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Motivation 1-2

Pricing Kernels & Risk Aversion

Pricing Kernel (PK) at time t and maturity r =T -t

U'(ST)
U'(St)

Mt,T(ST) =

1. St is value at time t from wealth, consumption, asset
2. u(x) is utility function
3. under risk aversion: M(x) monotone decreasing
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Motivation 1-3
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Figure 1: Empirical (red) and theoretical (blue) pricing kernel, DAX 19990205, r = 10
days.
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Motivation 1-4

CARA / CRRA Utility Functions

CARA utility
1 —aX
u(x) = ——e

a > 0 is the absolute risk aversion coefficient.
CRRA utility (power utility)

x1=r -1

() = 5=

¥ € (0,1) is the relative risk aversion coefficient.
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Motivation

Figure 2: CRRA, u(x) = £ (red), a(x) = 52 (blue), p(x) = y (green), y = 0.5.
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Motivation

2

Figure 3: Empirical RRA, DAX 19990205, 7 = 10 days.
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Motivation 1-7
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Figure 4: Empirical PK across moneyness « and maturities 7, DAX 19990303
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Motivation 1-8

Figure 5: Empirical PK across « and 7, DAX 19990303, 19990313 and 19990323
“
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Motivation 1-9

Empirical pricing kernels
1. do not reflect risk aversion across all strikes
2. vary across time to maturity T and time ¢

M(x) = M;-(x)

How to explain pricing kernel and risk aversion dynamics ?
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Pricing Kernels 2-11

Pricing Kernels

Asset price follows
dsi
St
1
St = So exp [{,u(St, t) - 50'2(81, t)} t+ O'(St, t)Bt]

= ,U(St, t)dt + O'(St, t)dBt

where t € [0, T] and
1. B is standard Brownian motion under measure P
2. Bf = By + J, “"ds is Brownian motion under measure Q

(o
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Pricing Kernels

Measure Q defined by 2—3|¢, =,

t 1 t
0 2 Jo

M(St, t) - r

A
t o (S, t)

A is called market price of risk
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Pricing Kernels

For any measurable function ¥(S;)and0<s<t<T

EO[w(S)IFs] = E7 [w(sog—;

7

The arbitrage free price at time s for payoff e""y(S;) is

7

e "Ey(S,)I7] = EP [w(S) é

wheret=t-s
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Pricing Kernels

The pricing kernel, or stochastic discount factor is defined as

Ms T = e—r‘ré
’ s

t 1 t
— exp(— f 0By = 5 f /lf,du)
S S
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Pricing Kernels 2-15
Example: u, o0, 1 € R (BS)

i
t

/12
exp {—A(BT -B) - ?T}

= exp[—g {O’(BT - Bi) —0'(/1— g)‘r} - E(/I—O')]

St\ @ A A
= (—T) exp{?‘r(/l—(r) + fT;}

St
fon (%)~ %) ~foa(%) -~ 7)1}

= o 2021
_ at(St)
pt(St)
Thus, M; ; is decreasing in St and is given by
_t(S7)
M c=e g
‘ pt(St)

where gy, p; are conditional densities of St = exp {( - "72)7 +log St + o(Br — B,)}
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Pricing Kernels
Merton Optimization Problem

Market completness, representative investor, t <s < T
1. utility function U
2. wealth proces {Ws}
consumption process {Cs}, Cs = 0
consumes all wealthat T, Cr = Wt
amount {&g} invested in Sg
max E[U(Wr)IFi]

o bk w

subject to
Ws >0

dWs = {rWs + &(u — r)}ds + £s0dBs
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Pricing Kernels 2-17

1. in equilibrium Wy = Sg and

e_ﬁ_é . JW(Ss, S)

= 22/ 1)
G~ dw(sh (
2. at the end consume all wealth, i.e. Ct = Wt = St and
U (w
e—rT{_T — ( T) (2)

& U(W)
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Pricing Kernels 2-18

Merton: Pricing Kernels and Preferences

In Merton asset-pricing model the pricing kernel
1. is path independent (1), can be written as ratio of conditional

densities : (S7)
_ —rr Qo7
e rT_T S ,S —e rt
§t( S p:(ST)
2. is equal to the marginal rate of substitution (2),
e, U'(Sr)
e""-(S7,8) =
§t( 5 U (St)
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Pricing Kernels

Thus, it holds
U(Sr) _ -9(S1)
u(s) pi(Sr)
U(ST) _ e—r'rU’(St)fziEg;;dST
oS1) = ~Srizign

B p(St) g (S1)
- ST{pt(Sﬂ cn(ST)}
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Pricing Kernels 2-20

Ut(Sr)

p:(ST) a:(St)

Figure 6: Pricing kernel, utility function, risk neutral and objective measures.
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DSFM and PK Estimation 3-21

Pricing Kernel Estimation

Empirical pricing kernel MT(K, 7)

= e Gk, 7)
Mi(k,7) = e T ——<
t( ) pt(K’T)

Ait-Sahalia and Lo (2000)
Estimate state-price density g from option prices
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DSFM and PK Estimation 3-22
Breeden and Lietzenberger (1978)
82Ct(St, K7 T It, O_t)

oK? K=St

a(St) =

Ait-Sahalia and Lo (1998)
1. estimated call price function

Ci = Cies{St, K, 7,11, 0t(x, 7))}

ot(k, 7): nonparametric estimator for implied volatility, C; gs:
Black-Scholes price at t
2. implied state-price density

8%Ct gs{St, K, 7, 11, 7t(x, 7))

Gi(St) =
K2 K=St
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DSFM and PK Estimation 3-23

Degenerated Design

IVS Ticks 20000502 Data Design
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Figure 7: Left panel: call and put implied volatilities observed on 20000502. Right
panel: data design on 20000502; ODAX, difference-dividend correction according
to Hafner and Wallmeier (2001) applied.
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DSFM and PK Estimation 3-24

Dynamic semiparametric factor models (DSFM)

L
Yi = > zumi(Xij) + &i;
1=0
1. Yij=logoi,

2. ojjimplied volatility at trade j on trading day i, i =1,..., 1,
j=1,...,J

3. my(-) are basis functions, | = 0,..., L, in covariables X;
4. z;j; are time dependent factors
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DSFM and PK Estimation 3-25

Xij = (kij, 7ij)" is a two-dimensional vector containing
1. time to maturity 7;
2. forward moneyness kij = £-

where K is strike and F;; are futures price

F,‘,j = S,"j eXp(I’T”.T,',j)
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DSFM and PK Estimation 3-26

Following Borak et al. (2007), the basis functions are expanded
using a series estimator

X/] Z?’Iklpk XI])

for functions ¥ : R = R, k = 1,..., K and coefficients y;x € R
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DSFM and PK Estimation 3-27

Defining Z = (zi), I = (1) we obtain the least square estimators

I
(r,Z):argregnznEZ ’_1; Yij - z; rg,//(X,,)}
where
1. zi=(2i0,..-»2ziL)"
2. Y(x) = W1 (x),....yk(x)}7
3. 6= M(L+1,K)
4. Z={ZeM(l,LL+1):zip=1}
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DSFM and PK Estimation

Implied volatility and DSFM

The implied volatility at time i is estimated as

Fi(k.7) = exp{Z7 m(k. 7))}

where m(x) = {my(x),...,mk(x)}" and my(x) =

3-28

Y y(x)

Dynamic Factor Models in Risk Behaviour



DSFM and PK Estimation 3-29

Implied SPD and DSFM

Combining (3) and (4) implied SPD estimated as

3?CisiSt, K, 7,1, Tt (k, 7))

af(ST) 9K2

K=St

1 2di 05 Krdid (007 \? 7
g0t ThR (99t) 4 g
¢(d2){;<a\/; tE okt ek e

K=ST

where ¢(x) is pdf from standard normal distribution
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Empirical Results

Empirical Results

Intraday DAX index and option data

1.

S A

Dynamic Factor Models in Risk Behaviour

from 20010101 to 20020101

253 trading days

model selection: L =3

g: estimated with DSFM

pr estimated from last 240 days with GARCH(1,1)
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Empirical Results 4-31
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Figure 8: Loading factors 2y, I = 1,2, 3 from the top
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Empirical Results 4-32

Figure 9: Basis functions Ay, | = 0, ..., 3 clockwise
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Empirical Results 4-33

Figure 10: Estimated SPD across « and 7 at t = 20010710
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Empirical Results 4-34
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Figure 11: Estimated PK across « and 7 at t = 20010710
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Empirical Results 4-35

Pricing Kernel and SPD dynamics

G G
Py P’

Figure 12: B, (dash), Gy,. G, (top) fo = 20010710, t; = 20010730
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Empirical Results

Pricing Kernel and SPD dynamics

1. influence of loading factors in q

N A \2
1 2dy 95t K\ﬁ;d1d2 (%) +K\/¥

~ 62A
ai(St) = ﬂdz){K@'t\/? &t 0K &t o-t}

K2

K=S1

2. analyse first moment of g across time and maturities

1 —
Hir = gfxqm(x)dx
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Empirical Results 4-37

Figure 13: ., 7 =0.06,...,2.21.
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Empirical Results 4-38

Figure 14: ., =0.06...,2.21,7Z (below).
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Empirical Results 4-39

Sensitivity to Loading Factors

One increasing factor, remaining factors constant at sample
median,n=0,...,N, Lk =1,...,3and | # k,

n
27;7 = d+ —(U/ - d/)

N
Zxn = med(zx)
d = minzy— 0.5 min Zy|
U = max2Zy+ 0.5 max z|
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Empirical Results

ZH Zt2 Zt3
min 0.36 -0.37 -0.07
max 0.75 049 0.05
median | 0.66 0.01 0.00
mean 0.63 0.00 0.00
std.dev. | 0.09 0.05 0.02
u 1.13 0.73 0.07
d 0.18 -0.57 -0.10

Table 1: Descriptive statistics of loading factors.
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Empirical Results 4-41

First factor loading Z;

Figure 15: y. estimated with z;,, n =0,...,50, T = 0.06, ...,2.21 (below).
“
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Empirical Results 4-42

Figure 16: SPD estimated with z;,, n = 0,..., 3 (dash), N = 4 (solid). Left r = 0.08, right
7=0.21
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Empirical Results 4-43

Figure 17: PK estimated with z,, n = 0,...,3 (dash), N = 4 (solid). Left r = 0.06, right
7=0.21
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Empirical Results 4-44

Second factor loading Z,

Figure 18: . estimated with z;,, n =0,...,50, 7 = 0.06,...,2.21 .
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Empirical Results 4-45

Figure 19: SPD estimated with z;, n = 0,..., 3 (dash), N = 4 (solid). Left r = 0.08, right
7=0.21
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Empirical Results 4-46

Figure 20: PK estimated with z},, n = 0,...,3 (dash), N = 4 (solid). Left r = 0.06, right
7=0.21

\!
Dynamic Factor Models in Risk Behaviour L‘i‘/



Empirical Results 4-47

Third factor loading z;

Figure 21: y estimated with z,, n =0,...,50, T = 0.06, ...,2.21 (below).
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Empirical Results 4-48

LN

Figure 22: SPD estimated with z;,, n = 0,...,3 (dash), N = 4 (solid). Left r = 0.0, right
7=0.21
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Empirical Results 4-49

Figure 23: PK estimated with z;,, n = 0,...,3 (dash), N = 4 (solid). Left r = 0.06, right
7=0.21
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Empirical Results 4-50

Outlook

1. influence of remaining loading factors on SPD
2. correlation between loading factors
3. correlation between moments and loading factors
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From (1) {; is path independent and

q SO’ St)
So, St)

& = E

Q(S SO<k<s,Ss<k<t)
(
(

‘G

P(So, So<k<s> Ss<k<t)

s q(so, So<k<t> St<k<s)  P(S0, So<k<t)
t q(so, So<k<t) P (S0, So<k<t> St<k<s)

qs(St)
ps(St)

where g;(Ss) and p;(Ss) are conditional densities from Sg at time
t,s>t
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