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Motivation 1-1

Motivation

[] Risk Exposure

» Measure tail events
» Conditional autoregressive expectile (CARE) model

(] Time-varying parameters

» Time-varying parameters in CARE
» Interval length reflects the structural changes in economy
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Motivation 1-2

Objectives

(i) Localising CARE Models

» Local parametric approach (LPA)
» Balance between modelling bias and parameter variability

(ii) Tail Risk Dynamics

» Estimation windows with varying lengths
» Time-varying expectile parameters
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Motivation 1-3

Econometrics and Risk Management

Econometrics
(] Modelling bias vs. parameter variability

(] Interval length and economic variables

Risk Management
(] Parameter dynamics and structural changes

(] Measuring tail risk
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Motivation 1-4

Risk Exposure

An investor observes daily DAX returns from 20050103 to
20141231 and estimates the underlying risk exposure via expectiles
(UBS, e.g., 1% and 5%) over a one-year time horizon.

Modelling strategies
(a) Data windows fixed on an ad hoc basis

(b) Adaptively selected data intervals: time-varying parameters
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Motivation 1-5

Portfolio Protection

An investor decides about the daily allocation into a stock portfolio
(DAX). Goal: the initial portfolio value (100) is preserved at the
end of a horizon, i.e., the target floor equals 100.

Decision at day t: multiple of the difference between the portfolio
value and the discounted floor up to t is invested into the stock
portfolio (DAX), the rest into a riskless asset

Multiplier m selection: constant or time-varying (ICARE)
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Motivation 1-6

Research Questions

How to account for time-varying parameters in tail event risk
measures estimation?

What are the typical data interval lengths assessing risk more
accurately, i.e., striking a balance between bias and variability?

How well does the ICARE model perform in practice?
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Conditional Autoregressive Expectile (CARE) 2-1

Conditional Autoregressive Expectile

[J Taylor (2008), Kuan et al. (2009)
[J Random variable Y (e.g. returns), i.id., y:, t=1,....,n

1 CARE specification conditional on information set F;_1

Ve= s t+er, CEETCICEENED

€r =0or T Q17Ye—1+ Q21 (yttl)2 + oz r (yi;l)z

. T
» Expectile ;- at 7 € (0,1), 6; = {ao,r, 1,7, 02,7, a3,7,02 .}
» Returns: y;" | = max{y:—1,0}, y,_; = min{y;_1,0}
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Conditional Autoregressive Expectile (CARE)

Parameter Estimation

[] Data calibration with time-varying intervals
[J Observed returns Y = {y1,...,¥n}
(1 Quasi maximum likelihood estimate (QMLE)

5;,7 = arg max (Y 6r)

» | =[to— v,to] - interval of (v 4 1) observations at to
» ¢ (-) - quasi log likelihood
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Conditional Autoregressive Expectile (CARE) 2-3

Estimation Quality

[ Mercurio and Spokoiny (2004), Spokoiny (2009)

[J Quality of estimating true parameter vector 6 by QMLE §/7T
in terms of Kullback-Leibler divergence; R, (6%) - risk bound

Eo: |£1(V:01.2) — (V) 07) "< R, (6%)

[J 'Modest' risk, r = 0.5 (shorter intervals of homogeneity)
[] "Conservative' risk, r = 1 (longer intervals of homogeneity)

Solomon Kullback and Richard A. Leibler on BBI:[&_
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Local Parametric Approach (LPA)

Local Parametric Approach (LPA)

[ LPA, Spokoiny (1998, 2009)
» Time series parameters can be locally approximated
» Finding the interval of homogeneity
» Balance between modelling bias and parameter variability

[] Time series literature
» GARCH(1,1) models - Cizek et al. (2009)
> Realized volatility - Chen et al. (2010)
» Multiplicative Error Models - Hardle et al. (2014)
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Local Parametric Approach (LPA) 3-2

Interval Selection

[J (K + 1) nested intervals with length n, = |/y|

h ¢ h C---C Ik C---C Ik

6o 61 0, %
Example: Daily index returns
Fix io, /k = [io — nk,i()], n, = [nock], c>1

{nk}ilzo = {20 days, 25 days, ..., 250 days}, ¢ = 1.25
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Local Parametric Approach (LPA) 3-3

Local Change Point Detection

[ Fix to, sequential test (k =1,...,K)

Ho : parameter homogeneity within [
Hy : 3 change point within Jx = I \ Ix_1

Tk,r = sup {eAkis (yv gAkﬁwT) + B, (y7 531(,577') s <y’ §/k+1:7'>}

sedy

with Ay s = [to — nky1,5]and By s = (s, to]
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Local Parametric Approach (LPA)

Critical Values, 34,

[J Simulate 34 - homogeneity of the interval sequence Iy, ...

] "Propagation’ condition

Eg:

4, (37; 9~/k,r) — 4, <y;57) ‘r < pkR(0F)

k . I 3 o
Pk = p? for a given significance level p
] Check 3¢ - for (six) different 6%
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Local Parametric Approach (LPA)
Critical Values, 34,

20

20
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Figure 1: Simulated critical values across different parameter constellations

for the modest case r = 0.5, 7 = 0.05 and 7 = 0.01

o
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Local Parametric Approach (LPA) 3-6

Critical Values, 34,
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Figure 2: Simulated critical values across different parameter constellations
for the conservative case r =1, 7 = 0.05 and 7 = 0.01
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Local Parametric Approach (LPA)

Adaptive Estimation

[J Compare T . at every step k with 3, ,

(] Data window index of the interval of homogeneity - k

[J Adaptive estimate

~

97 = 5/;(,7’7 k = T;}é{k : TZ,T < 3£,T;£ < k}
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Empirical Results

Data

(] Series

» DAX, FTSE 100 and S&P 500 returns
20050103-20141231 (2608 days)
» Research Data Center (RDC) - Datastream

[ Setup

» Expectile levels: 7 =0.05 and 7 = 0.01
» Modest (r = 0.5) and conservative (r = 1) risk cases
> {nk}ilzo = {20 days, 25 days, ..., 250 days }
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Empirical Results 4-2

Adaptive Estimation

DAX FTSE 100 S& P 500
180 180

120 120
60 60

2006 2010 2014 2006 2010 2014 2006 2010 2014

Figure 3: Estimated length n; of intervals of homogeneity from 20060103-
20141231 for the modest risk case r = 0.5, at expectile level 7 = 0.05
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Empirical Results

4-3
Adaptive Estimation

DAX FTSE 100 S& P 500
180 180 180

tﬁm 120 120 120

§ 60 60 60
2006 2010 2014 2006 2010 2014 2006 2010 2014

Figure 4: Estimated length n; of intervals of homogeneity from 20060103-
20141231 for the conservative risk case r = 1, at expectile level 7 = 0.05
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Empirical Results

4-4
Adaptive Estimation

DAX FTSE 100

S&P 500
180 180 180
% 120 120 120
§ 60 60 60

2006 2010 2014 2006 2010 2014 2006 2010 2014

Figure 5: Estimated length n; of intervals of homogeneity from 20060103-
20141231 for the modest risk case r = 0.5, at expectile level 7 = 0.01
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Empirical Results

4-5
Adaptive Estimation

DAX FTSE 100 S& P 500
180 180 180
_‘cgn 120 120 120
§ 60 60 60

2006 2010 2014 2006 2010 2014 2006 2010 2014

Figure 6: Estimated length n; of intervals of homogeneity from 20060103-
20141231 for the conservative risk case r = 1, at expectile level 7 = 0.01
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Applications

Risk Exposure

0.1

Returns

-0.

2006 2008 2010 2012 2014
Time

Figure 7: DAX index returns (+) and adaptively estimated expectile e; ,

(r=1and 7 = 0.05) from 20060103-20141231
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Applications

Risk Exposure

Returns

-0.]

2006 2008 2010 2012 2014
Time

Figure 8: DAX index returns (), adaptively estimated expectile e; , and
expected shortfall ES., . (r =1 and 7 = 0.05) from 20060103-20141231
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Applications 5-3

Portfolio Protection

CJ Multiplier selection - Hamidi et al. (2014), ICARE

mer = |ES,,|”" CZED

€t

» Practice: threshold range for m; ;, [1,12]

Example

Decision at day t: multiple of the difference between the portfolio
value and the discounted floor up to t is invested into the stock
portfolio (DAX), the rest into a riskless asset
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Applications

Multiplier Dynamics

12

Multiplier

2006 2008 2010 2012 2014
Time

Figure 9: Time-varying multiplier m; . for DAX index returns based on
ICARE (r =1 and 7 = 0.05) from 20060103-20141231
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Applications 5-5

Performance

2006 2008 2010 2012 2014
Time

Figure 10: Portfolio value: (a) DAX index, (b) m =5, (c) m;, - ICARE
(r=1and 7 = 0.05) from 20060103-20141231. Target floor equals 100.
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Conclusions 6-1

Conclusions

(i) Localising CARE Models

» Balance between modelling bias and parameter variability
» Parameter dynamics

(ii) Tail Risk Dynamics

» Varying distributional characteristics
» Expectile levels 7 = 0.05 and 7 = 0.01
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Appendix 8-1

Asymmetric Normal Distribution (AND)@z=a

Ll If e, ~ AND (/L,O'?T,T) with pdf

c= (T E) e (5]

» Check function: p, (u) = |7 — 1 {u < 0} v?
» Specification following Gerlach et al. (2012)
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Appendix 8-2

PDF

0.4¢ ]
0.3 1
a
a 0.2 i
0.1 1

910 -5 0
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W

Figure 11: Density function for selected ANDs: (a) 4 = 0,7 = 0.5
(b) p = =1,7 =025 (c) p = =2,7 = 0.05 (d) x = —3,7 = 0.01,
with Ui =1
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Appendix 8-3

Quasi Log Likelihood Function

(] If e, ~ AND (,u,ag,T) with pdf £ (+)
then Y ~ AND (e; + p, 02, 7)

[ Quasi log likelihood function for observed data
Y ={y,...,yn} over a fixed interval |

0 (V;07) Z log - (vt — et ,r)

tel
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Appendix 8.4
Gaussian Regression

Yi=1f(Xi)+ei,i=1,...,n, weights W = {w;}7_,
L(W,6) = ZE{Y;, fo (Xi)} w;, log-density £(-), 6 = arg r‘?eagL(W, 0)

i=1

1. Local constant, f (X;) ~ 6%, £; ~ N (0,05?)

Eg- |L(W,8) — LW, 0)| <E[¢", €~N(0,1)

2. Local linear, f (X;) ~ 6*TW;, &; ~ N (0,0?), basis functions
V= {1 (X1),...,¢p(Xp)}, multivariate £

Eo- |L(W.0) — L(W,0%)| <E|¢[*, €~N(0,Z,)
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Appendix 8-5

Risk Bound

7 =10.05 7=0.01
Low Mid High | Low Mid High
r=05|024 033 025|038 038 0.15
r=10|240 462 275|590 581 1.15

Table 1: Simulated R, (6%), with expectile levels 7 = 0.05 and 7 = 0.01,
for six selected parameter constellation groups
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Appendix 8-6
Parameter Scenarios
7 =0.05 7 =0.01
Low Mid High Low Mid High
&017 -0.0003 0.0003 0.0007 | -0.0003 0.0003 0.0007
&177 -0.1058 -0.0306 0.0524 | -0.1035 -0.0312 0.0547
&2,7 -0.5800 -0.5288 0.2438 | -0.5808 -0.5266 0.2089
62377 0.5050 0.5852 2.1213 | 0.5134 0.5871 2.2066
EST 0.0001 0.0001 0.0002 | 0.0001 0.0001 0.0002

Table 2: Quartiles of estimated CARE parameters based on one-year esti-

mation window, i.e., 250 observations, for the three stock market returns -
DAX, FTSE 100, S&P 500 - from 20050103-20141231 (2608 trading days)
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Appendix

Expected Shortfall

[ Expectile level 7, such that e; r, = go (a-quantile),
Yao and Tong (1996)

Go
a'qa_/ de(y)

— 00

Ta =
00

[J Expected Shortfall (ES), Kuan et al. (2009)

ES,

€t, 7o

=147 -2m) e

€t,7a
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Appendix 8-8

Strategy Setup

[J V4 the value of the portfolio at time t, t € (0, T]
[ Predetermine a protection value (floor), F; the discount floor
up to time t, Estep and Kritzman (1988)

Vi > max{Ft, k x sup Vp} =F
p<t

> k exogenous parameter (0,1)
» Cushion value G; =V — F; >0

[] Allocate G: = m - C; proportion into stock portfolio (DAX),
and the remaining V; — G; into riskless asset
(] The multiplier m is non negative
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Appendix 8-9

Multiplier

] Portfolio value V;
Vier = Ve + Gerern + (Ve — Ge) rea
with r; stock index return and rf; riskless rate
] Cushion value C; = V; — Ff >0
Cer1 =Gl +m-rep1 +(1—m)rfepd]

[0 Vt < T, since the value C; >0

m-rep1 +(1—m)rfp > —1

[ rf; is relatively small, yield the upper bound on the multiple

m < (—rt+1)_1, Vi< T
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Appendix 8-10

Multiplier

[J Given a confidence leve «, the protection portfolio condition
P(CG:>0,Vt<T) > 1-«
(] The above equation is equivalent to
(set time-varying multiplier)

p (m,t <(—rp1) Y, VE< T) > 1—a

[J Multiplier m; with quantile - Follmer and Leukert (1999)

m; = |VaRy_o(res1)| "

[J Multiple m; with expected shortfall - Hamidi et al. (2014)

my = }ESet,r |_1

ICARE - localising Conditional AutoRegressive Expectiles ————— m



Appendix 8-11

Multiplier Density

00 2 4 6 8 10 12
Multiplier

Figure 12: Kernel density estimate of the multiplier m; , for DAX index
returns based on ICARE (r =1 and 7 = 0.05) from 20060103-20141231
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Appendix 8-12

Parameter Dynamics

1 year 1 month

oON B~

&

—2

2005 2010 2014 2005 2010 2014
Time Time

Figure 13: Estimated 1,995 for DAX and FTSE100 using 20 (1 month)
or 250 (1 year) observations
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Appendix 8-13

Parameter Dynamics

1 year 1 month
4 4
2 2
& 0 & 0
-2 -2

2005 2010 2014 2005 2010 2014
Time Time

Figure 14: Estimated 19,01 for DAX and FTSE100 using 20 (1 month)
or 250 (1 year) observations
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Appendix 8-14

Parameter Distributions
1 month 3 months

0 2 92 0 2
6 months 1 year

ZJLZ

0 0
-2 0 2 -2 0 2
Figure 15: Kernel density estimates of «; .95 for DAX and FTSE100 using

20, 60, 125 or 250 observations 1
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Appendix

Parameter Distributions

1 month 3 months
4 ‘ 4 :
2 2 i
0 : 0 _,/\
-2 0 2 -2 0 2
6 months 1 year
4 ‘ 4 :
2 J\L 2
i 0 f
E)2 0 2 -2 0 2

Figure 16: Kernel density estimates of v g.01 for DAX and FTSE100 using

20, 60, 125 or 250 observations
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Appendix 8-16

Parameter Dynamics

1 year 1 month
200 400
100 200
-100 -200

- -4
29 05 2010 2014 g 05 2010 2014
Time Time

Figure 17: Estimated ap .95 for DAX and FTSE100 using 20 (1 month)
or 250 (1 year) observations
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Appendix 8-17

Parameter Dynamics

1 year 1 month
200 400
100 200
-100 -200

- -4
29 05 2010 2014 g 05 2010 2014
Time Time

Figure 18: Estimated ap .01 for DAX and FTSE100 using 20 (1 month)
or 250 (1 year) observations
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Appendix 8-18

Parameter Dynamics

1 year 1 month
200 400
100 200
(& 0] w0

-100 -200

- -4
29 05 2010 2014 g 05 2010 2014
Time Time

Figure 19: Estimated a3 .95 for DAX and FTSE100 using 20 (1 month)
or 250 (1 year) observations
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Appendix 8-19

Parameter Dynamics

1 year 1 month
200 400
100 200
& 0] w0

-100 -200

- -4
29 05 2010 2014 g 05 2010 2014
Time Time

Figure 20: Estimated a3 .01 for DAX and FTSE100 using 20 (1 month)
or 250 (1 year) observations
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Adaptive Estimation - Weekly

DAX FTSE 100 S& P 500
180 180 180
%’ 120 120 120
§ 60 60 60

2006 2010 2014 2006 2010 2014 2006 2010 2014

Figure 21: Weekly estimated length n; of intervals of homogeneity from

20060103-20141231 for the modest risk case r = 0.5, at expectile level
7 =0.05
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Appendix 8-21

Adaptive Estimation - Weekly

DAX FTSE 100 S& P 500
180 180 180
'% 120 120 120
§ 60 60 60

2006 2010 2014 2006 2010 2014 2006 2010 2014

Figure 22: Weekly estimated length n; of intervals of homogeneity from
20060103-20141231 for the conservative risk case r = 1, at expectile level
7 =0.05
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Adaptive Estimation - Weekly

DAX FTSE 100 S&P 500
180 180 180

120 120 120

60 M l 60 60 | I |

2006 2010 2014 2006 2010 2014 2006 2010 2014

=
=
jo))
5

-l

Figure 23: Weekly estimated length n; of intervals of homogeneity from
20060103-20141231 for the modest risk case r = 0.5, at expectile level
7=0.01
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Adaptive Estimation - Weekly

DAX FTSE 100 S& P 500
180 180 180
f_._» 120 120 120
§ 60 60 60

2006 2010 2014 2006 2010 2014 2006 2010 2014

Figure 24: Weekly estimated length n; of intervals of homogeneity from

20060103-20141231 for the conservative risk case r = 1, at expectile level
7 =20.01
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