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Gaussian Copula

C.(;G(Ul7 U2) — ¢6{¢71(u1)7 ¢71(U2)}

O u) P H(w)
/ / 1 o {—(s2 — 20st + t2)} ds dit
DY 2(1-6?) ’

Gaussian copula contains the dependence structure

o

(] normal marginal distribution + Gaussian copula = multivariate
normal distributions
[ non-normal marginal distribution + Gaussian copula =
meta-Gaussian distributions
(] allows to generate joint symmetric dependence, but ne tail
dependence
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Archimedean Copula

Multivariate Archimedean copula C : [0,1]¢ — [0, 1] defined as

Clur, - ug) = 6{¢7 () + -+ + 67 (ug)}, (1)
where ¢ : [0,00) — [0, 1] is continuous and strictly decreasing with
#(0) =1, p(c0) =0 and ¢! its pseudo-inverse.

Example
dGumpel(U,0) = exp{—ul/e}, where 1 < 6 < o0
Glayton(u,0) = (Bu+1)"? where § € [~1,00)\{0}

Disadvantages: too restrictive, single parameter, exchangeable

Lmersa]
e
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Hierarchical Archimedean Copulae
Simple AC with s=(1234) AC with s=((123)4)

Clur, up, u3, us) = Cy(ur, uz, U3, us) Cur, uz, uz, ua) = G{C(ur, up, u3), ug}

X1 X2 X3 X4 X1 X2 X3 Xg4
(1234)/ Z(123)
Z((12)3)4
Fully nested AC with s=(((12)3)4) Partially Nested AC with s=((12)(34))

C(ur, uz, u3, ug) = G[C{G(u1, u2), us}, ua] C(ur, uz, u3,u8) = G{C(u1, ), C3(us, ug)}

X1 X2 X3 X4 X1 X2 X3 X4

ZK Z12 Z34

Z((12)3)4
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Theoretical motivation

Let M be the cdf of a positive random variable and ¢ denotes its Laplace
transform, i.e. ¢(t) = [;~ e~ ™dM(w). For an arbitrary cdf F there
exists a unique cdf G, such that

F(x) = /ODO G (x)dM(a) = ¢{—1In G(x)}.

Now consider a k-variate cumulative distribution function F with margins
Fi,...,Fq. Then it holds for G; = exp{—¢~1(F;)} that

e}

0

C(U1,. . ud) =

o0

/ /G (ul)GO‘ (Uz)dMl(Oél Oéz) Gaz(U3)dM2(052,a3) G - 1(ud)de 1(ad 1)
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Recovering the structure (theory)

To guarantee that C is a HAC we assume that ¢i,~ o pg_j € L¥,
i < j with
L7 = {w :[0,00) = [0,0) |w(0) = 0, w(o0) = o0, (1) W) >0, > 1}.

= for most of the generator functions the parameters should
decrease from the lowest level to the highest

Theorem

Let F be an arbitrary multivariate distribution function based on
HAC. Then F can be uniquely recovered from the marginal
distribution functions and all bivariate copula functions.

HAC Properties =50
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Estimation Issues

Fi(x;@;) = Fj(x;argmax, Y log fi(Xji, ),

i=1
~ 1 <&
Fi(x) = n+12'(XijX)a
i=1
- 1 < (x—Xi
Fit) = n+1ZK< hJ)
i=1

forj=1,...,k where x : R = R, [x=1, K(x) = [*_s(t)dt
and h > 0 is the bandwidth.

Fi(x) = {Fi(x), Fi(x), Fi(x: 6;)}

HAC Properties »
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Estimation Issues

.
oL, 0L,
7—|— 90 e ey 7—|— = 07
06, 06]

where ﬁj :Z/j(x,’)

i=1
(i) =log [c({¢r 8c}i=1....i ) ({Fm(xmi) Y mes;)|
forj=1,...,p.

HAC Properties



Recovering the Structure

Estimation Issues

Nonparametric Estimation

~

C(ul,...

v

where Fi(x) =

n d
) = S TIHACG) < w)
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K-distribution

Let V = C{Fi(X1),...,Fa(Xy)} and let K(t) denote the distribution
function (K-distribution) of the random variable V.

We consider a HAC of the form G {u1, Go(ua, ..., uq)}. Let U; ~ U[0,1]
and let V, = C2(U2, RN Ud) ~ Ky

Theorem

Let Uy ~ U[O 1] Vo ~ Ky and /et P(Ul <x,V, < y) = Cl{X, Kz(y)}
with Cy(a, b) = ¢ {¢1(a) + ¢~ (b)} for a, b € [0,1]. Under certain
regularity condltlons the distribution function Ky of the random variable
Vl = Cl(Ul, Vz) is given by

()
Ki(t) = t—/o (;5{¢ +o¢71 o Kyoo(u —u}du
for te[0,1].

HAC Properties e



Recovering the Structure

Gumbel copula

Following Genest and Rivest (1993), K for the simple 2-dim

Po(t)
¢y (t)

p(t)

= exp(_tl/e)a
= {—log(t)}’,

= —% exp(—t1/0)141/9,

Archimedean copula with generator ¢ is given by

K(t) =t — ¢ 1 (t)¢'{¢~ (t)}. Thus

Ko(t,0) = t—glog(t)

HAC Properties
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Ka)
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Goodness-of-Fit Tests

Hy: C €y, against Hp : C §é Co,
where Cog = {Cp : 0 € ©} is a known parametric family of copulae.

s — n/ (Clun, ... ug) — Clun, .., ug, D)2 dC(un, . ug),
017

~

T = sup \/mé\(ula“-;ud) - C(ula-'wud?‘g)‘a
u1,...,ug€[0,1]

Sk / {(R(v) = K(v,0)} dv,

Tk = sup [K(v)—K(v,0)|.
ve[0,1]

where K(v) = 1S I{V; < v}.
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Simulation Study

1. F : two methods of estimation of margins (parametric and
nonparametric);

2. Cp : hypothesised copula models under Hy (three models);

3. C : copula model from which the data were generated (three
models with 3, 3 and 15 levels of dependence respectively);

4. n: size of each sample drawn from C (two possibilities, n = 50
and n = 150).

~» 2 X 3 x (3434 15) x 2 =252 models with 100 repetitions

HAC Properties o
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Figure 2: Levels of goodness-of-fit tests for different sample size, for para-

metric margins.
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AC
n =50 n = 150

0 T S T S
emp. par. emp. par. emp. par. emp. par.
HAC 088 051 | 083 038 | 093 036 | 000 035
6(0.25) AC 088 051 | 08 050 | 095 032 | 090 034
Gauss | 071 020 | 056 022 | 069 011 | 043 008
HAC 090 038 | 004 030 | 087 035 | 088 027
0(0.5) AC 0.96 055 | 095 045 | 090 045 | 0092 0.35
Gauss | 076 030 | 065 019 | 047 013 | 031 002
HAC 093 020 | 093 015 | 089 027 | 089 010
0(0.75) AC 093 020 | 093 022 | 090 025 | 091 013
Gauss | 077 019 | 065 010 | 057 011 | 024 005

Table 1: Non-rejection rate of the different models, where the sample is
drawn from the simple AC
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HAC
n =50 n =150

6 T S T S
emp. par. emp. par. emp. par. emp. par.
HAC 088 020 | 090 024 | 096 031 | 002 026
0(0.25,0.5) AC 091 026 | 093 036 | 054 013 | 053 0.7
Gauss | 082 020 | 069 019 | 057 014 | 037 004
HAC 093 021 | 002 013 | 088 018 | 088 009
6(0.25,0.75) AC 046 014 | 054 007 | 000 0.00 | 0.00 000
Gauss 0.84 0.19 0.71 0.13 0.52 0.10 0.42 0.01
HAC 086 031 | 087 018 | 0091 020 | 004 008
6(0.5,0.75) AC 089 036 | 092 028 | 044 004 | 047 002
Gauss | 070 019 | 055 012 | 050 011 | 030  0.05

Table 2: Non-rejection rate of the different models, where the sample is

drawn from the HAC
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Gauss
n =50 n =150

b T S T 5
emp. par. emp. par. emp. par. emp. par.
HAC 089 020 | 003 011 | 078 008 | 081 002
¥(0.25,0.25,0.75) AC 043 013 | 047 009 | 000 000 | 0.00 000
Gauss | 0588 022 | 08 012 | 087 011 | 086 003
HAC 092 020 | 001 014 | 076 007 | 069 004
¥(0.25,0.75,0.25) AC 039 012 | 039 004 | 000 000 | 000 000
Gauss | 0.0 018 | 087 013 | 092 012 | 094  0.10
HAC 080 030 | 093 016 | 078 010 | 075 004
¥(0.75,0.25,0.25) AC 051 016 | 046 007 | 000 0.00 | 0.00 000
Gauss | 0091 028 | 090 017 | 088 013 | 086 _ 0.06

Table 3: Non-rejection rate of the different models, where the sample is
drawn from the Gaussian copula
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Data and Copula

[J daily returns of Bank of America, Citigroup, Santander
[J timespan = [29.09.2000 - 16.02.2001] (n = 100)

0 ARMA(1,1)-GARCH(1,1)-residuals are conditionally
distributed with estimated copula
Ry = w+7Re—1j+ (oe—1jee-1 + oyey,
oy = witajor g+ Bior et
e ~ C{RA(a),...,Fa(xq); 0t}

where F1, ..., F4 are marginal distributions and 6 are the
copula parameters and w >0, o; >0, 3; > 0, aj + §; < 1,
¢l < 1.

HAC Properties -Eé'l ©



Recovering the Structure 2-15

50

Citigroup (Price)

a6 a8

corp (Price)
2 13 1 15 16

‘Santander Ban

Sep 2000 Okt 2000 Nov 2000 Dez 2000 Jan 2001

Figure 3: Stock prices for Bank of America, Citigroup and Santander (from
top to bottom).
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B i G wj aj B
Bank of America 1.87e-3 0.22 -0.23 3.46e-4 0.55 0.17
(0.57, 0.83) (2.59¢-3) (0.64) (0.65) (1.37e-04) (0.28) (0.16)
Citigroup 0.11e-3 0.31 -0.46 2.67e-4 0.09 0.47
(0.57, 0.79) (1.48e-3) (0.29) (0.29) (5.53e-04) (0.17) (1.01)
Santander 1.35e-3 0.43 -0.56 4.51e-10 0.01 0.98
(0.91, 0.78) (0.91e-3) (0.15) (0.17) (1.38e-05) (0.02) (0.05)

Table 4: Fitting of univariate ARMA(1,1)-GARCH(1,1) to asset returns.
The standard deviation of the parameters, which are quiet big because
of the small sample size, are given in parentheses. Each second row pro-
vides the p-values of the Box-Ljung test (BL) for autocorrelations and
Kolmogorov-Smirnov test (KS) for testing of normality of the residuals.
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Bank of America

Citigroup

2 4 0 1 o2 a3

Santander

0 02 04 05 08 10 00 02 04 05 08 10

Figure 4: Scatterplots from ARMA-GARCH residuals (upper triangular)
and from residuals mapped on unit square by the cdf (lower triangular).

E=e
=)
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T100 S100 estimates
HAC | 03191 0.1237  C{C(u1,uz;1.996), us; 1.256}
AC 0.0012 0.0002 C(u1, up, u3; 1.276)
Gauss | 0.0160 0.0078

CN{Ul, up, uz; 2(0.697, 0.215, 0.312)}

Table 5: p-values of both GoFs and estimates of the models under different
Ho hypotheses.
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The value V; of the portfolio w = {wy,..., wy}, w; € Z is given by
d
Vi=D wXy (2)
j=1
and the profit and loss (P&L) function of the portfolio
d
Lepr = (Vegr — Vi) = Y wi Xy {exp(Res1,) — 1} (3)
j=1

The distribution function of L is given by
Fi(x) = P(L < x). (4)
As usual the Value-at-Risk at level o from a portfolio w:

VaR(a) = F; (). (5)
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ac
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Figure 5: Profit and loss function and VaR based on different models.
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« QHAC aac QGauss
0.10 0.091 0.122 0.081
0.05 0.040 0.061 0.031
0.01 0.000 0.010 0.000

Table 6: Backtesting for the estimation of VaR under different alternatives.

d
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