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X1 X2 X3 X4

θ(X1.X2) = 3 θ(X3.X4) = 4

θ((X1.X2).(X3.X4)) = 2
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Realized Variance of Google-IBM-Oracle
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Figure 1: Realized kernel (variance) of Google-IBM-Oracle.



Motivation 1-6

RV: Exploiting intra-day information

Literature of the past 10yrs on high-frequency data shows:

� daily realized (co)variance (RV, RCov) computed from
intra-day data serves as an accurate measures of conditional
(co)variance of daily returns;

� no speci�c model is needed (like GARCH);

� can treat an inherently latent variable like an observed one;

� shows excellent forecasting performance.

Heavily discussed in derivatives pricing, portfolio optimization,

risk-management, and volatility forecasting.
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Motivation 1-7
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1. 19.10.1987
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Berlin Wall
3. 19.08.1991

Kremlin
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Motivation 1-8

Copulae

Copulae is a convenient tool to capture nonlinear dependence.

Multivariate RCov models have an underlying Gaussian structure.

How can we suitably combine intra-day RCov information into a
non-Gaussian model framework?

realized copula (RCop)

Realized Copula
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Motivation 1-9

Copulae

Copulae is a convenient tool to capture nonlinear dependence.

Multivariate RCov models have an underlying Gaussian structure.

How can we suitably combine intra-day RCov information into a
non-Gaussian model framework?

realized copula (RCop)

Realized Copula
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Motivation 1-10

Copulae

Copulae is a convenient tool to capture nonlinear dependence.

Multivariate RCov models have an underlying Gaussian structure.

How can we suitably combine intra-day RCov information into a
non-Gaussian model framework?

realized copula (RCop)

Realized Copula
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Motivation 1-11

Copulae

Copulae is a convenient tool to capture nonlinear dependence.

Multivariate RCov models have an underlying Gaussian structure.

How can we suitably combine intra-day RCov information into a
non-Gaussian model framework?

realized copula (RCop)

Realized Copula
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Motivation 1-12

Outline

1. Motivation X

2. Copula and realized copula

3. Benchmark models

4. Empirical Part

5. References

Realized Copula
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Motivation 1-13

Copulae

A copula is a multivariate distribution with all univariate margins
being U(0, 1).

Theorem (Sklar, 1959)

Let X1, . . . ,Xd be random variables with marginal distribution

functions F1, . . . ,Fd and joint distribution function F . Then there

exists a d-dimensional copula C : [0, 1]d → [0, 1] such that

∀x1, . . . , xd ∈ R = [−∞,∞]

F (x1, . . . , xd ) = C{F1(x1), . . . ,Fd (xd )}

Realized Copula
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Motivation 1-14

Archimedean copula C : [0, 1]d → [0, 1] de�ned as

C (u1, . . . , ud ) = φ{φ−1(u1) + · · ·+ φ−1(ud )}, (1)

where φ : [0,∞)→ [0, 1] is strictly decreasing with φ(0) = 1,
φ(∞) = 0 and φ−1 its (pseudo)inverse.

Example
φGumbel(u, θ) = exp{−u1/θ}, where 1 ≤ θ <∞
φClayton(u, θ) = (θu + 1)−1/θ, where θ ∈ [−1,∞)\{0}

Rotated copula as an example of a non-Archimedean copula:

Crot(u1, u2) = C (1− u1, 1− u2) + u1 + u2 − 1,

which in term of copula density is given through
crot(u1, . . . , ud ) = c(1− u1, . . . , 1− ud )

Realized Copula
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Realized Copula 2-1

Realized Copula, I

Lemma (Hoe�ding)

Suppose there are two random variables Xi and Xj with marginal

distributions Fi and Fj and joint distribution Fij and �nite second

moments

σij(θ) =

∫ ∞
−∞

∫ ∞
−∞

{
Fi ,j(xi , xj , θ)− Fi (xi )Fj(xj)

}
dxidxj

=

∫ ∞
−∞

∫ ∞
−∞

[
Cθ{Fi (xi ),Fj(xj)} − Fi (xi )Fj(xj)

]
dxidxj .

Realized Copula
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Realized Copula 2-2

Realized Copula, II

For the notion of realized copula, we de�ne θ implicitly through

hij ,t = fij(θt)

=

∫ ∞
−∞

∫ ∞
−∞

[
Cθt{Fi ,t(xi ),Fj ,t(xj)} − Fi ,t(xi )Fj ,t(xj)

]
dxidxj

where hij ,t denotes an element of the RCov matrix measured at
day t.

This moment condition, together with the assumptions on the
copula and the marginal distributions, identi�es the ex-post daily
distribution as materialized in RCov.

Realized Copula
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Realized Copula 2-3

Method-of-moments estimator, I

Let d = 2, with one o�-diagonal element h12,t in the RCov. An
estimate of θt is given by

θ̂MM

t = f−1
12

(h12,t).

Similar to method-of-moments approaches where the copula
parameter of an Archimedean copula is estimated from Kendall's
tau (Genest and Rivest, 1993).

Realized Copula
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Realized Copula 2-4

Method-of-moments estimator, II

For d > 2, de�ne
gij(θ) = hij ,t − fij(θ),

where i < j and i , j = 1, . . . , d .

Stacking all gij into a vector g of size d(d − 1)/2, we de�ne the
estimator as

θ̂MM

t = argmin
θ

g>(θ)Ωg(θ) ,

with Ω denoting a d(d − 1)/2-dimensional pd weight matrix. A
conventional choice would be the unit matrix Id(d−1)/2.

Realized Copula
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Realized Copula 2-5

Ad hoc estimator

Under Gaussianity, Kendall's τ is τGij ,t = 2

π arcsin ρij ,t , and generally,
for general Archimedean copulae (Genest and Rivest, 1993):

τ ≡ fτ (θ) = 4

∫
1

0

φθ
−1(v)/(φθ

−1)′(v) dv + 1 .

family φθ fτ

Gumbel exp{−x1/θ} 1− 1/θ

Clayton (θx + 1)−1/θ θ/(2+ θ)

We de�ne an ad-hoc estimator by

θ̂ad hoc

t =
2

d(d − 1)

∑
i<j

f−1τ (τ̂Gij ,t) .

Realized Copula
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Figure 2: Gumbel Copula, θ − θ̂ as function in θ. Top to bottom: 2dim,
3dim. n = 1000, N = 1000. Shaded area is the simulation based 95%
interval.



Realized Copula 2-7

Forecasting framework for RCop

Let Pt = (P1t , . . . ,Pdt)
> and rt = Pt − Pt−1, t = 1, . . . ,T be

daily log-prices and their log-returns with

rt+1 ∼ Frt+1|Ft
(Ĥt+1|t)

where Ĥt+1|t is an Ft-measurable forecast of the RC matrix of rt
and

Frt+1|Ft
(Ĥt+1|t) = C

θ̂t+1|t
{F1,t(ĥ1,t+1|t), . . . ,Fd ,t(ĥd ,t+1|t)}

As reported in Andersen et al. (2001) returns standardized by ex
post RV are close to standard normal, we thus assume that

Fj ,t(ĥj ,t+1|t) = IN(0, ĥj ,t+1|t)

Realized Copula
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Realized Copula 2-8

Forecasting framework

Consider the following multivariate forecasting rule:
log ĥ1,t+1|t

...

log ĥd,t+1|t

θ̂t+1|t

 = IEt


log h1,t+1

...
log hd,t+1

θt+1

 =


β10 + β1D log hDt + β1W log hWt + β1M log hMt

...

βd
0 + βd

D log hDt + βd
W log hWt + βd

M log hMt

α0 + αDθ
D
t + αWθ

W
t + αMθ

M
t

 ,

where xDt = xt are daily, xWt = 1

5

∑
4

i=0
xt−i weekly, and

xMt = 1

21

∑
20

i=0
xt−i monthly averages of past realizations of xt .

Borrowed from the heterogenous autoregressive model (HAR) of
Corsi (2009); extended here to the copula parameter.

Realized Copula
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Realized Copula 2-9

Empirical application

Compare one day ahead VaR forecasting performance of RCop
against a number of standard benchmark models:

� models based on daily data
I naive rolling window
I local adaptive estimation

� models based on intra-day data (RV models)
I Logm-model
I Cholesky factorization

Realized Copula
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Realized Copula 2-10

Rolling window and adaptive estimation

Naive approach:

� estimate copula parameter on a �xed rolling window

LCP:

� adaptively estimate largest interval where homogeneity
hypothesis is accepted

� Local Change Point detection (LCP): sequentially test whether
θt is constant (i.e. θt = θ) within some interval I (local
parametric assumption).

Realized Copula
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Realized Copula 2-11

Local Change Point Detection

1. de�ne the family of nested intervals
I0 ⊂ I1 ⊂ I2 ⊂ . . . ⊂ IK = IK+1 with length mk as
Ik = [t0 −mk , t0]

2. de�ne Tk = [t0 −mk , t0 −mk−1]

Ik

Ik+1

Tk+1 Tk Ik−1

t0 −mk+1 t0 −mk t0 −mk−1 t0� �� �� �
� �

� �
Go to details

Realized Copula
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Empirical part 3-1

Data used in this study

� d = 3

� daily (Yahoo Finance) and tick trades (LOBSTER) prices for
the two portfolios

I IBM, Google, Oracle;
I IBM, P�zer, Exxon

� timespan = [02.01.2009 till 31.12.2010] (n = 470 days) for
tick data and n = 800 days for daily data

� cleaning high-frequency data as in BNHLS (2008): 9:45-16:00,
one stock exchange, multiple quotes or trades with same time

stamp, negative spread, etc.

� Rotated Gumbel and Clayton copulae.

Realized Copula
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Empirical part 3-2

Basis

Let Y = (Y1, . . . ,Yd )> be a d -dim e�cient (log)price process

dYt = µtdt + σtdWt

The market microstructure e�ect is modeled through an additive
component

Pjt = Yjt + Ujt , with IE (Ujt) = 0∑
h

|hΩh| < ∞, where Ωjh = Cov(Ujt ,Uj ,t−h).

Usual aim: Estimate the quadratic variation of Y , i.e.
[Y ] =

∫
1

0
Σudu, with Σ = σσ>.

Realized Copula
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Empirical part 3-3

Naive Estimator (realized co/variance)

Synchronization � last traded: for time t, the log-price for asset j is
given by Pj ,t∗ with t∗ = max{tj ,i |tj ,i ≤ t, ∀i = 1, . . . ,Nj}.
M = M(m) number of subintervals of length m (in seconds)

RCt1,m,j1,j2(P) =
M∑
i=1

(Pj1,ti − Pj1,ti−1)(Pj2,ti − Pj2,ti−1),

RCt1,m(P) = {RCm,j1,j2}j1,j2 , for j1, j2 = 1, . . . , d

Realized Copula
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Empirical part 3-4

Realized Kernels, BNHLS (2011, JoE)

Synchronization � refresh time sampling

τ1 = max{t1,1, . . . , td ,1}
τi+1 = argmin{tj ,kj |tj ,kj > τi , ∀j ∈ 1 . . . d}

Theτ1 is the time it has taken for all the assets to trade, i.e. all their posted price have been updated.

τ2 is the first time when all the prices are again refreshed. Thisprocess is displayed in Figure 1 ford = 3.

Our analysis will now be based on this time clock{τ j }. Our approach will be to:

• Assume the entire vector of up to date prices are seen at theserefreshed timesX(τ j ), which is not

correct — for we only see a single new price andd − 1 stale prices2.

• Show these stale pricing errors have no impact on the asymptotic distribution of the realised kernels.

Asset 1

Asset 2

Asset 3
Time

b

b

b

b

b

b b

b

b b

b

b

b

b

b

bb

b

b

b

b b

b

b

b

b

b
τ1 τ2 τ3 τ4 τ5 τ6 τ7

Figure 1:This figure illustrates Refresh Time in a situation with three assets. The dots represent the times
{t (i )j }. The vertical lines represent the sampling times generated from the three assets with refresh time
sampling. Note, in this example, N= 7, n(1) = 8, n(2) = 9 andn(3) = 10.

This approach to dealing with non-synchronous data converts the problem into one where the Re-

freshed Times’ sample sizeN is determined by the degree of non-synchronicity andn(1),n(2), . . . ,n(d).3

The degree to which we keep data is measured by the size of the retained data over the original size of the

database. For Refresh Time this isp = dN/
∑d

i=1 n(i ). For the data in Figure 1,p = 21/27 ≃ 0.78.

2.1.2 Jittering end conditions

Realised kernels are built out ofn high frequency returns computed from synchronized vector prices

recorded atN times. It turns out that our asymptotic theory dictates we need to averagem prices at the

2Their degree of staleness will be limited by their Refresh Time construction to a single lag in Refresh Time. The extension
to a finite number of lags is given in Section 6.6.

3Suppose trade times arrive as independent standard Poissonprocess with common intensityλ, so that E{N(i )(t)} = λt .

Thent (i )1 ∼ exp(λ) and asτ1 = max{t (1)1 , t (2)1 , ..., t (d)1 }, so, e.g. Embrechts, Kluppelberg & Mikosch (1997, pp. 125 & 176)

τ1/ logd
d→ λ−1, or more refined Pr(τ1 − logd ≤ x) = {1 − exp(−λx)/d}d → exp{− exp(−λx)}. Hence the sample size

from the refreshed analysis will fall with logd, the dimension of the asset prices. The situation where the intensity varies across
assets, i.e. E{N(i )(t)} = λi t, will not substantially change this result.

The loss of observations is relatively cheap here, because the rate of convergence for our realised kernel will ben1/5. In a
standard situation where an estimator converges at raten1/2, one can expect confidence intervals to widen by about 100% when
the sample size is reduced by a factor of 4. When the rate of convergence isn1/5, confidence intervals only widen by about 32%.

5

Leads to new high-frequency vector of returns pi = Pτi − Pτi−1 ,
where i = 1, . . . , n and n is the of refresh time observations.

Realized Copula
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Realized Variance of Google-IBM-Oracle
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Figure 3: Realized kernel (variance) of Google-IBM-Oracle.



Realized Covariance of Google-IBM-Oracle
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Figure 4: Realized Kernel (covariance) of Google-IBM-Oracle.



Realized Correlation of Google-IBM-Oracle

Realized Correlations
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Figure 5: Realized Kernel (correlation) of Google-IBM-Oracle.



Realized Correlation of IBM-P�zer-Exxon

Realized Correlations
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Figure 6: Realized Kernel (correlation) of IBM-P�zer-Exxon.



Empirical part 3-9

Descriptive Statistics

min. median mean max. std.

RV(Google) 2.277e-5 1.714e-4 2.503e-4 0.003 0.269e-3
RV(IBM) 1.431e-5 1.048e-4 1.704e-4 0.001 0.180e-3
RV(Oracle) 5.220e-5 2.208e-4 3.082e-4 0.002 0.253e-3
RC(Google,IBM) 1.978e-6 5.758e-5 9.112e-5 0.001 0.110e-3
RC(Google,Oracle) 5.359e-6 7.628e-5 1.112e-4 0.001 0.128e-3
RC(IBM,Oracle) 2.106e-6 6.749e-5 1.015e-4 0.001 0.113e-3

RV(IBM) 1.474e-5 1.014e-4 1.704e-4 0.194e-4 1.820e-4
RV(P�zer) 2.819e-5 2.067e-4 2.837e-4 0.311e-4 2.467e-4
RV(Exxon) 2.455e-5 1.281e-4 1.810e-4 0.229e-4 1.786e-4
RC(IBM,P�zer) -1.550e-6 4.069e-5 6.553e-5 0.161e-4 9.599e-5
RC(IBM,Exxon) 4.231e-8 5.198e-5 8.442e-5 0.111e-4 1.010e-4
RC(P�zer,Exxon) -3.858e-6 4.691e-5 7.187e-5 0.112e-4 8.744e-5

Table 1: Descriptive statistics of the realized kernels (Var and Cov).
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LCP for Google-IBM-Oracle
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Figure 7: All copulae for Google-IBM-Oracle portfolio.



LCP for IBM-P�zer-Exxon
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Figure 8: All copulae for IBM-P�zer-Exxon portfolio.



Empirical study 4-3

Gaussian models

Recent suggestions in the multivariate RV literature: the matrix-log
model (Bauer and Vorkink, 2010) and the Cholesky factorization
(Chiriac and Voev, 2011).

For the logm-model, apply the logm to the RV matrix

At = logm(Ht)

and apply the vech-operator

at = vech(At)

which yields a d(d + 1)/2 vector at .
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Empirical study 4-4

To this vector the same HAR-forecasting rule is applied.
Predictions ât+1|t are converted to positive-de�nite predicted
covariance matrices by applying the reverse vech-operator and the
matrix exponential:

Ĥt+1|t = expm(Ât+1|t) .

Likewise, for the Cholesky decomposition, �nd a matrix A such that

H = AA> .

For predicitons, use a HAR model on the vector obtained from the
vech-operation, and convert predicted Cholesky factors back:

Ĥt+1|t = Ât+1|tÂ
>
t+1|t .

Realized Copula
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Empirical study 4-5

Overview on models

� daily models: LCP (m0 = 40) and rolling window (w = 250)

� 2 methods of copula estimation (MM, ad hoc)

� 2 copula functions (rotated Gumbel, Clayton)

� 2 RV Gaussian Models (Chiriac and Voev (2011); Bauer and
Vorkink (2010))

Realized Copula
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Empirical study 4-6

Value at Risk (VaR), I

Let a = {a1, . . . , ad}, ai ∈ Z be the portfolio. The value Vt of a is
given by

Vt =
d∑
j=1

ajSj ,t

and the pro�t and loss (P&L) function of the portfolio

Lt+1 = (Vt+1 − Vt) =
d∑
j=1

ajSj ,t {exp(Xj ,t+1)− 1} ,

where wj = aj ,tSj ,t/
∑d

i=1
(ai ,tSi ,t) and wi = 1/d , 1, . . . , d .

Realized Copula
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Empirical study 4-7

VaR, II

The distribution function of L is given by

FL(x) = P(L ≤ x).

The Value-at-Risk at level α from w is de�ned as the α-quantile
from FL:

VaR(α) = F−1L (α).

Backtesting : estimated values of the VaR are compared with the
true {lt} of the function Lt , an exceedance occurring for each lt
smaller than V̂aRt(α). The exceedances ratio α̂ is given by:

α̂ =
1

T

T∑
t=r

I{lt < V̂aRt(α)}.
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VaR Performance for Google-IBM-Oracle

model \ α 0.01 0.05 0.1

LCP m0 = 40 (rGumbel) 0.0258 (0.028) 0.0369 (0.300) 0.0775 (0.200)
ROL w = 250 (rGumbel) 0.0221 (0.083) 0.0332 (0.177) 0.0664 (0.051)
MM (rGumbel) 0.0148 (0.462) 0.0590 (0.506) 0.0996 (0.983)
ad hoc (rGumbel) 0.0148 (0.462) 0.0590 (0.506) 0.0996 (0.983)
LCP m0 = 40 (Clayton) 0.0258 (0.028) 0.0517 (0.900) 0.0849 (0.395)
ROL w = 250 (Clayton) 0.0221 (0.083) 0.0443 (0.659) 0.0738 (0.133)
MM (Clayton) 0.0148 (0.462) 0.0554 (0.690) 0.0959 (0.822)
ad hoc (Clayton) 0.0148 (0.462) 0.0554 (0.690) 0.0886 (0.522)
Gauss (Bauer and Vorkink; 2010) 0.0406 (1e-04) 0.0738 (0.092) 0.1218 (0.246)
Gauss (Chiriac and Voev; 2011) 0.0369 (6e-04) 0.0812 (0.030) 0.1255 (0.177)

Table 2: VaR performance (α̂) for the Google-IBM-Oracle portfolio. p-
values of the Kupiec test in brackets.



VaR Performance for IBM-P�zer-Exxon

model \ α 0.01 0.05 0.1

LCP m0 = 40 (rGumbel) 0.0111 (0.861) 0.0443 (0.659) 0.0701 (0.084)
ROL w = 250 (rGumbel) 0.0111 (0.861) 0.0332 (0.177) 0.0517 (0.003)
MM (rGumbel) 0.0074 (0.649) 0.0554 (0.691) 0.1033 (0.856)
ad hoc (rGumbel) 0.0074 (0.649) 0.0517 (0.900) 0.1033 (0.856)
LCP m0 = 40 (Clayton) 0.0185 (0.211) 0.0554 (0.690) 0.0923 (0.667)
ROL w = 250 (Clayton) 0.0111 (0.861) 0.0369 (0.300) 0.0590 (0.015)
MM (Clayton) 0.0074 (0.649) 0.0554 (0.690) 0.1033 (0.856)
ad hoc (Clayton) 0.0074 (0.649) 0.0554 (0.690) 0.1033 (0.856)
Gauss (Bauer and Vorkink; 2010) 0.0369 (0.000) 0.0738 (0.092) 0.1107 (0.563)
Gauss (Chiriac and Voev; 2011) 0.0406 (0.000) 0.0738 (0.092) 0.1144 (0.439)

Table 3: VaR performance (α̂) for the IBM-P�zer-Exxon portfolio. p-values
of the Kupiec test in brackets.
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Conclusions

� We introduce the notion of realized copula.

� We suggest a forecasting framework for RCop and thus extend
the literature on multivariate RCov models.

� Empirically, we �nd that model relying on daily data are too
inert for good forecasts.

� Standard RCov model are more adaptive, but are dominated
by copula models.

� RCop unites both advantages and shows nice forecasting
performance.

Realized Copula
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Appendix

� Realized kernels

� ML estimation

� Details on LCP

� Kupiec (1995) test

Realized Copula
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References 5-3

Basis

Let Y = (Y1, . . . ,Yd )> be a d -dim e�cient (log)price process

dYt = µtdt + σtdWt

The market microstructure e�ect is modeled through an additive
component

Pjt = Yjt + Ujt , with IE (Ujt) = 0∑
h

|hΩh| < ∞, where Ωjh = Cov(Ujt ,Uj ,t−h).

Usual aim: Estimate the quadratic variation of Y , i.e.
[Y ] =

∫
1

0
Σudu, with Σ = σσ>.

Realized Copula
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References 5-4

Naive Estimator (realized co/variance)

Synchronization � last traded: for time t, the log-price for asset j is
given by Pj ,t∗ with t∗ = max{tj ,i |tj ,i ≤ t, ∀i = 1, . . . ,Nj}.
M = M(m) number of subintervals of length m (in seconds)

RCt1,m,j1,j2(P) =
M∑
i=1

(Pj1,ti − Pj1,ti−1)(Pj2,ti − Pj2,ti−1),

RCt1,m(P) = {RCm,j1,j2}j1,j2 , for j1, j2 = 1, . . . , d

Realized Copula
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References 5-5

Realized Kernels, BNHLS (2011, JoE)

Synchronization � refresh time sampling

τ1 = max{t1,1, . . . , td ,1}
τi+1 = argmin{tj ,kj |tj ,kj > τi , ∀j ∈ 1 . . . d}

Leads to new high-frequency vector of returns pi = Pτi − Pτi−1 ,
where i = 1, . . . , n and n is the of refresh time observations.

Realized Copula
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Realized Kernels

The multivariate realized kernel is de�ned as

K (P) =
H∑

h=−H
k

(
|h|

H + 1

)
Γh,

with Γh being a matrix of autocovariances given by

Γh =

{ ∑n
j=|h|+1

pjp
>
j−h, h ≥ 0∑n

j=|h|+1
pj−hp

>
j , h < 0

,

and k(x) being a weight function of the Parzen kernel, de�ned
through

k(x) =


1− 6x2 + 6x3 0 ≤ x ≤ 1/2
2(1− x)3 1/2 ≤ x ≤ 1
0 x > 1

.

Realized Copula
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Realized Kernels

The multivariate bandwidth parameter

H =

d−1 d∑
j=1

Hj


where Hj , j = 1, . . . , d is chosen by mean squared error criteria as

Hj = c∗ξ
4/5
j n3/5

with c∗ =
{
k ′′(0)2/

∫
1

0
k(x)2dx

}1/5
, which is equal to

c∗ = 3.511678 for Parzen kernel.
ξ2 = ω/

√
IQ denotes the noise-to-signal ratio, where ω2 is the

measure of microstructural noise variance and IQ is the integrated
quarticity as de�ned in Barndor�-Nielsen and Shephard (2002).

Realized Copula
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References 5-8

ML estimation of copula parameters

For a sample of observations {xt}′t=1
and

ϑ = (δ1, . . . , δd ; θ) ∈ Rd+1 the likelihood function is

L(ϑ; x1, . . . , xT ) =
T∏
t=1

f (x1,t , . . . , xd ,t ; δ1, . . . , δd ; θ)

and the corresponding log-likelihood function

`(ϑ; x1, . . . , xT ) =
T∑
t=1

log c{FX1(x1,t , δ1), . . . ,FXd
(xd ,t , δd ); θ}

+
T∑
t=1

d∑
j=1

log fj(xj ,t , δj)

Realized Copula
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

● ●

●
●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
● ●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

● ●●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●●

●

●

●

●

● ●●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

●● ●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●●

●●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

−4 −2 0 2 4

−
4

−
2

0
2

4



References 5-9

�Oracle� choice: largest interval I = [t0 −mk∗ , t0] where the small
modelling bias condition (SMB)

4I (θ) =
∑
t∈I
K{C (·; θt),C (·; θ)} ≤ 4.

holds for some 4 ≥ 0. mk∗ is the ideal scale, θ is ideally estimated
from I = [t0−mk∗ , t0] and K(·, ·) is the Kullback-Leibler divergence

K{C (·; θt),C (·; θ)} = IE θt log
c(·; θt)
c(·; θ)
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References 5-10

Under the SMB condition on Ik∗ and assuming that
maxk≤k∗ IEθt |L(θ̃k)− L(θ)|r ≤ Rr (θt), we obtain

IE θt log

{
1 +
|L(θ̃

k̂
)− L(θ)|r

Rr (θ)

}
≤ 1 +4,

IE θt log

{
1 +
|L(θ̃

k̂
)− L(θ̂

k̂
)|r

Rr (θ)

}
≤ 1 +4,

where âI is an adaptive estimator on I and ãI is any other
parametric estimator on I .
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References 5-11

Test of homogeneity

Interval I = [t0 −m, t0],T ⊂ I

H0 : ∀τ ∈ T, θt = θ,∀t ∈ J = [τ, t0], ∀t ∈ Jc = I \ J
H1 : ∃τ ∈ T, θt = θ1; ∀t ∈ J, θt = θ2 6= θ1; ∀t ∈ Jc

� �� �J
c

J

T

t0 −m τ t0� �� �
I

Realized Copula
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References 5-12

Test of homogeneity

Likelihood ratio test statistic for �xed change point location:

TI ,τ = max
θ1,θ2
{LJ(θ1) + LJc (θ2)} −max

θ
LI (θ)

= MLJ + MLJc −MLI

Test statistic for unknown change point location:

TI = max
τ∈TI

TI ,τ

Reject H0 if for a critical value ζI

TI > ζI

Realized Copula
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References 5-13

Selection of Ik and ζk

� set of numbers mk de�ning the length of Ik and Tk are in the
form of a geometric grid

� mk = [m0c
k ] for k = 1, 2, . . . ,K , m0 ∈ {20, 40}, c = 1.25

and K = 10, where [x ] means the integer part of x

� Ik = [t0 −mk , t0] and Tk = [t0 −mk , t0 −mk−1] for
k = 1, 2, . . . ,K

(Mystery Parameters)

Realized Copula
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References 5-14

Sequential choice of ζk

� after k steps there are two cases: change point at some step
` ≤ k or no change points.

� let B` be the event meaning the rejection at step `

B` = {T1 ≤ ζ1, . . . ,T`−1 ≤ ζ`−1,T` > ζ`},

and (θ̂k) = (θ̃`−1) on B` for ` = 1, . . . , k .

� we �nd sequentially such a minimal value of ζ` that ensures
the inequality

max
k=l ,...,K

IE θ∗ [|L(θ̃k)− L(θ̃`−1)|r I(B`)] ≤ ρRr (θ
∗)k/(K − 1)

return to LCP

Realized Copula
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References 5-15

Kupiec (1995) test

LR test based on the binomial model.
H0 : α̂ = α with test statistic

LRuc = 2 log
α̂N(1− α̂)T−N

αN(1− α)T−N

Realized Copula
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