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Motivation 1-1
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Figure 1: 221 observations, a light detection and ranging (LIDAR) exper-
iment, X: range distance traveled before the light is reflected back to its
source, Y: logarithm of the ratio of received light from two laser sources.
95% quantile.
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Bild 4: Erfassungsbereiche des mehrzeiligen Sensors LD ML, der vertikale
Erfassungsbereich betrdgt ca. 3,2°, der horizontale nahezu 180°.
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Motivation 1-2

Quantile Estimation
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Figure 2: Y: HK stock cheung kong returns, X: HK stock clpholdings
returns, daily 01/01/2003 — 04/26,/2010, 90% quantile.
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Motivation 1-3

Electricity Demand
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Figure 2. Estimated Conditional Quantiies of the Demand Distribu-
tion for Two Representative Househoids. The plofied curves indicate,
in ascending order the 25, .50, .75 and .95 ftled quantiles of the weekly
demand distribution measured in kilowstts. On the horizontal axis 0
rapresents 0.00 a.m. on Sunday; 7 represents 24:00 on Saturday: (a)
Household 1 and (b) Household 2.

Figure 3: Electricity Demand over Time
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Motivation 1-4
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Figure 4: Plot of quantile for standardized weather residuals over 51 years

at Btagin, 90% quantile .
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Motivation 1-5

Weather Residuals
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Figure 5: Estimated 90% quantile of variance functions, Berlin, average
1995 — 1998, 1999 — 2002, 2003 — 2006
over e
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Motivation

Conditional Quantile Regression

[J Median regression = mean regression (symmetric)

(] Describes the conditional behavior of a response Y in a
broader spectrum

Example

J Financial Market & Econometrics

» VaR (Value at Risk) tool
» Detect conditional heteroskedasticity
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Motivation 1-7

Example

[J Labor Market

» To detect discrimination effects, need split other effects at first.

log (Income) = A(year, age, education, etc)
+/ B(gender, nationality, union status, etc) + &
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Motivation 1-8

(] Parametric e.g. polynomial model

» Interior point method, Koenker and Bassett (1978), Koenker
and Park (1996), Portnoy and Koenker (1996).

(1 Nonparametric model

Check function approach, Fan et al. (1994), Yu and Jones
(1997, 1998).

Double-kernel technique, Fan et al. (1996).

Weighted NW estimation, Hall et al. (1999), Cai (2002).
LCP method, Spokoiny (2009).

LMS , Katkovnik and Spokoiny (2007)
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Basic Setup 2-1

Basic Setup

3 {(X, Y)Yy iid. pdf F(x,y), F(y]x)
O I(x) = Fﬂi(T) T-quantile regression curve

J In(x) quantile smoother
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Basic Setup 2-2

Asymmetric Laplace Distribution (ALD)

Figure 6: The cdf and pdf of an ALD with u =0,0 =1.5,7 = 0.
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Basic Setup

Quantile & ALD Location Model

Y, = 9*—1-6,',5/NALDT(O,1)
| = Fli(r)=6"=0

f(u,0) = 7(1—71)exp{—pr(u—0")}
0u,67) = log{r(1—7)} — pr(u—06")
pr(u) ¥ rul{ue (0,00)} — (1 - 7)ul{u € (—00,0)}
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Basic Setup 2-4

Check Functio

1.5 T

0.5r

Figure 7: Check function p, for 7=0.9, 7=0.5 and weight function in
conditional mean regression
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Basic Setup 2-5

Quasi-likelihood Approach

0" = argminEy ()p-(Y —0)
0

n
= angin L) ™ argmin (g (L 1)+ (%~ 0}
0 )

Tail probabilities determine F:

A ()= (") Hog{r ' P(Y1 > y)},y >0
A )={@-7)"y} Hog{(1-7)"P(Y1 <y)},y <0

Assume )\Sr(f)(y){)\o(y)} — 0 as y — +/ — oo (heavy tails).

. .
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Basic Setup 2-6

Conditional Quantile Regression

7 1(x) = argming s {pr(Y — 0)|X = x}
L]

In(8) = argmingn™" ) " pr(Yi — 0) Ky (x — X))
i=1
B Ky (u) = h(x)"YK{u/h(x)} is a kernel with bandwidth h(x).

0 L(0,0) X L(y,0) - L(Y,0)
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Basic Setup 2-7

Local Polynomial Quantile Regression

I(u) = Bo(u) + 01(u)(x — u) + Ba(u)(x — u) + ..+ Bp(u)(x — u)P,

Bu) = {Oou), Gau), .., Bp(u)}T (1)
= argmaxgeg log 7(1 —7) Z w; — Z pr(Yi— 9T1/’i)Wi
i=1 i=1
= argmingcg ZpT(Y,' — 0T y)w;,
i=1

where ; = {(X; — u), (X; — u)?,...,(X; — u)P}T and
w; = K{(x; — u)/h}, for iin1,2,... n.
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Parametric Exponential Bounds

First Step to Happiness
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Parametric Exponential Bounds 3-2
Parametric Exponential Bounds

Theorem 1 Let Vp = V(0*). Let R satisfy A\* > qR/u for
p=a/(2voq3). We have for any r < R, if R < u\*/(10q), then for
any 3 > 0 with 23/a < R?, it holds

Prxo(){L(6,67) > 3} < exp{—30/(v00%) — Qo(p, 0)} + exp{~a(R)},

(2)
where g(R) is defined as:
a(R) = inf sup {uR + €(u, 0,67}
S neM
= nf 9(R,0,0%)
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Parametric Exponential Bounds 3-3

Parametric Exponential Bounds

Theorem 2 Under technical assumptions,
Exo()IL(0,07)]" < Ry,

where R, > 0 is a constant.
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Calibration by "Propagation" Condition 4-1
Adaptation Scale

Fix x, and a sequence of ordered weights
wk) — (Wl(k) Wz(k) W,(,k))T
Define
W = Ky, (x = Xi), (hy < by < ... < hg)
LPA: /(X,) =~ /g(X,')

0, = argmafo{Yi,/e(Xi)}Wi(k)
o =

def argmax L(W) | 9)
0
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Calibration by "Propagation" Condition 4-2

LMS Procedure

Construct an estimate 6 = é(X) based on 61,05, ..., 0k.
[ Start with 8; = ;.
G For k > 2, 0 is accepted and O, = 0, if O,_1 was accepted
and
L(W(Z),ég,ék) <3,0=1,....k—1
Oy is the latest accepted estimate after the first k steps.
O L(W® 9,0 = L(WK 9) — LWk g
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Calibration by "Propagation" Condition

Illustration

/
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Calibration by "Propagation" Condition 4-4

"Propagation" Condition

The critical value is determined via a false alarm consideration:

K 6,0
Wb _

Eg+
TTURWW)

where R,(W)) is a risk bound depending on W)

Local Quantile Regression s



Calibration by "Propagation" Condition 4-5
Critical Values

[ Consider first 31 letting 30 = ... = 3x_1 = 00. Leads to the
estimates 0, (31) for k =2,..., K.
[ The value 31 is selected as the minimal one for which

’L{W(k)7§kvék(31)}’r < o

S;*p 0*,A(.) %r(W(k)) = K_71 ) )
(] Set 3411 =...=3Kk—1 = o0 and fix 3, gives the set of
parameters 31,...,3k, 0, ...,00 and the estimates

Om(31,--,3k) for m=k+1,... K. Select 34 s.t.

|L{W(k),§m7ém(31>527"'75k)}|r ka
. <
sup Eo« A() R, (W) “K-1

m=k+1,... K.

. .
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Calibration by "Propagation" Condition 4-6
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Figure 8: Critical value with A(.) corresponding to standard normal distri-
bution, t(3), pareto(0.5,1) p = 0.2, r = 0.5, 7 = 0.75.
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Calibration by "Propagation" Condition 4-7

Bounds for Critical Values

Theorem 3 Under the assumptions of probability bounds, there are
ao, a1, a2, s.t. the propagation condition is fulfilled with the choice
of 3x = agrlog(p™1) + arrlog(hx /hk) + a2 log(nhy).
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"Small Modeling Bias" and Propagation Properties 5-1

Small Modeling Bias

2 k
Doy (W, 0) =3 K{Pix) ro)» Pl re() } 1w > 0}
i=1
"Small Modeling Bias" Condition:
Dy y(WW0) < A Yk < k*

Exo() log{1 + [L(W™), G, 0)|" /R (W)} < A +1,
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"Small Modeling Bias" and Propagation Properties 5-2

Stability

The attained quality of estimation during "propagation" can not
get lost at further steps.

Theorem 4 o .
LW G, G)1{k > K*} < 3y
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"Small Modeling Bias" and Propagation Properties 5-3

Oracle

Combing the "propagation" and "stability" results yields
Theorem 5 Let A(W(k),e) < A for some 6 € © and k < k*.
Then

LW Gy, 0)|7
E)\o(-) IOg{1+ %r(W(k*)) } SA—FI
LW G, B)|7
Era( lo {1+ R, (WD) f<bta
3/(* }
RA(W (k)

+log{1 +
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6-1

Monte Carlo Simulation
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Figure 9: The bandwidth sequence (upper panel), the data with exp(2)
noise , the adaptive estimation of 0.75 quantile , the quantile smoother
with fixed optimal bandwidth = 0.08 (yellow)
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Monte Carlo Simulation 6-2
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Figure 10: The block residuals of the fixed bandwidth estimation (upper
panel)and the adaptive estimation (lower panel)
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Monte Carlo Simulation 6-3
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Figure 11: The bandwidth sequence (upper panel), the data with stan-
dard normal noise, the adaptive estimation of 0.75 quantile, the quantile
smoother with fixed optimal bandwidth = 0.089 (yellow) ,

. .
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Monte Carlo Simulation 6-4
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Figure 12: The bandwidth sequence (upper panel), the data with t(3) noise,
the adaptive estimation of 0.75 quantile, the quantile smoother with fixed

banfi th = 0.06 (yellow)
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Monte Carlo Simulation 6-5

Local linear
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Figure 13: The bandwidth sequence (upper left panel), the data with t(3)
noise , the adaptive estimation of 0.80 quantile, the quantile smoother
with fixed optimal bandwidth = 0.06 (yellow) ; The blocked error fixed vs.

adaptive(right panel).
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Monte Carlo Simulation
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Figure 14: The bandwidth sequence (upper left panel), the true trend curve
(lower left panel), the adaptive estimation of 0.80 quantile ,the quantile

smoother with fixed optimal bandwidth
error fixed vs. adaptive (right panel).
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Application 7-1

Tail Dependency

Figure 15: Plot of quantile curve for two normal random variables with
p = 0.3204
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Application 7-2
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Figure 16: Plot of bandwidth sequence (upper left), plot of quantile
smoother (upper left), scatter plot on scaled X (lower left), original scale
(lower right)
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Application 7-3
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Figure 17: 221 observations, a light detection and ranging (LIDAR) exper-
iment, X: range distance travelled before the light is reflected back to its
source, Y: logarithm of the ratio of received light from two laser sources.
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Application 7-4
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Figure 18: Estimated 90% quantile of variance functions, Kaoshiung, av-
erage over 1995 — 1998, 1999 — 2002, 2003 — 2006
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Assumptions and Definitions

€(1,6,6") = a~* M(ap, 0,67)—(p+1) log..{e~ u"||V(6-67) [} -(p. )

and

Q(p, q) = —10ge®/2 — log(2 + 2p) — pC(q) — log(1 — a—(P+1))
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Appendix

Assumptions and Definitions

(o) = L) -EL®) (3)
C(6,6%) € ¢(8) - ¢(8")
N(u,0,6%) = —logEexp{u¢(6,6%)}
M(p,0,0%) e — log Eexp{uL(8,0%)}
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Appendix 8-8

Assumptions and Definitions
V((0) satisfying the condition (ED): 3A* > 0 and a symmetric
positive matrix V2 s.t. Y0 < X < \*,

log E exp{Ay " V((0)} < moX?|[V*|[2/2, (4)
for some fixed 19 > 1 and v € RPTL. Set
V2(0) = 31y it pi(v T O)W;.
(L) For R > 0, there exists constant a = a(R) > 0 such that it
holds on the set ©g(R) = {6 : ||V (0 — 0%)|| < R}:

—EL(9,67) > al| V(0 - 6%)|P/2
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