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Motivation

Risk profile portfolio diversification

TEDAS with Y= S&P 500

Figure 1. Cumulative portfolio wealth comparison: TEDAS 1 , TEDAS 3 , TEDAS 2 , RR , PESS , 
S&P 500 buy & hold; X  = hedge funds’ indices’ returns matrix

 TEDAS_strategies2
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Risk profile portfolio diversification

๏ Risk-management challenges 

‣ Asset classes 

‣ Choice of risk measure 

‣ Liquidity issue 

๏ Statistical challenges 

‣ Large assets’ universe 

‣ Assets clustering 

Challenges
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Motivation

Risk profile portfolio diversification

๏ Improvement of portfolio diversification  

๏ Risk-profile based consensus-way to detect assets’ classes

Objectives

1-4



Outline
1. Motivation    ✔ 

2. Methodology 
3. Data 
4. Empirical Results 
5. Outlook 
6. Technical details 

Risk profile portfolio diversification



Methodology

Risk profile portfolio diversification

1. Construct risk profiles of assets (based on annual data) 
๏ CAPM       
๏ Volatility  
๏ Skewness 
๏ Kurtosis 
๏ Value-at-Risk 5% Details 

๏ Expected Shortfall 5%

Methodology
Details
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Risk profile portfolio diversification

Portfolio construction
Methodology

1 and 2 3 4
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Risk profile portfolio diversification

2. Cluster the assets (2-15 clusters) 
๏ Partitioning algorithms 
‣  k-means  
‣  FUZZY C-means 
‣  C-Medoids 

๏ Hierarchical algorithms 
‣Agglomerative hierarchical clustering Detail 

 s 

3. Choose portfolio constituents from every cluster 
๏ Maximum Sharpe ratio 
๏ Random selection

Methodology
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Risk profile portfolio diversification

4. Portfolio allocation 

๏ 1/n rule 

๏ Mean-variance portfolios (Markowitz rule) Details 

5. Rebalancing of portfolios 

๏ Every period t based on t -1 clusters-detection and covariance 
matrix 

๏ Transaction costs are 1% of portfolio value

Methodology
Methodology 2-4



Data

Risk profile portfolio diversification

๏ Daily data 
‣  STOXX North America 600 index 
‣  435 - 593 stocks from STOXX North America 600 index as on 

20160101 

๏ Span: 19980101 - 20151231 (18 years) 

๏ Source: Datastream

North American equity
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Empirical results

Risk profile communities: 3 agglomerative

hierarchical clusters 
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Risk profile portfolio diversification

Portfolios’ performance

Empirical results

 Table 1. 1/n portfolios cumulative return
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Risk profile portfolio diversification

Empirical results

 Table 2. Markowitz-portfolios cumulative return

Portfolios’ performance
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Empirical results

Risk profile portfolio diversification

Risk profile communities vs size and industry
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Empirical results

Risk profile portfolio diversification

Risk profile communities vs size and industry
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Section Title

Risk profile portfolio diversification

k-means clusters’ portfolios
Empirical results 4-6

 Figure 1. Cumulative portfolio wealth comparison (Distance measure: 
squared Euclidean): Black - Buy&hold STOXX600 NA(solid), Markowitz 
(dashed), 1/n (doted)



Risk profile portfolio diversification

FUZZY C-means clusters’ portfolios
Empirical results

 Figure 2. Cumulative portfolio wealth comparison: Black - Buy&hold 
STOXX600 NA(solid), Markowitz (dashed), 1/n (doted)
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Risk profile portfolio diversification

C - medoids clusters’ portfolios
Empirical results

 Figure 3.  Cumulative portfolio wealth comparison (Distance measure: 
squared Euclidean): Black - Buy&hold STOXX600 NA(solid), Markowitz 
(dashed), 1/n (doted)
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Risk profile portfolio diversification

Hierarchical clusters’ portfolios
Empirical results

 Figure 4. Cumulative portfolio wealth comparison (Distance measure: 
Euclidean, Agglomeration method: weighted ): Black - Buy&hold STOXX600 
NA(solid), Markowitz (dashed), 1/n (doted)
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Risk profile portfolio diversification

Best Performing Methods and Distances
Empirical results

Table 3. Best performing agglomeration Method and Distances (Markowitz 
portfolios, Maximum Sharpe portfolio selection)
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Risk profile portfolio diversification

Best Performing Methods and Distances
Empirical results

Table 4. Best performing agglomeration Method and Distances (Markowitz 
portfolios, Random portfolio selection)

4-11



Risk profile portfolio diversification

Portfolios’ portraits
Empirical results

Table 5. Weights of clusters in Markowitz portfolio (Distance measure: 
squared Euclidean, agglomeration method: weighted)
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Risk profile portfolio diversification

 Table 6. Expected shortfalls of stocks-constituents of Markowitz portfolios

Portfolios’ portraits
Empirical results 4-13



Risk profile portfolio diversification

 Figure 5. Average cumulative return over 100 randomly selected portfolios: 
1/n portfolios (left), Markowitz portfolios (right), Black - STOXX600 NA

k - means clusters’ random portfolios
Empirical results 4-14



Risk profile portfolio diversification

 Figure 6.  Average cumulative return over 100 randomly selected portfolios: 
1/n portfolios (left), Markowitz portfolios (right), Black - STOXX600 NA

FUZZY C - means clusters’ random portfolios
Empirical results 4-15



Risk profile portfolio diversification

 Figure 7.  Average cumulative return over 100 randomly selected portfolios: 
1/n portfolios (left), Markowitz portfolios (right), Black - STOXX600 NA

Hierarchical clusters’ random portfolios
Empirical results 4-16



Risk profile portfolio diversification

 Figure 8. k-means , FUZZY c-means , Hierarchical  and C-medoids clusters’ 
portfolios

Validation of partition: Silhouette width
Empirical results
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Risk profile portfolio diversification

 Figure 9. k-means , FUZZY c-means, Hierarchical  and C-medoids clusters’ 
portfolios

Validation of partition: Calinski-Harabasz criterion

criterion

Empirical results
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Risk profile portfolio diversification

 Figure 10.  k-means, FUZZY c-means, Hierarchical  and C-medoids clusters’ 
portfolios

Validation of partition: Davies-Bouldin index

criterion

Empirical results
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Conclusion

Risk profile portfolio diversification

Conclusion

๏ Improvement of portfolio diversification 
‣ outperforms benchmarks in out-of-sample framework 

๏ Risk-profile clustering strategy 
‣ dimension reduction of assets’ universe 
‣ multiple risk measures  
‣ hierarchical clustering portfolios demonstrate best performance
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Outlook

Risk profile portfolio diversification

๏ Other datasets 
‣Mutual funds 
‣  Hedge funds 

๏ Other clustering methods 

๏ Other risk measures

Outlook
6-1



Technical details

๏ Portfolio loss X 
๏ Given  pdf f(x)  and cdf F(x) 

๏ Value at Risk

Value at Risk (VaR)

Risk profile portfolio diversification

(1)
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Technical details

Let Li, i ∈ {1, …, t}, be a (continuous) series of portfolio losses 

and qθ the θ-quantile of these losses

Expected shortfall

ESt = E[Lt |Lt > q✓]

Risk profile portfolio diversification

(2)

7-2



Technical details

k - means Clustering

Risk profile portfolio diversification
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Technical details

k - means Clustering

Risk profile portfolio diversification
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Technical details

Standard Algorithm

Risk profile portfolio diversification
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Technical details

FUZZY c-means clustering (FCM)

Risk profile portfolio diversification
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Technical details

FUZZY c-means clustering (FCM)

Risk profile portfolio diversification
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Technical details

1.Construct the finest partition, i.e. each point is one cluster. 
2.Compute the distance matrix D. 
DO 
3.Find the two clusters with the closest distance. 
4.Unite the two clusters into one cluster. 
5.Compute the distance between the new groups and obtain a 
reduced distance matrix D. 
UNTIL all clusters are agglomerated.

Hierarchical Algorithms,

Agglomerative Techniques

Risk profile portfolio diversification
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Technical details

Agglomerative Techniques

Risk profile portfolio diversification

After unification of P and Q one obtains the following distance to 
another group (object) R

 j             - weighting factors  

Denote by                        the          number of objects in group P

7-9



Risk profile portfolio diversification

Agglomeration methods
Technical details 7-10



Risk profile portfolio diversification

Distance Measures
Technical details 7-11



Risk profile portfolio diversification

Distance Measures
Technical details

 Figure  Map of Mannheim around 1800

Source: http://historic-cities.huji.ac.il
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Risk profile portfolio diversification

Markowitz rule
Technical details 7-13



Technical details

C-medoids clustering is related to the k-means. Both attempt 
to minimize the distance between points labeled to be in a 
cluster and a point designated as the center of that cluster. In 
contrast to the k-means, C-medoids chooses datapoints as 
centers (medoids) and works with an arbitrary matrix of 
distances.

C -  medoids

Risk profile portfolio diversification
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Technical details

The silhouette value for each point is a measure of how similar that 
point is to points in its own cluster, when compared to points in 
other clusters. The silhouette value for the i-th point, Si , is defined 
as

Silhouette Value

Risk profile portfolio diversification

where ai  is the average distance from the i-th point to the other 
points in the same cluster as i 
bi is the minimum average distance from the i-th point to points in 
a different cluster, minimized over clusters

7-15



Technical details

The Calinski-Harabasz criterion is sometimes called the variance 
ratio criterion (VRC). The Calinski-Harabasz index is defined as

Calinski-Harabasz criterion

Risk profile portfolio diversification

where SSB  is the overall between-cluster variance, 
SSW  is the overall within-cluster variance, 
k is the number of clusters, 
N is the number of observations
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Technical details

The Davies-Bouldin criterion is based on a ratio of within-cluster and 
between-cluster distances

Davies-Bouldin Criterion

Risk profile portfolio diversification

di/dj are average distance between each point in the i-th/j-th  
cluster and centroid of the i-th/j-th cluster 
di,j is the Euclidean distance between the centroids of the i-th and 
j-th clusters.

where Di, j is the within-to-between cluster distance ratio for the 
i-th and j-th clusters.
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