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Motivation 1-1

VAR

Application: Impulse response analysis.
Example 1

Let x; denote a (d x 1) vector of time series variables, i =1,...,n.

xpi=w_ + A xi-1+ei,
(dx1) (dxd)

is known as VAR(1). Least squares estimation is based on moment
conditions E(¢;) = 0 and E(s,-e,-T) =3,
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Motivation 1-2

VARMA

Application: Forecasting of macroeconomic variables.
Example 2

Let x; denote a (d x 1) vector of time series variables, i =1,...,n.
Xi= _w +¢Xi—1+5i+ B ei-1,
(dx1) (dxd) (dxd)

is known as VARMA(1,1). Maximum likelihood estimation needs a
distribution assumption like &; ~ F(0, X.), with E(e;e]) = Z..
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Motivation 1-3

VMEM

Applications: Forecasting of liquidity measures, risk management,
volatility contagion.
Example 3

Let x; > 0 denote a (d x 1) vector of time series variables,
i=1,...,n.

Xi = i O €j,

pi= w + A xi1+ B pi-1,

~— =~~~
(dx1) (dxd) (dxd)

is known as VMEM(1, 1), where “®" is the component-wise
Hadamard product, and ¢; >0, j =1,...,d. GMM estimation is
based on &; ~ (14, %.) with E(g;e] ) = Z..
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Motivation 1-4

Copula-GARCH

Applications: VaR-estimation, asset pricing.
Example 4

Let x; denote a (d x 1) time series variables, i =1,...,n.

Xi = Xj€j,
Y; = diag(oj1,...,0iq)

2 .2 2
ojj = wj+ ajxi_1j + bjoi_y,

is known as copula-GARCH(1, 1), where
Ej~ FE'.(&“,'l, o ,Eid) = C{Fe;l(gil) ey ngd(e’f,'d)} with E(e’;‘,') = 0.
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Motivation 1-5

Related to practitioners

[J Volatility contagion via connectedness measures

(] Asset and option pricing

[] Estimation of VaR and ES

[] Forecasting of macroeconomic variables
(] Modeling of liquidity measures

Cl...
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Motivation 1-6

Challenges for large d

[J Non-Gaussian white noise with a non-elliptical dependence
structure
» High-dimensional copulae, see Smith et al. (2010, JASA) and
Okhrin et al. (2013, JoE).
[] Complexity of log-likelihood
» lterative maximization of parts of the log-likelihood, see Song
et al. (2005, JASA).
» Decomposition of the parameter space in order to update the
estimator.
» Analytical first-order derivatives of the entire log-likelihood are
not required.
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2-1

Efficient estimation

An iterative estimation procedure

[ Let X = (X{',..., X, )T be the finite history of the
d-dimensional stochastic process {Xi};_;, .
[ Each X; has conditional density fx; 7 , (7).

[ W.l.o.g. decompose ¥ = v(1,...,79¢) def W,. .., ﬂZ)T, s.t.
f,(’t?) = |0g fX'.|_7:'._1(X,'1, . ,X,'d; 19)

d
= Z'Og f.Xij|}—i71(X’.j;191’ N ,79;()
j=1

+log cx; 7, {inﬂfiq(x"l; U1, ., k),
ey FXid‘]:i—l(X’.d;ﬁl’ . ,19;(); 79/(+1’ .. .,19@}.

D . . . f,
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Efficient estimation 2-2

[] Construct the log-likelihood
L) = > )
i=1

= S P, 0) + (9}
i=1
= LMV, ..., 0%) + L)

(] Shorthand notation, e.g.,

L(Wo) = ——
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Efficient estimation 2-3

Algorithm
Step 1:
(1) Wi,...,9%,) =arg zero LM(V1,...,7;)
’ ) 01,00
(2) (ﬁhl’n, . ,191G7n) = arg zero ﬁc(ﬁ%,m s 19%,,,19“1, coy96)
Dpes1r9G
Step h > 1:

(1) 19{’,,7 = arg mgaxﬁ(ﬁl, 195;,1, . ,192_,71)
V1 ’

(2) vh, =arg n:gezxxﬁ(z?{’m,ﬁz,ﬂg;,l, .. ,19th”1)

(G) Vg, = arg maxL(V1 .- Vg1 5 V)
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Efficient estimation 2-4

Asymptotic properties

Theorem
Let the random variables of the sequence X have an identical
conditional density fx,r, ,(-;V) for which Assumptions 1-2 hold. If

0L 5 9y, then 98 5 9o, VY h=2,3,.. ..
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Efficient estimation 2-5

Theorem

Let the random variables of the sequence X have an identical
conditional density fx, . ,(-;¥) for which Assumptions 1-4 hold.
Then,

n2(9h —30) 5 N {0, ByX(10)B] }
and

Corollary
Under Assumptions 1-4,

lim /(9% — 90) 5 N {0, 7 (1)1} .

h—o0
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Efficient estimation 2-6

Properties under misspecification

Under certain regularity assumptions, see White (1994):

[ 9" is a consistent estimator for 1% - the minimizer of the
Kullback-Leibler divergence.

[ n'/2(9h — 9%) converges to a multivariate Gaussian
distribution as n — 0.

[ The asymptotic covariance of lim;_,. n'/29" collapses to

[HW03) ) I T {H05) )
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Simulation | 3-1
Setup |

Similar to Kascha (2012, Econometric Reviews):
xi =Axj_1+¢j+ Bej_1.

(0 d=5 n=50 r=24

(] Replication: 500

[J ¢jj follow t,; margins coupled with a correlation matrix /¢ of a
Gaussian copula with G = 4.

(] Decomposition

’191 :(Vl, ey Vd)T,
Y2 =vec(A),
Y3 =vec(B).
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Simulation | 3-2

ReSUItS Average Bias, Step h=1

vVi=9 v,=14 V3=6 V=7 Vs =14

K<L QD] [= e +]

Figure 1: The updated mean of the centered estimates of degrees of free-
dom I/ﬂn — vj (solid line) and V;j;l — v; (dashed line), j=1,..., .
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Simulation | 3-3

Step h=1

1 o.06

r0.025

- 0.05
r 0.020

- 0.04
- 0.015

- 0.03
- 0.010 L 0.02
- 0.005 -0.01
- 0.000 - 0.00

K< D [>[5H] [=ote] +]

Figure 2: The updated mean squared error for A" and B}
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Simulation | 3-4
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h

Figure 3: The median of the log-likelihood for each step of the iteration.
The gray area contains 95% of the sample.
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Sparse and efficient estimation 4-1

Penalized 2-stage ML estimation

(] Curse of dimensionality

» Need to balance the trade-off between few parameters per Vg,
g=1,...,G, and a large G!

» Parameter shrinkage via nonconcave penalized likelihood, see
Fan and Li (2001, JASA).

[] First derivative of the SCAD penalty
pﬁ\,a(x) = M(x<)A)+max(aX —x,0)/(a— 1)1 (x> ]N),

a>2and x > 0. CEIEED
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Sparse and efficient estimation 4-2

[ Split the parameters into

> penalized parameters ¥, % v(¥1,%,) and

9, o(96_1,9¢) and

. def
» non-penalized parameters 9, = v(¥3, ..., 7)) and

Oe  o(0is1,. .., 96-2).

(1 Introduce
» meaningful penalization targets U1, U, U¢_1,7¢ and
» the modified SCAD-penalty px . (v) = paa (|7 — F|)-
[ W.lo.g. let 910 = U1 and V60 = Je, so that fi(+; Yo) has a
less complicated functional form than fi(-; ) for ¥ # .
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Sparse and efficient estimation

The penalized log-likelihoods are

ri+ra

43

LPm(01,...,0¢) = L™(Y1,...,9%)—n Z Pam am (91 pm )
I=1

ré—1+re

LP(0) = LEW)=n Y Brgac(Vrp.)-
=1

Algorithm
Step 1:

(1) (19%’", . ,ﬂiyn) =arg zero LPm (91, . ..

1917“'7 k

(2) (ﬁiﬂ’n, . ,191G7n) = arg zero ﬁpc(ﬁin, .

ﬁk+17"'719G

Efficient Iterative ML Estimation
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Sparse and efficient estimation 4-4

Theorem

Let the random variables of the sequence X have an identical
conditional density f;(-; ) for which Assumptions 1-3 and 5 hold
and let the penalty fulfill certain regularity conditions. If

A NS — 0, nY2AM — 0o and n'/2)\S — oo as n — oo, then,
(a) 01, %% Uy and 0, 2% U,

(b) 0%, +O(a) 5 a0 and V% _; , + O(ag) > V6_1,, with
al’ al — 0 for \". \S — 0 as n — oo,

P P
(C) 79,1777,, — 19m,0 and 19357,7 — 19,_«’0.
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Sparse and efficient estimation 4-5

Iterative Efficient and Sparse Estimation

Step h > 1:
(1) {blank step}

(2) 193’" = arg max £(1§1,192,19g;,1, . ,19'&:117n,1§g)
2

(G-1) 19’6';_1’,7 = arg 1512;&5 £(1§1,19£”n, .. .,?92_2,",19(;_1,1\55)

(G) {blank step}
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Sparse and efficient estimation 4-6

Corollary

Under the assumptions of Theorem 3. If \™ A\ — 0, n}/2\™ — o
and nt/2\¢ — 00 as n — oo, VN 5 Uo Vh=2,3,..., where

9= 0(792, - 719671)-

Corollary

Under the assumptions of Theorem 2 and Theorem 3. If
A NS — 0, n'/2A™ 5 00 and n'/2XS — 0o as n — oo, then

/2B, {(5’; —Jo) + T 1K, b,,} AN {o, 2(50)} .
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Simulation 1l 5-1

Setup |l

Xi = pi © €j,

pi = w + Axj—1 + diag(bi1, . . ., bag) pi-1,

[J d =15, n =500, r = 375.
[] Replications: 500.
[] Penalized parameters: 210 off-diagonal elements of A.

[ ejj ~ Weibull(~;) are contemporaneous dependent via R-vine,
see Kurowicka and Joe (2011).

[] Decomposition v(v;,wj, Aje, bjj) for j=1,...,d.
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Simulation 1l 5-2

Results
True A Step h=1(0)

~ 0.15
~ 0.10
— 0.05

— 0.00

K] <D [> ][] =] +]
Figure 4: Comparison of the true matrix A (left) with one updated estimate

Ah (right). R
( g ) =v
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Simulation 1l 5-3
Step h=1(0)

Average Bias

~ 0.02

~ 0.25
— 0.00

~ -0.02 ~ 0.20

L 004 - 0.15

— —0.06 - 0.10

— -0.08 | 005

- -0.10

— 0.00

K<<l > ] [=oie] +]

Figure 5: The updated average bias of A" (left) and the corresponding
standard deviation (sd) (right).

=
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Simulation 1l 5-4
Average Bias, Step h=1(2)

N
(=]

0.1
I

0.0
I

-0.1
I

-0.2

b1y <0.63 bag =0.69 b‘77 b1‘111 b1‘515
<> =]

Figure 6: The updated mean of the centered estimates B/ — B (solid line)
and the corresponding standard deviation (sd) illustrated as grey area.
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Simulation Il 5-5
Average Bias, Step h=1(2)

L
[S)

T T T T
Y.=0.8 Vs=7.9 Y10=8.9 vy2=8

K<<l > ] [=oie] +]

Figure 7: The updated mean of the centered estimated parameters of the
Weibull distributions ’yj’)nffyj,j =1,...,d (solid line) and the sd illustrated
as grey area.
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Simulation 1l 5-6

Numerical criteria

Define for the parameter vector z and its estimate z/’

1. the relative absolute error:

eh def [12 = 3l
|z =z}

RA

2. the sign consistency:

sch def Z | {Sign(Akg,o) = Sign(AZZ,n)} :
P,
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Simulation 1l 5-7

h Parameter RAE" sch
1(1) Axe, k#1 0.35 (0.09) 169 (10.38)
Ao, k #1 0.34 (0.10) 169 (10.38)
2w, AjB;VYj| 088 (0.17) -
~ 0.60 (0.15) -
Aw, k#0C 032 (0.10) 169 (11.86)
4  wj,A;,BjVj|0.82 (0.18) -
~y 0.46 (0.16) -
Aw, k#0 | 031 (0.09) 169 (10.38)
11 wj,Ajj,B;jVj | 080 (0.18) -
~y 0.43 (0.16) -

Table 1: Median values of RAE" and SC" for different parameters. The
MAD is given in parentheses.
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Simulation 1l 5-8

Selection of \!" and a”

(1 Split {x;}7_; in two parts: 51 = {x;}]; and S» = {x}7_, .,
containing 80% and 20% of the sample, respectively.

[] Use S; to estimate U1 (A, a),U2,,(A, a), defined through Step
1(1) of Algorithm 2.

[J Fit the tuning parameters through

(A7, am)T = arg (Ta;% L" {1917,7()\, a),v2.n(A, a),93,,... ,19,(7,,}
,a

on Sy, where 93 5, ..., Yy , are the non-penalized estimators..
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Simulation 1l 5-9

Figure 8: Boxplots for the tuning parameters of the penalization function.
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Simulation 1l 5-10

Pair copula construction

Example 5

Let X = (X1, X2, X3) ~ F with margins F1, F> and F3, and
non-unique representation of the density

f(x1,x2,x3) = A (x1)f (x2|x1)f(x3]x1, x2).
By Sklar theorem:

_ az2{Ff(x), 0e)} Alx)h(x)
f(X2|X1) = fl(Xl)

= a2 {F(x), 20x)} h(x)

=
Efficient Iterative ML Estimation : --il




Simulation 1l 5-11

f(x2, x3|x1)
f(x2|x1)
_ a3 {Flela), Fislx)} fOxelx)f(xs)x)
f(X2|X1)
= a1 {Felx), FOslx)} as{Fi(x), F3(x3)} 3(x3)

Collecting terms leads to

f(x3)x1, x2) =

f(x1, X2, x3) Hf Xj)

~a2 {F1(x), F2(x2)} c13 {Fi(xa), F3(x3)}
31 {F(xelx1), F(xs|x1)}

=
Efficient Iterative ML Estimation k -—il



Simulation 1l 5-12

Clarke and Vuong test

[] Tests are based related to the Kullback-Leibler divergence, see
Vuong (1989, Econometrica), Clarke (2007, Political Analysis).

(1 Hp : Two copula models are equivalent

(] Vuong test:

h def h 9h h h
m; = g?(ﬁl,m AR ﬁG,n) - éic(/ﬁl,n? ce 7’l9G—1,n7 ﬁG-O)

— — n
> mh=n 12;:1”’?

> VE =t/ S (mf — )2 5 N0, 1)
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Simulation 1l 5-13
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h

Figure 9: Average p-values of the Clarke and Vuong test for each step of
the iteration.
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Simulation 1l 5-14

log-likelihood
500 1000 1500 2000 2500

1(1) 2 6 10 14 18 22
h

Figure 10: The median of the log likelihood for each step of the iteration.
The gray area includes 0.95% of the observations.
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Iterative Generalized Least Squares Estimation 6-1

VAR

Consider the time series model

q
xi=c+ Z Aixi—| + &,
=1

where ¢ = (c1,...,¢cq)" and A is a (d x d) matrix. Given
standard assumptions like

[ E(eie/ ) = Z. and E(ge] ;) = 0q4q for [ >0
[l e= VeC(e’;‘l, . ,Ed) ~ N(O, Iy ® ZE)

the parameters can be efficiently estimated by OLS. But
(1 r > n especially for a large q!
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Iterative Generalized Least Squares Estimation 6-2

Define Y = vec(x1,...,xn), Zi = (1, x4, ... ,x,-qu)T and

Z=(Z,...,Z,) and rewrite the model in matrix notation
Y =(Z" @ly)B +e,
where 3 = vec(c, A1, ..., Aq). We assume £ ~ N(0, X), with
> #1,® X, but the GLS estimator
17T ! 1
By = {(z @1,)E1(Z ®/d)} (Zol)EtY

is not feasible.
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Iterative Generalized Least Squares Estimation 6-3

Algorithm

Step 1:
(1) Br={(ZzZ")Zl4}Y

(2) 1 = {Y ~(ZT @ly)B} {Y (2T &It}
Step h > 1:

(1) 8 = {(Z@l) (=) HZ @)} (Zel)(Eh )Y
) =h={Y (2" @I)pM {Y —(Z" @lg)p"} "

Penalization of /3 can be embedded at Step 1!

Efficient Iterative ML Estimation CREEmE



Application 7-1

Measuring volatility connectedness

[ Daily realized volatilities (RVs) from January 2007 - December
2008.

[J 30 U.S. blue chip companies similar to the DJIA.

[1 VMEM(1,1) as in Simulation Il
[J R-vine based on bivariate t-copulae.
[ r/n~ 17
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Application 7-2

realized volatility
20 40 60 80 100 140
1 1 1 1 1 1

I

2007-01-03 2007-08-31 2008-05-02 2008-12-31

Figure 11: Median of the realized volatilities over the companies. The gray
area includes 90% of the observations.
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Application 7-3

Assuming a stationary VMEM(1, 1) for the RVs {x;}"_,, whose
zero-mean MA(oo) representation is

yi=ni+y {(A +B) - (A+ B)FlB} Ni-1
=1

[e.e]
=ni + > _Vmi_,
=1

with E(n;) = 0,E(nin") = Xy and yi = x — {ly — (A+ B)} ' w.

Two types of H-step prediction errors:
O vi(H) = Y15t Wimisn— and
H vie(H) = St dnicn—r — EMisnilneion—1 = 0)}.
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Application 7-4
Connectedness measures

The elements of the generalized variance decomposition matrix Vj
are

Voo = e) [Var {v;(H)} — Var {v; o(H)}] ex
oA e] Var {vi(H)} ex ’

where e = (0,...,0x_1,14,0441,...,0) isa (d x 1) vector.
Standardization vy 4 = Vg 1/ 22:1 Vie 1 leads to, see Diebold
and Yilmaz (2014, JoE):

[] the total directional connectedness to others from £ by
Cu—E,H = Z/@gg Vke,H»
[ the total connectedness Cy = d~! Zk# Vke,H-

Efficient Iterative ML Estimation H+H



Application 7-5

log - likelihood C
ol
2] .
g
) ‘
o |l
8 | S
; T T T T T © i T T T T T
1(2) 5 10 15 20 25 1(2) 5 10 15 20 25
Cacooc Ces
0 0
< <«

12 5 10 15 20 25 12 5 10 15 20 25

Figure 12: Upper panel: log-likelihood values and total systemic connect-
edness Cyp in dependence of h. Lower panel: volatility contagion from

Google Cor—Goog,12 and Goldman Sachs Cogs,12 in dependence of h.

. . . . . I
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Summary 8-1

Conclusion

[] Maximization strategy for complicated and high-parameterized
log-likelihood functions.

(] Asymptotic properties of the sparse and efficient estimator are
established.

(] Accuracy of the procedure is illustrated in a simulation study.
(] Application emphasizes the importance of efficiency.
Future research:
[J Hidden Markov models
[J Risk management (DCC)

[J Euro-crisis

Efficient Iterative ML Estimation H+H
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Summary 8-3
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Appendix 9-1

Assumptions

(1) The model is identifiable and the true value g is an interior
point of the compact parameter space ©. We assume that the
model is correctly specified in the sense that

Ey{0¢i(¥)/0V¢} = 0 and information equality holds,

def 0¢i(9) 04; (V) 82€;(19)
Tiq(V) = Eﬂ{ =—Ey 7
s D05 0] 99500]

forg,l=1,...,Gandi=1,...,n.
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Appendix 9-2

()

Efficient Iterative ML Estimation

The information matrix is Z(9) = >_7_; Z;(19), with

Ti(9) = {Z;,(9)}S,_y. Let the limit of n'Z(9) > J(0) be
the asymptotic information matrix, which is finite and positive
definite at ¥ and n~1L(¥) 5 H(V) be the asymptotic
Hessian, which is finite and negative definite for

v e{v: |9 - <d}, 6 >0.

The score s(99) = 0{L™ (Y10, - -,Pk0), LS (90)} of the
decomposed |og—|ike|ihood L(9) = LMD, ...9) + L(D),

with {n s(%0)s(o) } L} Y (), obeys

nY2s(90) 5 N{0,X(d)}.




Appendix 9-3
(3) Define the lower block and upper block triangular matrix of
—n_li(ﬁo) as L, and U,, respectively, such that
—n"1L(Wo) = Ln — Uy with Ly, =0 for g </ < G and
Ugi.n =0 for I < g < G. For the probability limits L and U of
L, and U,, respectively, we assume p(I') < 1, where p(+)

. def | _
denotes the spectral radius and T = L~1 U.

(5) There exists an open subset 6 of © that contains the true
parameter ¥g such that for almost all X;, i =1,...,n, the
density fi(+; ) admits all third derivatives
ofi(Xi, . .., Xig; ) /00,009,009, for all ¥ € 6. Furthermore,
there exist functions M, (-) such that

ol;i(v9)

09,009,009,

where E{M,u (X;)} < oo foru,v,w=1,...,r.

< My (X;) forall ¢ €0,

Efficient Iterative ML Estimation H+H



Appendix 9-4

Definitions

[] Let the number of parameters of each subvector ¥, be rg,

g=1...,G, st p= zgzl rg and r = chzl rg. Define

q = r — p and the matrices

T, = < Ip Opp 0pq> and T = ( b o 0pq>

Ogp Ogp g Ogp Ogp  Ig

with identity matrix /,, Opq = O,,O;,r and null vector 0.
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Appendix 9-5

[ Define

and

By =T [KT1 — {~H(90)} 7] + {~H(90)} ' T,
and K= {—7—[1(190)}_1.
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Appendix 9-6

Define

[o N

f o o T
b7 & { B am (21.0), - Bhg am (V2020)}

by, &of {r’l)\g,ac (V(6-1)1,0)5 - - -5 ﬁg\g,ac (ﬂ(G—l)rG—hO)}T :
and b, = (b7, 04,b%) " as well as
v =diag {bﬁfnm’am(ﬁm,o), . 7b£\/n’",a”’(192r2,0)} )
Vi, =diag [ﬁ&'g,ac{ﬁ(c—l)l,oh o 7ﬁi\,ﬁ,ac{19(G—1)fG—1,0}i| :

and ¥, = diag (V] 0ss, WE).
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Appendix 9-7

The “bread” of the covariance matrix is given by:

Bhn =T [KaTh = {=H(T0)} | + {-H(To)} T,

and K, = {\Il,, — Hl(ﬁo)}_l

Efficient Iterative ML Estimation H+H



	Motivation
	Efficient estimation
	Simulation I
	Sparse and efficient estimation
	Simulation II
	Iterative Generalized Least Squares Estimation
	Application
	Summary
	Appendix



