,]|1+¢| <1

(1 (MI) Mildly integrated: 0 < a <1,c¢ <0
[1 (NI) Nearly integrated: a =1,¢ <0

(1 (11) Unit root: ¢ =0

(1 (ME) Mildly explosive: 0 < a < 1,c>0
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