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Abstract

This paper analyzes empirical market utility functions and pricing kernels
derived from the DAX and DAX option data for three market regimes. A
consistent parametric framework of stochastic volatility is used. All empirical
market utility functions show a region of risk proclivity that is reproduced by
adopting the hypothesis of heterogeneous individual investors whose utility
functions have a switching point between bullish and bearish attitudes. The
inverse problem of finding the distribution of individual switching points is
formulated in the space of stock returns by discretization as a quadratic opti-
mization problem. The resulting distributions vary over time and correspond
to different market regimes.
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1 Introduction

Numerous attempts have been undertaken to describe basic principles on
which the behaviour of individuals are based. Expected utility theory was
originally proposed by J. Bernoulli in 1738. In his work J. Bernoulli used such
terms as risk aversion and risk premium and proposed a concave (logarithmic)
utility function, see Bernoulli (1956). The utilitarianism theory that emerged
in the 18th century considered utility maximization as a principle for the
organisation of society. Later the expected utility idea was applied to game
theory and formalized by von Neumann and Morgenstern (1944). A utility
function relates some observable variable, in most cases consumption, and an
unobservable utility level that this consumption delivers. It was suggested
that individuals’ preferences are based on this unobservable utility: such
bundles of goods are preferred that are associated with higher utility levels.
It was claimed that three types of utility functions – concave, convex and
linear – correspond to three types of individuals – risk averse, risk neutral
and risk seeking. A typical economic agent was considered to be risk averse
and this was quantified by coefficients of relative or absolute risk aversion.
Another important step in the development of utility theory was the prospect
theory of Kahneman and Tversky (1979). By behavioural experiments they
found that people act risk averse above a certain reference point and risk
seeking below it. This implies a concave form of the utility function above
the reference point and a convex form below it.

Besides these individual utility functions, market utility functions have
recently been analyzed in empirical studies by Jackwerth (2000), Rosenberg
and Engle (2002) and others. Across different markets, the authors observed
a common pattern in market utility functions: There is a reference point
near the initial wealth and in a region around this reference point the market
utility functions are convex. But for big losses or gains they show a concave
form – risk aversion. Such utility functions disagree with the classical utility
functions of von Neumann and Morgenstern (1944) and also with the findings
of Kahneman and Tversky (1979). They are however in concordance with
the utility function form proposed by Friedman and Savage (1948).

In this paper, we analyze how these market utility functions can be ex-
plained by aggregating individual investors’ attitudes. To this end, we first
determine empirical pricing kernels from DAX data. Our estimation proce-
dure is based on historical and risk neutral densities and these distributions
are derived with stochastic volatility models that are widely used in indus-
try. From these pricing kernels we construct the corresponding market util-
ity functions. Then we describe our method of aggregating individual utility
functions to a market utility function. This leads to an inverse problem for
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the density function that describes how many investors have the utility func-
tion of each type. We solve this problem by discrete approximation. In this
way, we derive utility functions and their distribution among investors that
allow to recover the market utility function. Hence, we explain how (and
what) individual utility functions can be used to form the behaviour of the
whole market.

The paper is organized as follows: In section 2, we describe the theoretical
connection between utility functions and pricing kernels. In section 3, we
present a consistent stochastic volatility framework for the estimation of both
the historical and the risk neutral density. Moreover, we discuss the empirical
pricing kernel implied by the DAX in 2000, 2002 and 2004. In section 4, we
explain the utility aggregation method that relates the market utility function
and the utility functions of individual investors. This aggregation mechanism
leads to an inverse problem that is analyzed and solved in this section. In
section 5, we conclude and discuss related approaches.

2 Pricing kernels and utility functions

In this section, we derive the fundamental relationship between utility func-
tions and pricing kernels. It describes how a representative utility function
can be derived from historical and risk-neutral distributions of assets. In the
following sections, we estimate the empirical pricing kernel and observe in
this way the market utility function.

First, we derive the price of a security in an equilibrium model: we con-
sider an investor with a utility function U who has as initial endowment
one share of stock. He can invest into the stock and a bond up to a final
time when he can consume. His problem is to choose a strategy that maxi-
mizes the expected utility of his initial and terminal wealth. In continuous
time, this leads to a well known optimization problem introduced by Merton
(1973) for stock prices modelled by diffusions. In discrete time, it is a basic
optimization problem, see Cochrane (2001).

From this result, we can derive the asset pricing equation

P0 = EP [ψ(ST )MT ]

for a security on the stock (St) with payoff function ψ at maturity T . Here,
P0 denotes the price of the security at time 0 and EP is the expectation with
respect to the real/historical measure P . The stochastic discount factor MT

is given by

MT = βU ′(ST )/U ′(S0) (1)
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where β is a fixed discount factor. This stochastic discount factor is actually
the projection of the general stochastic discount factor on the traded asset
(St). The stochastic discount factor can depend on more variables in general.
But as discussed in Cochrane (2001) this projection has the same interpre-
tation for pricing as the general stochastic discount factor.

Besides this equilibrium based approach, Black and Scholes (1973) de-
rived the price of a security relative to the underlying by constructing a
perfect hedge. The resulting continuous delta hedging strategy is equivalent
to pricing under a risk neutral measure Q under which the discounted price
process of the underlying becomes a martingale. Hence, the price of a se-
curity is given by an expected value with respect to a risk neutral measure
Q:

P0 = EQ [exp(−rT )ψ(ST )]

If p denotes the historical density of ST (i.e. P (ST ≤ s) =
∫ s

−∞ p(x) dx) and

q the risk neutral density of ST (i.e. Q(ST ≤ s) =
∫ s

−∞ q(x) dx) then we get

P0 = exp(−rT )

∫
ψ(x)q(x)dx

= exp(−rT )

∫
ψ(x)

q(x)

p(x)
p(x)dx

= EP

[
exp(−rT )ψ(ST )

q(ST )

p(ST )

] (2)

Combining equations (1) and (2) we see

β
U ′(s)

U ′(S0)
= exp(−rT )

q(s)

p(s)
.

Defining the pricing kernel by K = q/p we conclude that the form of the
market utility function can be derived from the empirical pricing kernel by
integration:

U(s) = U(S0) +

∫ s

S0

U ′(S0)
exp(−rT )

β

q(x)

p(x)
dx

= U(S0) +

∫ s

S0

U ′(S0)
exp(−rT )

β
K(x)dx

because S0 is known.
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As an example, we consider the model of Black and Scholes (1973) where
the stock follows a geometric Brownian motion

dSt/St = µdt+ σdWt (3)

Here the historical density p of St is log-normal, i.e.

p(x) =
1

x

1√
2πσ̃2

exp

{
−1

2

(
log x− µ̃

σ̃

)2
}
, x > 0

where µ̃ = (µ−σ2/2)t+logS0 and σ̃ = σ
√
t. Under the risk neutral measure

Q the drift µ is replaced by the riskless interest rate r, see e.g. Harrison and
Pliska (1981). Thus, also the risk neutral density q is log-normal. In this
way, we can derive the pricing kernel

K(x) =

(
x

S0

)−µ−r

σ2

exp{(µ− r)(µ+ r − σ2)T/(2σ2)}.

This pricing kernel has the form of a derivative of a power utility

K(x) = λ

(
x

S0

)−γ

where the constants are given by λ = e
(µ−r)(µ+r−σ2)T

2σ2 and γ = µ−r
σ2 . This gives

a utility function corresponding to the underlying (3)

U(ST ) = (1− µ− r

σ2
)−1 S

(1−µ−r

σ2 )

T

where we ignored additive and multiplicative constants. In this power utility
function the risk aversion is not given by the market price of risk (µ− r)/σ.
Instead investors take the volatility more into account. The expected return
µ− r that is adjusted by the riskfree return is related to the variance. This
results in a higher relative risk aversion than the market price of risk.

A utility function corresponding to the Black-Scholes model is shown in
the upper panel of figure 1 as a function of returns. In order to make different
market situations comparable we consider utility functions as functions of
(half year) returns R = S0.5/S0. We chose the time horizon of half a year
ahead for our analysis. Shorter time horizons are interesting economically
and moreover the historical density converges to the Dirac measure so that
results become trivial (in the end). Longer time horizons are economically
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Figure 1: up: Utility function in the Black Scholes model for T = 0.5 years
ahead and drift µ = 0.1, volatility σ = 0.2 and interest rate r = 0.03. down:
Market utility function on 06/30/2000 for T = 0.5 years ahead.
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more interesting but it is hardly possible to estimate the historical density
for a long time ahead. It neither seems realistic to assume that investors have
clear ideas where the DAX will be in e.g. 10 years. For these reasons we use
half a year as future horizon. Utility functions Ũ of returns are defined by:

Ũ(R) := U(RS0), R > 0

where S0 denotes the value of the DAX on the day of estimation. Because of
U ′ = cK for a constant c we have Ũ ′(R) = cK(RS0)S0 and we see that also
utility functions of returns are given as integrals of the pricing kernel. The
change to returns allows us to compare different market regimes indepen-
dently of the initial wealth. In the following we denote the utility functions
of returns by the original notation U . Hence, we suppress in the notation
the dependence of the utility function U on the day of estimation t.

The utility function corresponding to the model of Black and Scholes
(1973) is a power utility, monotonically increasing and concave. But such
classical utility functions are not observed on the market. Parametric and
nonparametric models that replicate the option prices all lead to utility func-
tions with a hump around the initial wealth level. This is described in detail
later but is shown already in figure 1. The upper panel presents the utility
function corresponding to Black-Scholes model with a volatility of 20% and
an expected return of 10%. The function is concave and implies a constant
relative risk aversion. The utility function estimated on the bullish market
in summer 2000 is presented in the lower panel. Here, the hump around the
money is clearly visible. The function is no more concave but has a region
where investors are risk seeking. This risk proclivity around the money is
reflected in a negative relative risk aversion.

3 Estimation

In this section, we start by reviewing some recent approaches for estimating
the pricing kernel. Then we describe our method that is based on estimates
of the risk neutral and the historical density. The risk neutral density is
derived from option prices that are given by an implied volatility surface and
the historical density is estimated from the independent data set of historical
returns. Finally, we present the empirical pricing kernels and the inferred
utility and relative risk aversion functions.
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3.1 Estimation approaches for the pricing kernel

There exist several ways and methods to estimate the pricing kernel. Some
of these methods assume parametric models while others use nonparametric
techniques. Moreover, some methods estimate first the risk neutral and sub-
jective density to infer the pricing kernel. Other approaches estimate directly
the pricing kernel.

Ait-Sahalia and Lo (1998) derive a nonparametric estimator of the risk
neutral density based on option prices. In Ait-Sahalia and Lo (2000), they
consider the empirical pricing kernel and the corresponding risk aversion
using this estimator. Moreover, they derive asymptotic properties of the es-
timator that allow e.g. the construction of confidence bands. The estimation
procedure consists of two steps: First, the option price function is deter-
mined by nonparametric kernel regression and then the risk neutral density
is computed by the formula of Breeden and Litzenberger (1978). Advantages
of this approach are the known asymptotic properties of the estimator and
the few assumptions necessary.

Jackwerth (2000) analyses risk aversion by computing the risk neutral
density from option prices and the subjective density from historical data
of the underlying. For the risk neutral distribution, he applies a variation
of the estimation procedure described in Jackwerth and Rubinstein (1996):
A smooth volatility function derived from observed option prices gives the
risk neutral density by differentiating it twice. The subjective density is
approximated by a kernel density computed from historical data. In this
method bandwidths have to be chosen as in the method of Ait-Sahalia and
Lo (1998).

Rosenberg and Engle (2002) use a different approach and estimate the
subjective density and directly (the projection of) the pricing kernel. This
gives the same information as the estimation of the two densities because the
risk neutral density is the product of the pricing kernel and the subjective
density. For the pricing kernel, they consider two parametric specifications
as power functions and as exponentials of polynomials. The evolution of
the underlying is modelled by GARCH processes. As the parametric pricing
kernels lead to different results according to the parametric form used this
parametric approach appears a bit problematic.

Chernov (2003) also estimates the pricing kernel without computing the
risk neutral and subjective density explicitly. Instead of assuming directly a
parametric form of the kernel he starts with a (multi dimensional) modified
model of Heston (1993) and derives an analytic expression for the pricing
kernel by the Girsanov theorem, see Chernov (2000) for details. The ker-
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nel is estimated by a simulated method of moments technique from equity,
fixed income and commodities data and by reprojection. An advantage of
this approach is that the pricing kernel is estimated without assuming an
equity index to approximate the whole market portfolio. But the estimation
procedure is rather complex and model dependent.

In a recent paper, Barone-Adesi et al. (2004) price options in a GARCH
framework allowing the volatility to differ between historical and risk neutral
distribution. This approach leads to acceptable calibration errors between
the observed option prices and the model prices. They estimate the histori-
cal density as a GARCH process and consider the pricing kernel only on one
day. This kernel is decreasing which coincides with standard economic the-
ory. But the general approach of changing explicitly the volatility between
the historical and risk neutral distribution is not supported by the standard
economic theory.

We estimate the pricing kernel in this paper by estimating the risk neu-
tral and the subjective density and then deriving the pricing kernel. This
approach does not impose a strict structure on the kernel. Moreover, we
use accepted parametric models because nonparametric techniques for the
estimation of second derivatives depend a lot on the bandwidth selection al-
though they yield the same pricing kernel behaviour over a wide range of
bandwidths. For the risk neutral density we use a stochastic volatility model
that is popular both in academia and in industry. The historical density is
more difficult to estimate because the drift is not fixed. Hence, the estima-
tion depends more on the model and the length of the historical time series.
In order to get robust results we consider different (discrete) models and dif-
ferent lengths. In particular, we use a GARCH model that is the discrete
version of the continuous model for the risk neutral density. In the following,
we describe these models, their estimation and the empirical results.

3.2 Estimation of the risk neutral density

Stochastic volatility models are popular in industry because they replicate
the observed smile in the implied volatility surfaces (IVS) rather well and
moreover imply rather realistic dynamics of the surfaces. Nonparametric
approaches like the local volatility model of Dupire (1994) allow a perfect fit
to observed price surfaces but their dynamics are in general contrary to the
market. As Bergomi (2005) points out the dynamics are more important for
modern products than a perfect fit. Hence, stochastic volatility models are
popular.

We consider the model of Heston (1993) for the risk neutral density be-
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cause it can be interpreted as the limit of GARCH models. The Heston
model has been refined further in order to improve the fit, e.g. by jumps in
the stock price or by a time varying mean variance level. We use the original
Heston model in order to maintain a direct connection to GARCH processes.
Although it is possible to estimate the historical density also with the Heston
model e.g. by Kalman filter methods we prefer more direct approaches in or-
der to reduce the dependence of the results on the model and the estimation
technique.

The stochastic volatility model of Heston (1993) is given by the two
stochastic differential equations:

dSt

St

= rdt+
√
VtdW

1
t

where the variance process is modelled by a square-root process:

dVt = ξ(η − Vt)dt+ θ
√
VtdW

2
t

and W 1 and W 2 are Wiener processes with correlation ρ and r is the risk free
interest rate. The first equation models the stock returns by normal inno-
vations with stochastic variance. The second equation models the stochastic
variance process as a square-root diffusion.

The parameters of the model all have economic interpretations: η is called
the long variance because the process always returns to this level. If the
variance Vt is e.g. below the long variance then η − Vt is positive and the
drift drives the variance in the direction of the long variance. ξ controls the
speed at which the variance is driven to the long variance. In calibrations,
this parameter changes a lot and makes also the other parameters instable.
To avoid this problem, the reversion speed is kept fixed in general. We follow
this approach and choose ξ = 2 as Bergomi (2005) does. The volatility of
variance θ controls mainly the kurtosis of the distribution of the variance.
Moreover, there are the initial variance V0 of the variance process and the
correlation ρ between the Brownian motions. This correlation models the
leverage effect: When the stock goes down then the variance goes up and vice
versa. The parameters also control different aspects of the implied volatility
surface. The short (long) variance determines the level of implied volatility
for short (long) maturities. The correlation creates the skew effect and the
volatility of variance controls the smile.

The variance process remains positive if the volatility of variance θ is
small enough with respect to the product of the mean reversion speed ξ and
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the long variance level η (i.e. 2ξη > θ2). As this constraint leads often to
significantly worse fits to implied volatility surfaces it is in general not taken
into account and we follow this approach.

The popularity of this model can probably be attributed to the semiclosed
form of the prices of plain vanilla options. Carr and Madan (1999) showed
that the price C(K,T ) of a European call option with strike K and maturity
T is given by

C(K,T ) =
exp{−α ln(K)}

π

∫ +∞

0

exp{−iv ln(K)}ψT (v)dv

for a (suitable) damping factor α > 0. The function ψT is given by

ψT (v) =
exp(−rT )φT{v − (α+ 1)i}
α2 + α− v2 + i(2α+ 1)v

where φT is the characteristic function of log(ST ). This characteristic func-
tion is given by

φT (z) = exp{ −(z2 + iz)V0

γ(z) coth γ(z)T
2

+ ξ − iρθz
}

×
exp{ ξηT (ξ−iρθz)

θ2 + izTr + iz log(S0)}

(cosh γ(z)T
2

+ ξ−iρθz
γ(z)

sinh γ(z)T
2

)
2ξη

θ2

(4)

where γ(z)
def
=

√
θ2(z2 + iz) + (ξ − iρθz)2, see e.g. Cizek et al. (2005).

For the calibration we minimize the absolute error of implied volatilities
based on the root mean square error:

ASEt
def
=

√√√√ n∑
i=1

n−1{IV mod
i (t)− IV mar

i (t)}2

where mod refers to a model quantity, mar to a quantity observed on the
market and IV (t) to an implied volatility on day t. The index i runs over
all n observations of the surface on day t.

It is essential for the error functional ASEt which observed prices are used
for the calibration. As we investigate the pricing kernel for half a year to
maturity we use only the prices of options that expire in less than 1.5 years.
In order to exclude liquidity problems occurring at expiry we consider for the
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calibration only options with more than 1 month time to maturity. In the
moneyness direction we restrict ourselves to strikes 50% above or below the
spot for liquidity reasons.

The risk neutral density is derived by estimation of the model parameters
by a least squares approach. This amounts to the minimization of the error
functional ASEt. Cont and Tankov (2004) provided evidence that such error
functionals may have local minima. In order to circumvent this problem we
apply a stochastic optimization routine that does not get trapped in a local
minimum. To this end, we use the method of differential evolution developed
by Storn and Price (1997).

Having estimated the model parameters we know the distribution of
XT = logST in form of the characteristic function φT , see (4). Then the
corresponding density f of XT can be recovered by Fourier inversion:

f(x) =
1

2π

∫ ∞

−∞
eitxφT (t)dt,

see e.g. Billingsley (1995). This integral can be computed numerically.
Finally, the risk neutral density q of ST = exp(XT ) is given as a trans-

formed density:

q(x) =
1

x
f{log(x)}.

This density q is risk neutral because it is derived from option prices and
options are priced under the risk neutral measure. This measure is applied
because banks replicate the payoff of options so that no arbitrage conditions
determine the option price, see e.g. Rubinstein (1994). An estimated risk
neutral density is presented in figure 2. It is estimated from the implied
volatility shown in figure 3 for the day 24/03/2000. The distribution is right
skewed and its mean is fixed by the martingale property. This implies that
the density is low for high profits and high for high losses. Moreover, the dis-
tribution is not symmetrical around the neutral point where there are neither
profits nor losses. For this and all the following estimations we approximate
the risk free interest rates by the EURIBOR. On each trading day we use the
yields corresponding to the maturities of the implied volatility surface. As
the DAX is a performance index it is adjusted to dividend payments. Thus,
we do not have to consider dividend payments explicitly.

3.3 Estimation of the historical density

While the risk neutral density is derived from option prices observed on the
day of estimation we derive the subjective density from the historical time
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Figure 3: Implied volatility surface on 24/03/00.
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model time period
GARCH in mean 2.0y
discrete Heston 2.0y
observed returns 1.0y

Table 1: Models and the time periods used for their estimation.

series of the index. Hence, the two data sets are independent in the sense
that the option prices reflect the future movements and the historical time
series the past.

The estimation of the historical density seems more difficult than the
estimation of the risk neutral density because the drift is not fixed and it de-
pends in general on the length of the time series. Because of these difficulties
we use different models and time horizons for the historical density: First,
we estimate a GARCH in mean model for the returns. Returns are generally
assumed to be stationary and we confirmed this at least in the time intervals
we consider. The mean component in the GARCH model is important to
reflect different market regimes. We estimate the GARCH model from the
time series of the returns of the last two year because GARCH models require
quite long time series for the estimation in order to make the standard error
reasonably small. We do not choose longer time period for the estimation
because we want to consider special market regimes. Besides this popular
model choice we apply a GARCH model that converges in the limit to the
Heston model that we used for the risk neutral density. As this model is also
hard to estimate we use again the returns of the last 2 years for this model.
Moreover, we consider directly the observed returns of the last year. The
models and their time period for the estimation are presented in table 1. All
these models give by simulation and smoothing the historical density for half
a year ahead.

The GARCH estimations are based on the daily log-returns

Ri = log(Sti)− log(Sti−1
)

where (St) denotes the price process of the underlying and ti, i = 1, 2, . . .
denote the settlement times of the trading days. Returns of financial assets
have been analyzed in numerous studies, see e.g. Cont (2001). A model that
has often been successfully applied to financial returns and their stylized facts

13



is the GARCH(1,1) model. This model with a mean is given by

Ri = µ+ σiZi

σ2
i = ω + αR2

i−1 + βσ2
i−1

where (Zi) are independent identically distributed innovations with a stan-
dard normal distribution, see e.g. Franke et al. (2004). On day tj the model
parameters µ, ω, α and β are estimated by quasi maximum likelihood from
the observations of the last two years, i.e. Rj−504, . . . , Rj assuming 252 trad-
ing days per year.

After the model parameters have been estimated on day tj from historical
data the process of logarithmic returns (Ri) is simulated half a year ahead,
i.e. until time tj + 0.5. In such a simulation µ, ω, α and β are given and the
time series (σi) and (Ri) are unknown. The values of the DAX corresponding
to the simulated returns are then given by inverting the definition of the log
returns:

Sti = Sti−1
exp(Ri)

where we start with the observed DAX value on day tj. Repeating the
simulation N times we obtain N samples of the distribution of Stj+0.5. We
use N = 2000 simulations because tests have shown that the results become
robust around this number of simulations.

From these samples we estimate the probability density function of Stj+0.5

(given (Stj−126
, . . . , Stj)) by kernel density estimation. We apply the Gaus-

sian kernel and choose the bandwidth by Silverman’s rule of thumb, see e.g.
Silverman (1986). This rule provides a trade-off between oversmoothing – re-
sulting in a high bias – and undersmoothing – leading to big variations of the
density. We have moreover checked the robustness of the estimate relative
to this bandwidth choice. The estimation results of a historical density are
presented in figure 4 for the day 24/03/2000. This density that represents a
bullish market is has most of its weight in the profit region and its tail for
the losses is relatively light.

As we use the Heston model for the estimation of the risk neutral density
we consider in addition to the described GARCH model a GARCH model
that is a discrete version of the Heston model. Heston and Nandi (2000)
show that the discrete version of the square-root process is given by

Vi = ω + βVi−1 + α(Zi−1 − γ
√
Vi−1)

and the returns are modelled by

Ri = µ− 1

2
Vi +

√
ViZi
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Figure 4: Historical density on 24/03/2000 half a year ahead.

where (Zi) are independent identically distributed innovations with a stan-
dard normal distribution. Having estimated this model by maximum likeli-
hood on day tj we simulate it half a year ahead and then smooth the samples
of Stj+0.5 in the same way as in the other GARCH model.

In addition to these parametric models, we consider directly the observed
returns over half a year

R̃i = Sti/Sti−126
.

In this way, we interpret these half year returns as samples from the distribu-
tion of the returns for half a year ahead. Smoothing these historical samples
of returns gives an estimate of the density of returns and in this way also an
estimate of the historical density of Stj+0.5.

3.4 Empirical pricing kernels

In contrast to many other studies that concentrate on the S&P500 index we
analyze the German economy by focusing on the DAX, the German stock
index. This broad index serves as an approximation to the German economy.
We use two data sets: A daily time series of the DAX for the estimation of
the subjective density and prices of European options on the DAX for the
estimation of the risk neutral density.
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1.0y 2.0y
03/2000 1.63 1.57
07/2002 0.66 0.54
06/2004 1.11 0.98

Table 2: Market regimes in 2000, 2002 and 2004 described by the return
S0/S0−∆ for periods ∆ = 1.0y, 2.0y.

In figure 5, we present the DAX in the years 1998 to 2004. This figure
shows that the index reached its peak in 2000 when all the internet firms
were making huge profits. But in the same year this bubble burst and the
index fell afterwards for a long time. The historical density is estimated from
the returns of this time series. We analyze the market utility functions in
March 2000, July 2002 and June 2004 in order to consider different market
regimes. We interpret 2000 as a bullish, 2002 as a bearish and 2004 as a
unsettled market. These interpretations are based on table 2 that describes
the changes of the DAX over the preceding 1 or 2 years. (In June 2004 the
market went up by 11% in the last 10 months.)

A utility function derived from the market data is a market utility func-
tion. It is estimated as an aggregate for all investors as if the representative
investor existed. A representative investor is however just a convenient con-
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struction because the existence of the market itself implies that the asset
is bought and sold, i.e. at least two counterparties are required for each
transaction.

In section 2 we identified the market utility function (up to linear trans-
formations) as

U(R) =

∫ R

R0

K(x)dx

where K is the pricing kernel for returns. It is defined by

K(x) = q(x)/p(x)

in terms of the historical and risk neutral densities p and q of returns. Any
utility function (both cardinal and ordinal) can be defined up to a linear
transformation, therefore we have identified the utility functions sufficiently.
In section 3.3 we proposed different models for estimating the historical den-
sity. In figure 6 we show the pricing kernels resulting from the different
estimation approaches for the historical density. The figure shows that all
three kernels are quite similar: They have the same form, the same charac-
teristic features like e.g. the hump and differ in absolute terms only a little.
This demonstrates the economic equivalence of the three estimation methods
on this day and this equivalence holds also for the other days. In the fol-
lowing we work with historical densities that are estimated by the observed
returns.

Besides the pricing kernel and the utility function we consider also the
risk attitudes in the markets. Such risk attitudes are often described in terms
of relative risk aversion that is defined by

RRA(R) = −RU
′′(R)

U ′(R)
.

Because of U ′ = cK = cq/p for a constant c the relative risk aversion is also
given by

RRA(R) = −Rq
′(R)p(R)− q(R)p′(R)

p2(R)
/
q(R)

p(R)
= R

(
p′(R)

p(R)
− q′(R)

q(R)

)
.

Hence, we can estimate the relative risk aversion from the estimated histori-
cal and risk neutral densities.

In figure 7 we present the empirical pricing kernels in March 2000, July
2002 and June 2004. The dates represent a bullish, a bearish and an unsettled
markets, see table 2. All pricing kernels have a proclaimed hump located
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Figure 6: Empirical pricing kernel on 24/03/2000 (bullish market).

at small profits. Hence, the market utility functions do not correspond to
standard specification of utility functions. We present the pricing kernels
only in regions around the initial DAX (corresponding to a return of 1) value
because the kernels explode outside these regions. This explosive behaviour
reflects the typical pricing kernel form for losses. The explosion of the kernel
for large profits is due to numerical problems in the estimation of the very
low densities in this region. But we can see that in the unsettled market the
kernel is concentrated on a small region while the bullish and bearish markets
have wider pricing kernels. The hump of the unsettled market is also narrower
than in the other two regimes. The bullish and bearish regimes have kernels
of similar width but the bearish kernel is shifted to the loss region and the
bullish kernel is located mainly in the profit area. Moreover, the figures show
that the kernel is steeper in the unsettled markets than in the other markets.
But this steepness cannot be interpreted clearly because pricing kernels are
only defined up to a multiplicative constant.

The pricing kernels are the link between the relative risk aversion and
the utility functions that are presented in figure 8. These utility functions
are only defined up to linear transformations, see section 2. All the utility
functions are increasing but only the utility function of the bullish market is
concave. This concavity can be seen from the monotonicity of the kernel, see
figure 7. Actually, this non convexity can be attributed to the quite special
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Figure 7: Empirical pricing kernel on 24/03/2000 (bullish), 30/07/2002
(bearish) and 30/06/2004 (unsettled or sidewards market).

form of the historical density which has two modes on this date, see figure
4. Hence, we presume that also this utility function has in general a region
of convexity. The other two utility functions are convex in a region of small
profits where the bullish utility is almost convex. The derivatives of the
utility functions cannot be compared directly because utility functions are
identified only up to multiplicative constants. But we can compare the ratio
of the derivatives in the loss and profit regions for the three dates because the
constants cancel in these ratios. We see that the derivatives in the loss region
are highest in the bullish and lowest in the bearish market and vice versa in
the profit region. Economically these observations can be interpreted in such
a way that in the bullish market a loss (of 1 unit) reduces the utility stronger
than in the bearish market. On the other hand, a gain (of 1 unit) increases
the utility less than in the bearish market. The unsettled market shows a
behaviour between these extreme markets. Hence, investors fear in a good
market situation losses more than in a bad situation and they appreciate
profits in a good situation less than in a bad situation.

Finally, we consider the relative risk aversions in the three market regimes.
These risk aversions are presented in figure 9, they do not depend on any
constants but are completely identified. We see that the risk aversion is
smallest in all markets for a small profit that roughly corresponds to the
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Figure 8: Market utility functions on 24/03/2000 (bullish), 30/07/2002
(bearish) and 30/06/2004 (unsettled or sidewards market).

initial value plus a riskless interest on it. In the unsettled regime the market
is risk seeking in a small region around this minimal risk aversion. But then
the risk aversion increases quite fast. Hence, the representative agent in this
market is willing to take small risks but is sensitive to large losses or profits.
In the bullish and bearish regimes the representative agent is less sensitive to
large losses or profits than in the unsettled market. In the bearish situation
the representative agent is willing to take more risks than in the bullish
regime. In the bearish regime the investors are risk seeking in a wider region
than in the unsettled regime. In this sense they are more risk seeking in the
bearish market. In the bullish market – on the other hand – the investors
are never risk seeking so that they are less risk seeking than in the unsettled
market.

The estimated utility functions most closely follow the specification pro-
posed by Friedman & Savage (1948). The utility function proposed by Kah-
neman & Tversky (1979) consists of one concave and one convex segment and
is less suitable for describing the observed behaviour, see figure 10. Both util-
ity functions were proposed to account for two opposite types of behaviour
with respect to risk attitudes: buying insurance and gambling. Any utility
function that is strictly concave fails to describe both risk attitudes. Most
notable examples are the quadratic utility function with the linear pricing

20



0.5 1 1.5 2
-10

0

10

20

30

40

50

60

return

bearish market
bullish market
sidewards market

Figure 9: Relative risk aversions on 24/03/2000 (bullish), 30/07/2002 (bear-
ish) and 30/06/2004 (unsettled or sidewards market).

kernel as in the CAPM model and the CRRA utility function. These func-
tions are presented in figure 10. Comparing this theoretical figure with the
empirical results in figure 7 we see clearly the shortcoming of the standard
specifications of utility functions to capture the characteristic hump of the
pricing kernels.

4 Individual investors and their utility func-

tions

In this section, we introduce a type of utility function that has two regions
of different risk aversion. Then we describe how individual investors can be
aggregated to a representative agent that has the market utility function.
Finally, we solve the resulting estimation problem by discretization and es-
timate the distribution of individual investors.

4.1 Individual Utility Function

We learn from figures 10 and 7 that the market utility differs significantly
from the standard specification of utility functions. Moreover, we can observe
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from the estimated utility functions 8 that the loss part and the profit part of
the utility functions can be quite well approximated with hyperbolic absolute
risk aversion (HARA) functions, k = 1, 2:

U (k)(R) = ak(R− ck)
γk + bk,

where the shift parameter is ck. These power utility functions become in-
finitely negative for R = ck and can be extended by U (k)(R) = −∞ for
R ≤ ck, i.e. investors will avoid by all means the situation when R ≤ ck.
The CRRA utility function has ck = 0.

We try to reconstruct the market utility of the representative investor by
individual utility functions and hence assume that there are many investors
on the market. Investor i will be attributed with a utility function that
consists of two HARA functions:

Ui(R) =

{
max {U(R, θ1, c1);U(R, θ2, c2,i)} , if R > c1

−∞, if R ≤ c1

where U(R, θ, c) = a(R − c)γ + b, θ = (a, b, γ)>, c2,i > c1. If a1 = a2 = 1,
b1 = b2 = 0 and c1 = c2 = 0, we get the standard CRRA utility function.

The parameters θ1 and θ2 and c1 are the same for all investors who differ
only with the shift parameter c2. θ1 and c1 are estimated from the lower
part of the utility market function, where all investors probably agree that
the market is “bad”. θ2 is estimated from the upper part of the utility
function where all investors agree that the state of the world is “good”. The
distribution of c2 uniquely defines the distribution of switching points and is
computed in section 4.3. In this way a bear part Ubear(R) = U(R, θ1, c1) and
a bull part Ubull(R) = U(R, θ1, c2) can be estimated by least squares.

The individual utility function can then be denoted conveniently as:

Ui(R) =

{
max {Ubear(R);Ubull(R, ci)} , if R > c1;

−∞, if R ≤ c1.
(5)

Switching between Ubear and Ubull happens at the switching point z, whereas
Ubear(z) = Ubull(z, ci). The switching point is uniquely determined by ci ≡
c2,i. The notations bear and bull have been chosen because Ubear is activated
when returns are low and Ubull when returns are high.

Each investor is characterised by a switching point z. The smoothness
of the market utility function is the result of the aggregation of different
attitudes. Ubear characterizes more cautious attitudes when returns are low
and Ubull describes the attitudes when the market is booming. Both Ubear
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(dotted) part of an individual utility function 5 estimated in the unsettled
market of 30/06/2004.

and Ubull are concave. However, due to switching the total utility function
can be locally convex.

These utility functions are illustrated in figure 11 that shows the results
for the unsettled market. We observe/estimate the market utility function
that does not correspond to standard utility approaches because of the convex
region. We propose to reconstruct this phenomenon by individual utility
functions that consist of a bearish part and a bullish part. While the bearish
part is fixed for all investors the bullish part starts at the switching point that
characterizes an individual investor. By aggregating investors with different
switching points we reconstruct the market utility function. We describe the
aggregation in section 4.2 and estimate the distribution of switching points
in section 4.3. In this way we explain the special form of the observed market
utility functions.

4.2 Market Aggregation Mechanism

We consider the problem of aggregating individual utility functions to a rep-
resentative market utility function. A simple approach to this problem is to
identify the market utility function with an average of the individual utility
functions. To this end one needs to specify the observable states of the world
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in the future by returns R and then find a weighted average of the utility
functions for each state. If the importance of the investors is the same, then
the weights are equal:

U(R) =
1

N

N∑
i=1

Ui(R),

where N is the number of investors. The problem that arises in this case is
that utility functions of different investors can not be summed up since they
are incomparable.

Therefore, we propose an alternative aggregation technique. First we
specify the subjective states of the world given by utility levels u and then
aggregate the outlooks concerning the returns in the future R for each per-
ceived state. For a subjective state described with the utility level U , such
that

u = U1(R1) = U2(R2) = . . . = UN(RN)

the aggregate estimate of the resulting returns is

RA(u) =
1

N

N∑
i=1

U−1
i (u) (6)

if all investors have the same market power. The market utility function UM

resulting from this aggregation is given by the inverse R−1
A .

In contrast to the naive approach described at the beginning of this sec-
tion, this aggregation mechanism is consistent under transformations: if all
individual utility functions are changed by the same transformation then the
resulting market utility is also given by the transformation of the original
aggregated utility. We consider the individual utility functions Ui and the
resulting aggregate UM . In addition, we consider the transformed individ-
ual utility functions Uφ

i (x) = φ{Ui(x)} and the corresponding aggregate Uφ
M

where φ is a transformation. Then the aggregation is consistent in the sense
that Uφ

M = φ(UM). This property can be seen from

(Uφ
M)−1(u) =

1

N

N∑
i=1

(Uφ
i )−1(u)

=
1

N

N∑
i=1

U−1
i {φ−1(u)}

= U−1
M {φ−1(u)}

The naive aggregation is not consistent in the above sense as the following
example shows: We consider the two individual utility functions U1(x) =

√
x
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and U2(x) =
√
x/2 under the logarithmic transformation φ = log. Then the

naively aggregated utility is given by UM(x) = 3
√
x/4. Hence, the trans-

formed aggregated utility is φ{UM(x)} = log(3/4) + log(x)/2. But the ag-
gregate of the transformed individual utility functions is

Uφ
M(x) =

1

2

{
log(

√
x) + log(

√
x/2)

}
=

1

2
log

(
1

2

)
+ log(x)/2.

This implies that Uφ
M 6= φ(UM) in general.

This described aggregation approach can be generalized in two ways: If
the individual investors have different market power then we use the corre-
sponding weights wi in the aggregation (6) instead of the uniform weights.
As the number of market participants is in general big and unknown it is bet-
ter to use a continuous density f instead of the discrete distributions given
by the weights wi. These generalizations lead to the following aggregation

RA(u) =

∫
U−1(·, z)(u)f(z)dz

where U(·, z) is the utility function of investor z. We assume in the follow-
ing that the investors have utility function of the form described in section
4.1. In the next section we estimate the distribution of the investors who are
parametrized by z.

4.3 The Estimation of the Distribution of Switching
Points

Using the described aggregation procedure, we consider now the problem of
replicating the market utility by aggregating individual utility functions. To
this end, we choose the parametric utility functions U(·, z) described in 4.1
and try to recover with them the market utility UM . We do not consider
directly the utility functions but minimize instead the distance between the
inverse functions:

min
f
‖

∫
U−1(·, z)f(z)dz − U−1

M ‖L2(P̃ ) (7)

where P̃ is image measure of the historical measure P on the returns under
the transformation UM . As the historical measure has the density p the
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transformation theorem for densities implies that P̃ has the density

p̃(u) = p{U−1
M (u)}/U ′M{U−1

M (u)}.

With this density the functional to be minimized in problem (7) can be stated
as ∫ (∫

U−1(u, z)f(z)dz − U−1
M (u)

)2

p̃(u) du

=

∫ (∫
U−1(u, z)f(z)dz − U−1

M (u)

)2

p{U−1
M (u)}/U ′M{U−1

M (u)} du

=

∫ (∫
U−1(u, z)f(z)dz − U−1

M (u)

)2

p{U−1
M (u)}(U−1

M )′(u) du

because the derivative of the inverse is given by (g−1)′(y) = 1/g′{g−1(y)}.
Moreover, we can apply integration by substitution to simplify this expression
further ∫ (∫

U−1(u, z)f(z)dz − U−1
M (u)

)2

p{U−1
M (u)}(U−1

M )′(u) du

=

∫ (∫
U−1{UM(x), z}f(z)dz − x

)2

p(x) dx.

For replicating the market utility by minimizing (7) we observe first that
we have samples of the historical distribution with density p. Hence, we can
replace the outer integral by the empirical expectation and the minimization
problem can be restated as

min
f

1

n

n∑
i=1

(∫
g{UM(xi), z}f(z)dz − xi

)2

where x1 . . . , xn are the samples from the historical distribution and g = U−1.
Replacing the density f by a histogram f(z) =

∑J
j=1 θjIBj

(z) with bins
Bj, hj = |Bj|, the problem is transformed into

min
θj

1

n

n∑
i=1

{
J∑

j=1

g̃(i, j)θj − xi

}2

where g̃(i, j) =
∫

Bj
g{UM(xi), z}dz.
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Hence, the distribution of switching points can be estimated by solving
the quadratic optimization problem

min
θj

1

n

n∑
i=1

{
J∑

j=1

g̃(i, j)θj − xi

}2

,

s.t. θj ≥ 0,

J∑
j=1

θjhj = 1.

Such quadratic optimization problems are well known and their solutions
can be obtained using standard techniques, see e.g. Mehrotra (1992) or
Wright (1998).

We present in figures 12–14 the estimated distribution of switching points
in the bullish (24/03/2000), bearish (30/07/2002) and unsettled (30/06/2004)
markets. The distribution density f was computed for 100 bins but we
checked the broad range of binwidths. The width of the distribution varies
greatly depending on the regularisation scheme, for example as represented
by the number of bins. The location of the distribution maximum, however,
remains constant and independent from the computational method.

The maximum and the median of the distribution, i.e. the returns at
which half of investors have bearish and bullish attitudes, depend on the year.
For example, in the bullish market (Figure 12) the peak of the switching
point distribution is located in the area of high returns around R = 1.07
for half a year. On the contrary, in the bearish market (Figure 13) the
peak of switching points is around R = 0.93. This means that when the
market is booming, such as in year 1999–2000 prior to the dot-com crash,
investors get used to high returns and switch to the bullish attitude only
for comparatively high R’s. An overall high level of returns serves in this
respect as a reference level and investors form their judgements about the
market relative to it. Since different investors have different initial wealth,
personal habits, attitudes and other factors that our model does not take into
account, we have a distribution of switching points. In the bearish market
the average level of returns is low and investors switch to bullish attitudes
already at much lower R’s.
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Figure 12: Left panel: the market utility function (red) and the fitted utility
function (blue). Right panel: the distribution of the reference points. 24
March 2000, a bullish market.
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Figure 13: Left panel: the market utility function (red) and the fitted utility
function (blue). Right panel: the distribution of the reference points. 30
July 2002, a bearish market.
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Figure 14: Left panel: the market utility function (red) and the fitted utility
function (blue). Right panel: the distribution of the reference points. 30
June 2004, an unsettled market.

5 Conclusion

We have analyzed in this paper empirical pricing kernels in three market
regimes using data on the German stock index and options on this index.
In the bullish, bearish and unsettled market regime we estimate the pric-
ing kernel and derive the corresponding utility functions and relative risk
aversions.

In the unsettled market of June 2004, the market investor is risk seeking
in a small region around the riskless return but risk aversion increases fast for
high absolute returns. In the bullish market of March 2000, the investor is on
the other hand never risk seeking while he becomes more risk seeking in the
bearish market of July 2002. Before the stock market crash in 1987 European
options did not show the smile and the Black-Scholes model captured the data
quite well. Hence, utility functions could be estimated at that times by power
utility functions with a constant positive risk aversion. Our analysis shows
that this simple structure does not hold anymore and discusses different
structures corresponding to different market regimes.

The empirical pricing kernels of all market regimes demonstrate that the
corresponding utility functions do not correspond to standard specifications
of utility functions including Kahneman and Tversky (1979). The observed
utility functions are closest to the general utility functions of Friedman and
Savage (1948). We propose a parametric specification of these functions,
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estimate it and explain the observed market utility function by aggregating
individual utility functions. In this way, we can estimate a distribution of
individual investors.

The proposed aggregation mechanism is based on homogeneous investors
in the sense that they differ only with switching points. Future research can
reveal how nonlinear aggregation procedures could be applied to heteroge-
neous investors.
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����������	�
���������
����������������������������������������������	�
�����������	
���������
�����

 ��	�����
 
���!
�	����"#��	
���!
�	����"����������
���� ��	���$��	
���$������������
��$����
��	��
���
������������%����
�����	�������
���	
�	�
��������	���� �&#'�()���������	����&*�+,'�+,()������

�	�������������������	��
����� ����	��� ���������
$������
���	
�	�
��������������������������		���������������
����� ����	$�	����	���������$�������	���
�����

����� ����	$�	����	��	 �-
��������
.�	����������	��
�����% ����	�	
����������	��������	
$�������������
����	�/������������ ���	�
$���-
�������	�.����
���	��	�����������������
����� ����	$�	����	$�����������	��
����� ����	��0123425 6789:;4<=>123425?@ABCDAEFGHBIJEKIEBALIMBKIDGBINOPGOQBINORIBSFEKTUIOMCV'WWW'CXYBSAOEQNZGHE[A\IMBMMGQSBSEBC�]V'WWW']X�̂ [_CV�]V�'WWW'C̀�]X�a' ]V'WWW']XbcWdPCeEKAQNOBIOGNGMPNKf̂ �'WWW'gBSAO[IMGOIhGAijBSAKRIMA[IMGOIhGAHkLABAKFIOALNOCV�c�lmmmlCX�c�inNOJAKMAHkYIP[IMEQNZGHEEOLCV'WWW'CXEKAGOIJEKIEBALIMBKIDGBINOPGOQBINOMYBSAOBSAPGOQBINOCLAoOALEDNJAIMEFGHBIJEKIEBALIMBKIDGBINOPGOQBINORIBSFEKUIOMCV'WWW'CXip���������	�����	�	�������p��������	 ����
����	������	��������������
�����% ����	� 
���	��	����������������$�	����	�������	��
����� ����	��q���	�� �����
��	��	����������������
����� ����	����	
������	����������$���������	�$�������	[�rV'WWW'rX�̂ C_CsVV �rV�'WWW'CsVX �rX�a' rV'WWW'rXb&#'�(' ��������CsVe ����	����������	��
����� ����	$�	����	����	�����������$�	����	���������������
����� ����	�����	�$��������	����$�������������������
�	���
��	 �
������	�
�	����������
t�rV'WWW'rX�̂ uX[�rV'WWW'rX�urVWWWurX ' rV'WWW'rXb&#'�('v��	�����
����p��������	
�ww�����	��������
�	���
$�	����	x�m��$���g%�������
����� ����	C�	������$��������$������x�]V'WWW']X�̂ t_CV�]V�'WWW'CX�]X�aXyezVxe�]e�' ]V'WWW']XbcW{
������

��������	��������$��	

����������������������	���	 �$��	
�	|������}��	
~����	�,##���{����������	���
�����	������	�	��������	
�������������� ���������~����	
�������		����� �
����������������	��$�������������	�/���	
������������	������������������������	�	��
����� �3��:;�:;==2=��	�������������	�
�$$�	����	������$
�	�������������	�$p����������
�����
 ���������
 
��	��������	�	
�������������������	��
������������	������������MIFZHAMB�AHHIZBIQEH��KQSIFALAEOQNZGHEA�	
SIAKEKQSIQEH�KQSIFALAEOQNZGHEA��



��� ������	
���
������������������������������������������������������ ������������������!������"������!#���$���%&�'�����(�����!���)*+,,,+)-�������.��������#��������������(/.����(0��.���.����$��$�����$�.����������.���� ����!#�.�����$�����$��123*+,,,+3-45 -678*37, 294:��$������!�$������.��(�����.��������3523*+,,,+3-4;<=>+0?-@A23*+,,,+3-4BC23*+,,,+3-4BD23*+,,,+3-4E.���D23*+,,,+3-45(��23*+,,,+3-4���������.�FGHIJKILMNOIPQRSTUOVIGWOXSQ���A23*+,,,+3-45(�YZ -[\8*3\]'̂ 0+>_���.�FGHIJKILMNOIPQRSTX̀ ÌGWOXSQ%a.���D ���������$�����'b9�A ������$��������'%c��.���$��$�������������.���������� ���������������������������������%d��(�.���!���������E�(�#�����$���.������!�����#���$��C��e��������������E.��.����!��E����.���������� �������������������%��f g����
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CONFIDENCE BANDS IN
QUANTILE REGRESSION

WOLFGANG K. HÄRDLE AND SONG SONG
Humboldt-Universität zu Berlin

Let (X1,Y1), . . . , (Xn,Yn) be independent and identically distributed random vari-
ables and let l(x) be the unknown p-quantile regression curve of Y conditional on X .
A quantile smoother ln(x) is a localized, nonlinear estimator of l(x). The strong uni-
form consistency rate is established under general conditions. In many applications
it is necessary to know the stochastic fluctuation of the process {ln(x)− l(x)}. Using
strong approximations of the empirical process and extreme value theory, we con-
sider the asymptotic maximal deviation sup0�x�1 |ln(x)− l(x)|. The derived result
helps in the construction of a uniform confidence band for the quantile curve l(x).
This confidence band can be applied as a econometric model check. An economic
application considers the relation between age and earnings in the labor market by
means of parametric model specification tests, which presents a new framework to
describe trends in the entire wage distribution in a parsimonious way.

1. INTRODUCTION

In standard regression function estimation, most investigations are concerned with
the conditional mean regression. However, new insights about the underlying
structures can be gained by considering other aspects of the conditional distribu-
tion. The quantile curves are key aspects of inference in various economic prob-
lems and are of great interest in practice. These describe the conditional behavior
of a response variable (e.g., wage of workers) given the value of an explanatory
variable (e.g., education level, experience, occupation of workers) and investigate
changes in both tails of the distribution, other than just the mean.

When examining labor markets, economists are concerned with whether dis-
crimination exists, e.g., for different genders, nationalities, union status, etc. To
study this question, we need to separate out other effects first, e.g., age, educa-
tion, etc. The crucial relation between age and earnings or salaries belongs to
the most carefully studied subjects in labor economics. The fundamental work
in mean regression can be found in Murphy and Welch (1990). Quantile
regression estimates could provide more accurate measures. Koenker and Hallock
(2001) present a group of important economic applications, including quantile
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1180 c© Cambridge University Press 2009 0266-4666/10 $15.00



CONFIDENCE BANDS IN QUANTILE REGRESSION 1181

Engel curves, and claim that “quantile regression is gradually developing into a
comprehensive strategy for completing the regression prediction.” Besides this,
it is also well known that a quantile regression model (e.g., the conditional me-
dian curve) is more robust to outliers, especially for fat-tailed distributions. For
symmetric conditional distributions the quantile regression generates the nonpara-
metric mean regression analysis because the p = 0.5 (median) quantile curve co-
incides with the mean regression.

As first introduced by Koenker and Bassett (1978), one may assume a para-
metric model for the p-quantile curve and estimate parameters by the interior
point method discussed by Koenker and Park (1996) and Portnoy and Koenker
(1997). Similarly, we can also adopt nonparametric methods to estimate condi-
tional quantiles. The first one, a more direct approach using a check function such
as a robustified local linear smoother, is provided by Fan, Hu, and Troung (1994)
and further extended by Yu and Jones (1997, 1998). An alternative procedure
is first to estimate the conditional distribution function using the double-kernel
local linear technique of Fan, Yao, and Tong (1996) and then to invert the con-
ditional distribution estimator to produce an estimator of a conditional quantile
by Yu and Jones (1997, 1998). Beside these, Hall, Wolff, and Yao (1999) pro-
posed a weighted version of the Nadaraya–Watson estimator, which was further
studied by Cai (2002). Recently Jeong and Härdle (2008) have developed the
conditional quantile causality test. More generally, for an M-regression function
that involves quantile regression as a special case, the uniform Bahadur repre-
sentation and application to the additive model are studied by Kong, Linton, and
Xia (2010). An interesting question for parametric fitting, especially from labor
economists, would be how well these models fit the data, when compared with
the nonparametric estimation method.

Let (X1,Y1), (X2,Y2), . . . , (Xn,Yn) be a sequence of independent and iden-
tically distributed (i.i.d.) bivariate random variables with joint probability den-
sity function (pdf) f (x, y), joint cumulative distribution function (cdf) F(x, y),
conditional pdf f (y|x), f (x |y), conditional cdf F(y|x), F(x |y) for Y given X
and X given Y , respectively, and marginal pdf fX (x) for X , fY (y) for Y where
x ∈ J and J is a possibly infinite interval in Rd and y ∈ R. In general, X may
be a multivariate covariate, although here we restrict attention to the univariate
case and J = [0,1] for convenience. Let l(x) denote the p-quantile curve, i.e.,
l(x) = F−1

Y |x (p).
Under a “check function,” the quantile regression curve l(x) can be viewed as

the minimizer of L(θ)
def= E{ρp(y − θ)|X = x} (with respect to θ ) with ρp(u) =

pu1{u ∈ (0,∞)}− (1 − p)u1{u ∈ (−∞,0)}, which was originally motivated by
an exercise in Ferguson (1967, p. 51) in the literature.

A kernel-based p-quantile curve estimator ln(x) can naturally be constructed
by minimizing:

Ln(θ) = n−1
n

∑
i=1

ρp(Yi − θ)Kh(x − Xi ) (1)
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with respect to θ ∈ I where I is a possibly infinite, or possibly degenerate, inter-
val in R and Kh(u) = h−1 K (u/h) is a kernel with bandwidth h. The numerical
solution of (1) may be found iteratively as in Lejeune and Sarda (1988) and Yu,
Lu, and Stander (2003).

In light of the concepts of M-estimation as in Huber (1981), if we define
ψ(u) as

ψp(u) = p1{u ∈ (0,∞)}− (1− p)1{u ∈ (−∞,0)}
= p −1{u ∈ (−∞,0)},

ln(x) and l(x) can be treated as a zero (with respect to θ ) of the function

H̃n(θ, x)
def= n−1

n

∑
i=1

Kh(x − Xi )ψ(Yi − θ), (2)

H̃(θ, x)
def=
∫
R

f (x, y)ψ(y − θ)dy, (3)

correspondingly.
To show the uniform consistency of the quantile smoother, we shall reduce the

problem of strong convergence of ln(x)− l(x), uniformly in x , to an application
of the strong convergence of H̃n(θ, x) to H̃(θ, x), uniformly in x and θ , as given
by Theorem 2.2 in Härdle, Janssen, and Serfling (1988). It is shown that under
general conditions almost surely (a.s.)

sup
x∈J

|ln(x)− l(x)|� B∗ max
{

(nh/(logn))−1/2,hα̃
}

, as n → ∞,

where B∗ and α̃ are parameters defined more precisely in Section 2.
Note that without assuming K has compact support (as we do here) under sim-

ilar assumptions Franke and Mwita (2003) obtain

ln(x) = F̂−1
Y |x (p),

F̂(y|x) = ∑n
i=1 Kh(x − Xi )1(Yi < y)

∑n
i=1 Kh(x − Xi )

,

sup
x∈J

|ln(x)− l(x)|� B∗∗{(nh/(sn logn))−1/2 +h2
}

, as n → ∞
for α-mixing data where B∗∗ is some constant and sn,n � 1 is an increasing
sequence of positive integers satisfying 1 � sn � n/2 and some other criteria.
Thus {nh/(logn)}−1/2 � {nh/(sn logn)}−1/2.

By employing similar methods to those developed in Härdle (1989) it is shown
in this paper that

P

(
(2δ logn)1/2

[
sup
x∈J

r(x)|{ln(x)− l(x)}|/λ(K )1/2 −dn

]
< z

)
→ exp{−2exp(−z)}, as n → ∞ (4)



CONFIDENCE BANDS IN QUANTILE REGRESSION 1183

from the asymptotic Gumbel distribution where r(x), δ, λ(K ), dn are suitable
scaling parameters. The asymptotic result (4) therefore allows the construction
of (asymptotic) uniform confidence bands for l(x) based on specifications of the
stochastic fluctuation of ln(x). The strong approximation with Brownian bridge
techniques that we use in this paper is available only for the approximation of the
two-dimensional empirical process. The extension to the multivariate covariable
can be done by partial linear modeling, which deserves further research.

The plan of the paper is as follows. In Section 2, the stochastic fluctuation of the
process {ln(x)− l(x)} and the uniform confidence band are presented through the
equivalence of several stochastic processes, with a strong uniform consistency rate
of {ln(x)− l(x)} also shown. In Section 3, in a small Monte Carlo study we inves-
tigate the behavior of ln(x) when the data are generated by fat-tailed conditional
distributions of (Y |X = x). In Section 4, an application considers a wage-earning
relation in the labor market. All proofs are sketched in the Appendix.

2. RESULTS

The following assumptions will be convenient. To make x and X clearly distin-
guishable, we replace x by t sometimes, but they are essentially the same.

(A1) The kernel K (·) is positive and symmetric, has compact support [−A, A],
and is Lipschitz continuously differentiable with bounded derivatives.

(A2) (nh)−1/2(logn)3/2 → 0, (n logn)1/2h5/2 → 0, (nh3)−1(logn)2 � M ,
where M is a constant.

(A3) h−3(logn)
∫
|y|>an

fY (y)dy =O(1), where fY (y) is the marginal density
of Y and {an}∞n=1 is a sequence of constants tending to infinity as n → ∞.

(A4) inft∈J |q(t)|� q0 > 0, where q(t) = ∂ E{ψ(Y − θ)|t}/∂θ |θ=l(t) · fX (t) =
f {l(t)|t} fX (t).

(A5) The quantile function l(t) is Lipschitz twice continuously differentiable
for all t ∈ J .

(A6) 0 < m1 � fX (t)� M1 < ∞, t ∈ J ; the conditional densities f (·|y), y ∈
R, are uniform local Lipschitz continuous of order α̃ (ulL-α̃) on J , uniformly in
y ∈ R, with 0 < α̃ � 1.

Define also

σ 2(t) = E[ψ2{Y − l(t)}|t] = p(1− p),

Hn(t) = (nh)−1
n

∑
i=1

K{(t − Xi )/h}ψ{Yi − l(t)},

Dn(t) = ∂(nh)−1
n

∑
i=1

K{(t − Xi )/h}ψ{Yi − θ}/∂θ |θ=l(t)

and assume that σ 2(t) and fX (t) are differentiable.
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Assumption (A1) on the compact support of the kernel could possibly be re-
laxed by introducing a cutoff technique as in Csörgö and Hall (1982) for den-
sity estimators. Assumption (A2) has purely technical reasons: to keep the bias
at a lower rate than the variance and to ensure the vanishing of some nonlinear
remainder terms. Assumption (A3) appears in a somewhat modified form also
in Johnston (1982). Assumptions (A5) and (A6) are common assumptions in ro-
bust estimation as in Huber (1981) and Härdle et al. (1988) that are satisfied by
exponential and generalized hyperbolic distributions.

For the uniform strong consistency rate of ln(x) − l(x), we apply the result
of Härdle et al. (1988) by taking β(y) = ψ(y − θ), y ∈ R, for θ ∈ I = R, q1 =
q2 = −1, γ1(y) = max{0,−ψ(y − θ)}, γ2(y) = min{0,−ψ(y − θ)}, and λ = ∞
to satisfy the representations for the parameters there. Thus from Härdle et al.’s
Theorem 2.2 and Remark 2.3(v), we immediately have the following lemma.

LEMMA 2.1. Let H̃n(θ, x) and H̃(θ, x) be given by (2) and (3). Under
Assumption (A6) and (nh/ logn)−1/2 → ∞ through Assumption (A2), for some
constant A∗ not depending on n, we have a.s. as n → ∞
sup
θ∈I

sup
x∈J

∣∣H̃n(θ, x)− H̃(θ, x)
∣∣≤ A∗ max

{
(nh/ logn)−1/2,hα̃

}
. (5)

For our result on ln(·), we shall also require

inf
x∈J

∣∣∣∣∫ ψ{y − l(x)+ ε}dF(y|x)

∣∣∣∣� q̃|ε|, for |ε|� δ1, (6)

where δ1 and q̃ are some positive constants; see also Härdle and Luckhaus (1984).
This assumption is satisfied if there exists a constant q̃ such that f (l(x)|x) > q̃/p,
x ∈ J .

THEOREM 2.1. Under the conditions of Lemma 2.1 and also assuming (6),
we have a.s. as n → ∞
sup
x∈J

∣∣ln(x)− l(x)
∣∣≤ B∗ max

{
(nh/ logn)−1/2,hα̃

}
(7)

with B∗ = A∗/m1q̃ not depending on n and m1 a lower bound of fX (t). If addi-
tionally α̃ � {log(

√
logn)− log(

√
nh)}/logh, it can be further simplified to

sup
x∈J

|ln(x)− l(x)| ≤ B∗{(nh/ logn)−1/2}.
THEOREM 2.2. Let h = n−δ , 1

5 < δ < 1
3 , λ(K ) = ∫ A

−A K 2(u)du, and

dn = (2δ logn)1/2 + (2δ logn)−1/2
[

log
{

c1(K )/π1/2
}

+ 1

2

{
logδ + log logn

}]
,

if c1(K ) = {K 2(A)+ K 2(−A)}/{2λ(K )} > 0;
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dn = (2δ logn)1/2 + (2δ logn)−1/2 log{c2(K )/2π}
otherwise with c2(K ) = ∫ A

−A{K ′(u)}2 du/{2λ(K )}. Then (4) holds with

r(x) = (nh)1/2 f {l(x)|x}{ fX (x)/p(1− p)}1/2.

This theorem can be used to construct uniform confidence intervals for the
regression function as stated in the following corollary.

COROLLARY 2.1. Under the assumptions of Theorem 2.2, an approximate
(1−α)×100% confidence band over [0,1] is

ln(t)±(nh)−1/2
{

p(1− p)λ(K )/ f̂ X (t)
}1/2

f̂ −1{l(t)|t}
{

dn +c(α)(2δ logn)−1/2
}

,

where c(α) = log2− log | log(1−α)| and f̂X (t), f̂ {l(t)|t} are consistent estimates
for fX (t), f {l(t)|t}.

In the literature, according to Fan et al. (1994, 1996), Yu and Jones (1997,
1998), Hall et al. (1999), Cai (2002), and others, asymptotic normality at inte-
rior points for various nonparametric smoothers, e.g., local constant, local linear,
reweighted Nadaraya–Watson methods, etc., has been shown:
√

nh{ln(t)− l(t)} ∼ N
(
0,τ 2(t)

)
with τ 2(t) = λ(K )p(1 − p)/[ fX (t) f 2{l(t)|t}]. Note that the bias term vanishes
here as we adjust h. With τ(t) introduced, we can further write Corollary 2.1 as

ln(t)± (nh)−1/2
{

dn + c(α)(2δ logn)−1/2
}

τ̂ (t).

Through minimizing the approximation of asymptotic mean square error, the
optimal bandwidth hp can be computed. In practice, the rule of thumb for hp is
given by Yu and Jones (1998):

1. Use ready-made and sophisticated methods to select optimal bandwidth
hmean from conditional mean regression, e.g., Ruppert, Sheather, and Wand
(1995);

2. hp = [p(1 − p)/ϕ2{�−1(p)}]1/5 · hmean with ϕ, � as the pdf and cdf of a
standard normal distribution

Obviously the further p lies from 0.5, the more smoothing is necessary.
The proof is essentially based on a linearization argument after a Taylor series

expansion. The leading linear term will then be approximated in a similar way
as in Johnston (1982) and Bickel and Rosenblatt (1973). The main idea behind
the proof is a strong approximation of the empirical process of {(Xi ,Yi )

n
i=1} by a

sequence of Brownian bridges as proved by Tusnady (1977).
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As ln(t) is the zero (with respect to θ ) of H̃n(θ, t), it follows by applying
second-order Taylor expansions to H̃n(θ, t) around l(t) that

ln(t)− l(t) = {Hn(t)−EHn(t)}/q(t)+ Rn(t), (8)

where {Hn(t)−EHn(t)}/q(t) is the leading linear term and

Rn(t) = Hn(t){q(t)− Dn(t)}/{Dn(t) ·q(t)}+EHn(t)/q(t)

+ 1

2
{ln(t)− l(t)}2 · {Dn(t)}−1 (9)

· (nh)−1
n

∑
i=1

K{(x − Xi )/h}ψ ′′{Yi − l(t)+ rn(t)}, (10)

|rn(t)| < |ln(t)− l(t)|
is the remainder term. In the Appendix it is shown (Lemma A.1) that ‖Rn‖ =
supt∈J |Rn(t)| = Op

{
(nh logn)−1/2

}
.

Furthermore, the rescaled linear part

Yn(t) = (nh)1/2{σ 2(t) fX (t)
}−1/2{Hn(t)−EHn(t)}

is approximated by a sequence of Gaussian processes, leading finally to the
Gaussian process

Y5,n(t) = h−1/2
∫

K{(t − x)/h}dW(x). (11)

Drawing upon the result of Bickel and Rosenblatt (1973), we finally obtain asymp-
totically the Gumbel distribution.

We also need the Rosenblatt (1952) transformation,

T (x, y) = {FX |y(x |y), FY (y)},
which transforms (Xi ,Yi ) into T (Xi ,Yi ) = (X ′

i ,Y ′
i ) mutually independent uni-

form random variables. In the event that x is a d-dimensional covariate, the trans-
formation becomes

T (x1, x2, . . . , xd , y) = {FX1|y(x1|y), FX2|y(x2|x1, y), . . . , FXk |xd−1,...,x1,y

(xk |xd−1, . . . , x1, y), FY (y)}. (12)

With the aid of this transformation, Theorem 1 of Tusnady (1977) may be applied
to obtain the following lemma.

LEMMA 2.2. On a suitable probability space a sequence of Brownian bridges
Bn exists such that

sup
x∈J,y∈R

|Zn(x, y)− Bn{T (x, y)}| =O
{

n−1/2(logn)2
}

a.s.,
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where Zn(x, y) = n1/2{Fn(x, y) − F(x, y)} denotes the empirical process of
{(Xi ,Yi )}n

i=1.

For d > 2, it is still an open problem that deserves further research.
Before we define the different approximating processes, let us first rewrite (11)

as a stochastic integral with respect to the empirical process Zn(x, y):

Yn(t) = {hg′(t)}−1/2
∫∫

K{(t − x)/h}ψ{y − l(t)}dZn(x, y),

g′(t) = σ 2(t) fX (t).

The approximating processes are now

Y0,n(t) = {hg(t)}−1/2
∫∫

�n

K{(t − x)/h}ψ{y − l(t)}dZn(x, y), (13)

where �n = {|y|� an},g(t) = E[ψ2{y − l(t)} ·1(|y|� an)|X = t] · fX (t)

Y1,n(t) = {hg(t)}−1/2
∫∫

�n

K{(t − x)/h}ψ{y − l(t)}dBn{T (x, y)}, (14)

{Bn} being the sequence of Brownian bridges from Lemma 2.2.

Y2,n(t) = {hg(t)}−1/2
∫∫

�n

K{(t − x)/h}ψ{y − l(t)}dWn{T (x, y)}, (15)

{Wn} being the sequence of Wiener processes satisfying

Bn(x ′, y′) = Wn(x ′, y′)− x ′y′Wn(1,1),

Y3,n(t) = {hg(t)}−1/2
∫∫

�n

K{(t − x)/h}ψ{y − l(x)}dWn{T (x, y)}, (16)

Y4,n(t) = {hg(t)}−1/2
∫

g(x)1/2 K{(t − x)/h}dW(x), (17)

Y5,n(t) = h−1/2
∫

K{(t − x)/h}dW(x), (18)

{W (·)} being the Wiener process.
Lemmas A.2–A.7 in the Appendix ensure that all these processes have the same

limit distributions. The result then follows from the next lemma.

LEMMA 2.3 (Theorem 3.1 in Bickel and Rosenblatt, 1973). Let dn, λ(K ), δ as
in Theorem 2.2. Let

Y5,n(t) = h−1/2
∫

K{(t − x)/h}dW(x).
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Then, as n → ∞, the supremum of Y5,n(t) has a Gumbel distribution:

P

{
(2δ logn)1/2

[
sup
t∈J

|Y5,n(t)|/{λ(K )}1/2 −dn

]
< z

}
→ exp{−2exp(−z)}.

3. A MONTE CARLO STUDY

We generate bivariate data {(Xi ,Yi )}n
i=1,n = 500 with joint pdf:

f (x, y) = g
(

y −√
x +2.5

)
1(x ∈ [−2.5,2.5]), (19)

g(u) = 9

10
ϕ(u)+ 1

90
ϕ(u/9).

The p-quantile curve l(x) can be obtained from a zero (with respect to θ ) of

9�(θ)+�(θ/9) = 10p,

with � as the cdf of a standard normal distribution. Solving it numerically gives
the 0.5-quantile curve l(x) = √

x +2.5 and the 0.9-quantile curve l(x) = 1.5296+√
x +2.5. We use the quartic kernel:

K (u) = 15

16
(1−u2)2, |u|� 1,

= 0, |u| > 1.

In Figure 1 the raw data, together with the 0.5-quantile curve, are displayed.
The random variables generated with probability 1

10 from the fat-tailed pdf
1
9ϕ(u/9) (see eqn. (19)) are marked as squares whereas the standard normal ran-
dom variables are shown as stars. We then compute both the Nadaraya–Watson
estimator m∗

n(x) and the 0.5-quantile smoother ln(x). The bandwidth is set to
1.25, which is equivalent to 0.25 after rescaling x to [0,1] and fulfills the require-
ments of Theorem 2.2.

In Figure 1 l(x), m∗
n(x), and ln(x) are shown as a dotted line, dashed-dot line,

and solid line, respectively. At first sight m∗
n(x) has clearly more variation and has

the expected sensitivity to the fat tails of f (x, y). A closer look reveals that m∗
n(x)

for x ≈ 0 apparently even leaves the 0.5-quantile curve. It may be surprising that
this happens at x ≈ 0 where no outlier is placed, but a closer look at Figure 1
shows that the large negative data values at both x ≈ −0.1 and x ≈ 0.25 cause the
problem. This data value is inside the window (h = 1.10) and therefore distorts
m∗

n(x) for x ≈ 0. The quantile smoother ln(x) (solid line) is unaffected and stays
fairly close to the 0.5-quantile curve. Similar results can be obtained in Figure 2
corresponding to the 0.9 quantile (h = 1.25) with the 95% confidence band.
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FIGURE 1. The 0.5-quantile curve, the Nadaraya–Watson estimator m∗
n(x), and the 0.5-quantile smoother ln(x).
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FIGURE 2. The 0.9-quantile curve, the 0.9-quantile smoother, and 95% confidence band.
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FIGURE 3. The original observations, local quantiles, 0.5- and 0.9-quantile smoothers, and corresponding 95% confidence bands.
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FIGURE 4. Quadratic, quartic, set of dummies (for age groups) estimates, 0.5- and 0.9-quantile
smoothers, and their corresponding 95% confidence bands.
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4. APPLICATION

Recently there has been great interest in finding out how the financial returns of
a job depend on the age of the employee. We use the Current Population Survey
(CPS) data from 2005 for the following group: male aged 25–59, full-time em-
ployed, and college graduate containing 16,731 observations, for the age-earning
estimation. As is usual for wage data, a log transformation to hourly real wages
(unit: U.S. dollar) is carried out first. In the CPS all ages (25–59) are reported
as integers. We rescaled them into [0,1] by dividing 40 by bandwidth 0.059 for
nonparametric quantile smoothers. This is equivalent to setting bandwidth 2 for
the original age data.

In Figure 3 the original observations are displayed as small stars. The local
0.5 and 0.9 quantiles at the integer points of age are shown as dashed lines,
whereas the corresponding nonparametric quantile smoothers are displayed as
solid lines with corresponding 95% uniform confidence bands shown as dashed-
dot lines. A closer look reveals a quadratic relation between age and logged
hourly real wages. We use several popular parametric methods to estimate the
0.5 and 0.9 conditional quantiles, e.g., quadratic, quartic, and set of dummies
(a dummy variable for each 5-year age group) models; the results are displayed
in Figure 4. With the help of the 95% uniform confidence bands, we can con-
duct the parametric model specification test. At the 5% significance level, we
could not reject any model. However, when the confidence level further decreases
and the uniform confidence bands get narrower, the “set of dummies” paramet-
ric model will be the first one to be rejected. At the 10% significance level,
the set of dummies (for age groups) model is rejected whereas the other two
are not. As the quadratic model performs quite similarly to the quartic one, for
simplicity it is suggested in practice to measure the log(wage)-earning relation
in mean regression, which coincides with the approach of Murphy and Welch
(1990).
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APPENDIX

Proof of Theorem 2.1 . By the definition of ln(x) as a zero of (2), we have, for ε > 0,

if ln(x) > l(x)+ ε, then H̃n{l(x)+ ε, x} > 0. (A.1)

Now

H̃n{l(x)+ ε, x}� H̃{l(x)+ ε, x}+ sup
θ∈I

∣∣H̃n(θ, x)− H̃(θ, x)
∣∣. (A.2)
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Also, by the identity H̃{l(x), x} = 0, the function H̃{l(x)+ ε, x} is not positive and has
a magnitude � m1q̃ε by Assumption (A6) and (6), for 0 < ε < δ1. That is, for 0 < ε < δ1,

H̃{l(x)+ ε, x}�−m1q̃ε. (A.3)

Combining (A.1)–(A.3), we have, for 0 < ε < δ1,

if ln(x) > l(x)+ ε, then sup
θ∈I

sup
x∈J

∣∣H̃n(θ, x)− H̃(θ, x)
∣∣> m1q̃ε.

With a similar inequality proved for the case ln(x) < l(x)+ε, we obtain, for 0 < ε < δ1,

if sup
x∈J

|ln(x)− l(x)| > ε, then sup
θ∈I

sup
x∈J

∣∣H̃n(θ, x)− H̃(θ, x)
∣∣> m1q̃ε. (A.4)

It readily follows that (A.4) and (5) imply (7). n

Subsequently we first show that ‖Rn‖∞ = supt∈J |Rn(t)| vanishes asymptotically faster
than the rate (nh logn)−1/2; for simplicity we will just use ‖ · ‖ to indicate the sup-norm.

LEMMA A.1. For the remainder term Rn(t) defined in (9) we have

‖Rn‖ =Op
{
(nh logn)−1/2}. (A.5)

Proof. First we have by the positivity of the kernel K ,

‖Rn‖�
[

inf
0�t�1

{|Dn(t)| ·q(t)}
]−1{‖Hn‖ · ‖q − Dn‖+‖Dn‖ · ‖EHn‖}

+C1 · ‖ln − l‖2 ·
{

inf
0�t�1

|Dn(t)|
}−1 · ‖ fn‖∞,

where fn(x) = (nh)−1 ∑n
i=1 K{(x − Xi )/h}.

The desired result, Lemma A.1, will then follow if we prove

‖Hn‖ =Op

{
(nh)−1/2(logn)1/2

}
, (A.6)

‖q − Dn‖ =Op

{
(nh)−1/4(logn)−1/2

}
, (A.7)

‖EHn‖ =O(h2), (A.8)

‖ln − l‖2 =Op

{
(nh)−1/2(logn)−1/2

}
. (A.9)

Because (A.8) follows from the well-known bias calculation

EHn(t) = h−1
∫

K{(t −u)/h}E[ψ{y − l(t)}|X = u] fX (u)du =O(h2),

where O(h2) is independent of t in Parzen (1962), we have from Assumption (A2) that
‖EHn‖ =Op{(nh)−1/2(logn)−1/2}.

According to Lemma A.3 in Franke and Mwita (2003),

sup
t∈J

|Hn(t)−EHn(t)| =O
{
(nh)−1/2(logn)1/2

}
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and the following inequality

‖Hn‖� ‖Hn −EHn‖+‖EHn‖

=O
{
(nh)−1/2(logn)1/2

}
+Op

{
(nh)−1/2(logn)−1/2

}
=O
{
(nh)−1/2(logn)1/2

}
,

statement (A.6) thus is obtained.
Statement (A.7) follows in the same way as (A.6) using Assumption (A2) and the

Lipschitz continuity properties of K , ψ ′, l.
According to the uniform consistency of ln(t)− l(t) shown before, we have

‖ln − l‖ =Op{(nh)−1/2(logn)1/2},
which implies (A.9).

Now the assertion of the lemma follows, because by tightness of Dn(t), inf0�t�1
|Dn(t)|� q0 a.s. and thus

‖Rn‖ =Op{(nh logn)−1/2}(1+‖ fn‖).
Finally, by Theorem 3.1 of Bickel and Rosenblatt (1973), ‖ fn‖ =Op(1); thus the desired
result ‖Rn‖ =Op{(nh logn)−1/2} follows. n

We now begin with the subsequent approximations of the processes Y0,n–Y5,n .

LEMMA A.2.

‖Y0,n −Y1,n‖ =O
{
(nh)−1/2(logn)2

}
a.s.

Proof. Let t be fixed and put L(y) = ψ{y − l(t)} still depending on t . Using integration
by parts, we obtain∫∫

�n

L(y)K{(t − x)/h}dZn(x, y)

=
∫ A

u=−A

∫ an

y=−an

L(y)K (u)dZn(t −h ·u, y)

= −
∫ A

−A

∫ an

−an

Zn(t −h ·u, y)d{L(y)K (u)}

+ L(an)(an)

∫ A

−A
Zn(t −h ·u,an)dK(u)

− L(−an)(−an)

∫ A

−A
Zn(t −h ·u,−an)dK(u)

+ K (A)

{∫ an

−an

Zn(t −h · A, y)dL(y)

+ L(an)(an)Zna (t −h · A,an)− L(−an)(−an)Zn(t −h · A,−an)

}
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− K (−A)

{∫ an

−an

Zn(t +h · A, y)dL( y)+ L(an)(an)Zn(t +h · A,an)

− L(−an)(−an)Zn(t +h · A,−an)

}
.

If we apply the same operation to Y1,n with Bn{T (x, y)} instead of Zn(x, y) and use
Lemma 2.2, we finally obtain

sup
0�t�1

h1/2g(t)1/2|Y0,n(t)−Y1,n(t)| =O
{

n−1/2(logn)2
}

a.s. �

LEMMA A.3. ‖Y1,n −Y2,n‖ =Op(h1/2).

Proof. Note that the Jacobian of T (x, y) is f (x, y). Hence

Y1,n(t)−Y2,n(t) =
∣∣∣∣{g(t)h}−1/2

∫∫
�n

ψ{y − l(t)}K{(t − x)/h} f (x, y)dx dy

∣∣∣∣ · |Wn(1,1)|.

It follows that

h−1/2‖Y1,n −Y2,n‖� |Wn(1,1)| ·
∥∥∥g−1/2

∥∥∥
· sup
0�t�1

h−1
∫∫

�n

|ψ{y − l(t)}K{(t − x)/h}| f (x, y)dx dy.

Because ‖g−1/2‖ is bounded by assumption, we have

h−1/2‖Y1,n −Y2,n‖� |Wn(1,1)| ·C4 ·h−1
∫

K{(t − x)/h}dx =Op(1). �

LEMMA A.4. ‖Y2,n −Y3,n‖ =Op(h1/2).

Proof. The difference |Y2,n(t)−Y3,n(t)| may be written as∣∣∣∣{g(t)h}−1/2
∫∫

�n

[ψ{y − l(t)}−ψ{y − l(x)}]K{(t − x)/h}dWn{T (x, y)}
∣∣∣∣ .

If we use the fact that l is uniformly continuous, this is smaller than

h−1/2|g(t)|−1/2 ·Op(h),

and the lemma thus follows. n

LEMMA A.5. ‖Y4,n −Y5,n‖ =Op(h1/2).

Proof.

|Y4,n(t)−Y5,n(t)| = h−1/2

∣∣∣∣∣
∫ [{ g(x)

g(t)

}1/2
−1

]
K{(t − x)/h}dW(x)

∣∣∣∣∣
� h−1/2

∣∣∣∣∣
∫ A

−A
W (t −hu)

∂

∂u

[{
g(t −hu)

g(t)

}1/2
−1

]
K (u)du

∣∣∣∣∣



1198 WOLFGANG K. HÄRDLE AND SONG SONG

+h−1/2

∣∣∣∣∣K (A)W (t −h A)

[{
g(t − Ah)

g(t)

}1/2
−1

]∣∣∣∣∣
+h−1/2

∣∣∣∣∣K (−A)W (t +h A)

[{
g(t + Ah)

g(t)

}1/2
−1

]∣∣∣∣∣
S1,n(t)+ S2,n(t)+ S3,n(t), say.

The second term can be estimated by

h−1/2‖S2,n‖� K (A) · sup
0�t�1

|W (t − Ah)| · sup
0�t�1

h−1

∣∣∣∣∣
[{

g(t − Ah)

g(t)

}1/2
−1

]∣∣∣∣∣ .
By the mean value theorem it follows that

h−1/2‖S2,n‖ =Op(1).

The first term S1,n is estimated as

h−1/2S1,n(t) =
∣∣∣∣∣h−1

∫ A

−A
W (t −uh)K ′(u)

[{
g(t −uh)

g(t)

}1/2
−1

]
du

· 1

2

∫ A

−A
W (t −uh)K (u)

{
g(t −uh)

g(t)

}1/2{ g′(t −uh)

g(t)

}
du

∣∣∣∣∣
= |T1,n(t)− T2,n(t)|, say;

‖T2,n‖ � C5 · ∫ A−A |W (t − hu)|du = Op(1) by assumption on g(t) = σ 2(t) · fX (t). To
estimate T1,n we again use the mean value theorem to conclude that

sup
0�t�1

h−1

∣∣∣∣∣
{

g(t −uh)

g(t)

}1/2
−1

∣∣∣∣∣< C6 · |u|;

hence

‖T1,n‖� C6 · sup
0�t�1

∫ A

−A
|W (t −hu)|K ′(u)u/du =Op(1).

Because S3,n(t) is estimated as S2,n(t), we finally obtain the desired result. n

The next lemma shows that the truncation introduced through {an} does not affect the
limiting distribution.

LEMMA A.6. ‖Yn −Y0,n‖ =Op{(logn)−1/2}.
Proof. We shall only show that g′(t)−1/2h−1/2 ∫∫

R−�n
ψ{y − l(t)}K{(t − x)/h}d Zn

(x, y) fulfills the lemma. The replacement of g′(t) by g(t) may be proved as in Lemma A.4
of Johnston (1982). The preceding quantity is less than h−1/2‖g−1/2‖ ·‖∫∫{|y|>an} ψ{y −
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l(·)}K{(·− x)/h}d Z(x, y)‖. It remains to be shown that the last factor tends to zero at a
rate Op{(logn)−1/2}. We show first that

Vn(t) = (logn)1/2h−1/2
∫∫

{|y|>an}
ψ{y − l(t)}K{(t − x)/h}dZn(x, y)

p→ 0 for all t,

and then we show tightness of Vn(t). The result then follows:

Vn(t) = (logn)1/2(nh)−1/2
n

∑
i=1

[ψ{Yi − l(t)}1(|Yi | > an)K{(t − Xi )/h}

−Eψ{Yi − l(t)}1(|Yi | > an)K{(t − Xi )/h}]

=
n

∑
i=1

Xn,t (t),

where {Xn,t (t)}n
i=1 are i.i.d. for each n with E Xn,t (t) = 0 for all t ∈ [0,1]. We then have

E X2
n,t (t)� (logn)(nh)−1Eψ2{Yi − l(t)}1(|Yi | > an)K 2{(t − Xi )/h}

� sup
−A�u�A

K 2(u) · (logn)(nh)−1Eψ2{Yi − l(t)}1(|Yi | > an).

Hence

Var{Vn(t)} = E
{

n

∑
i=1

Xn,t (t)

}2

= n ·E X2
n,t (t)

� sup
−A�u�A

K 2(u)h−1(logn)

∫
{|y|>an}

fy( y)dy · Mψ,

where Mψ denotes an upper bound for ψ2. This term tends to zero by Assumption (A3).
Thus by Markov’s inequality we conclude that

Vn(t)
p→ 0 for all t ∈ [0,1].

To prove tightness of {Vn(t)} we refer again to the following moment condition as stated
in Lemma A.1:

E{|Vn(t)− Vn(t1)| · |Vn(t2)− Vn(t)|}� C ′ · (t2 − t1)2

C ′ denoting a constant, t ∈ [t1, t2].

We again estimate the left-hand side by Schwarz’s inequality and estimate each factor
separately:

E{Vn(t)− Vn(t1)}2 = (logn)(nh)−1E

[
n

∑
i=1

�n(t, t1, Xi ,Yi ) ·1(|Yi | > an)

−E{�n(t, t1, Xi ,Yi ) ·1(|Yi | > an)}
]2

,
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where �n(t, t1, Xi ,Yi ) = ψ{Yi − l(t)}K{(t − Xi )/h} − ψ{Yi − l(t1)}K{(t1 − X1)/h}.
Because ψ , K are Lipschitz continuous except at one point and the expectation is taken
afterward, it follows that

[E{Vn(t)− Vn(t1)}2]1/2

� C7 · (logn)1/2h−3/2|t − t1| ·
{∫

{|y|>an}
fy(y)dy

}1/2
.

If we apply the same estimation to Vn(t2)− Vn(t1) we finally have

E{|Vn(t)− Vn(t1)| · |Vn(t2)− Vn(t)|}

� C2
7 (logn)h−3|t − t1||t2 − t |×

∫
{|y|>an}

fy(y)dy

� C ′ · |t2 − t1|2 because t ∈ [t1, t2] by Assumption (A3). �

LEMMA A.7. Let λ(K ) = ∫ K 2(u)du and let {dn} be as in Theorem 2.2. Then

(2δ logn)1/2[‖Y3,n‖/{λ(K )}1/2 −dn]

has the same asymptotic distribution as

(2δ logn)1/2[‖Y4,n‖/{λ(K )}1/2 −dn].

Proof. Y3,n(t) is a Gaussian process with

EY3,n(t) = 0

and covariance function

r3(t1, t2) = EY3,n(t1)Y3,n(t2)

= {g(t1)g(t2)}−1/2h−1
∫∫

�n

ψ2{y − l(x)}K{(t1 − x)/h}

× K{(t2 − x)/h} f (x, y)dx dy

= {g(t1)g(t2)}−1/2h−1
∫∫

�n

ψ2{y − l(x)} f (y|x)dyK{(t1 − x)/h}

× K{(t2 − x)/h} fX (x)dx

= {g(t1)g(t2)}−1/2h−1
∫

g(x)K{(t1 − x)/h}K{(t2 − x)/h}dx

= r4(t1, t2),

where r4(t1, t2) is the covariance function of the Gaussian process Y4,n(t), which proves
the lemma. n
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ABSTRACT
Recently, support vector machine (SVM), a novel artifi cial neural network 
(ANN), has been successfully used for fi nancial forecasting. This paper deals 
with the application of SVM in volatility forecasting under the GARCH frame-
work, the performance of which is compared with simple moving average, 
standard GARCH, nonlinear EGARCH and traditional ANN-GARCH models 
by using two evaluation measures and robust Diebold–Mariano tests. The real 
data used in this study are daily GBP exchange rates and NYSE composite 
index. Empirical results from both simulation and real data reveal that, under 
a recursive forecasting scheme, SVM-GARCH models signifi cantly outper-
form the competing models in most situations of one-period-ahead volatility 
forecasting, which confi rms the theoretical advantage of SVM. The standard 
GARCH model also performs well in the case of normality and large sample 
size, while EGARCH model is good at forecasting volatility under the high 
skewed distribution. The sensitivity analysis to choose SVM parameters 
and cross-validation to determine the stopping point of the recurrent SVM 
procedure are also examined in this study. Copyright © 2009 John Wiley & 
Sons, Ltd.

key words  (recurrent) support vector machine; GARCH model; volatility 
forecasting; Diebold–Mariano test

INTRODUCTION

Volatility is important in fi nancial markets since it is a key variable in portfolio optimization, securi-
ties valuation and risk management. Much attention of academics and practitioners has been focused 
on modeling and forecasting volatility in the last few decades (see Franses and McAleer, 2002, and 
Poon and Granger, 2003, for a comprehensive review). So far in the literature, the predominant 
model of the past is the GARCH model by Bollerslev (1986), who generalizes the seminal idea on 
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ARCH by Engle (1982), and its various extensions; see Li et al. (2002) for recent surveys of the 
models. The GARCH family models, together with the simplest historical price model prevalent in 
the pre-GARCH era1 and stochastic volatility model studied a decade later than GARCH develop-
ment,2 comprise one of the two broad categories of methods widely used in volatility forecasting, 
the so-called time series volatility model; another is the market determined option implied volatility 
model.3 This paper limits itself mainly to the analysis within the GARCH framework.

The popularity of the GARCH model is due to its ability to capture volatility persistence or clus-
tering, supported by many studies (Akgiray, 1989; Bollerslev et al., 1992; West and Cho, 1995; 
Andersen and Bollerslev, 1998; Marcucci, 2005). However, some empirical studies report that the 
GARCH model provides poor forecasting performance (Jorion, 1995, 1996; Brailsford and Faff, 
1996; Figlewski, 1997; McMillan et al., 2000; Choudhry and Wu, 2008). To improve the forecasting 
ability of the GARCH model, some alternative approaches have been advocated by innovating the 
model specifi cation and estimation,4 by using different evaluation metrics and defi nitions of realized 
volatility,5 or by enriching the informational content of the model.6

As for GARCH model specifi cation and estimation, for example, many fi nancial returns are 
skewed distributed and nonlinearly dependent such that the linear GARCH model cannot cope with 
them and therefore forecast of symmetric GARCH model would be biased (Pagan and Schwert, 
1990; Bollerslev et al., 1992). To deal with this problem the regime-switching (RS) volatility model 
is proposed to detect nonlinear behavior in the variance by various tests for asymmetry or threshold 

1 This includes simple moving average method, exponential smoothing method, random walk model, ARMA model, 
exponentially weighted moving average (EWMA) method and its current extension of RiskmetricsTM model, etc.
2 The stochastic volatility (SV) model has an additional innovative term in the volatility dynamics (Taylor, 1986). For a 
detailed discussion on the SV model and its relation to the GARCH class models, see the survey articles by Ghysels et al. 
(1996) and Chib et al. (2002), among others.
3 The time series volatility model is based on historical price information only, while the option implied volatility (IV) model 
uses market traded option information alone or in addition to historical price sets to forecast volatility. Many studies examine 
the relative performance of the IV model to forecasting volatility (Day and Lewis, 1992; Lamoureux and Lastrapes, 1993; 
Pong et al., 2004; Dotsis et al., 2007; Becker et al., 2009; Neely, 2009). This paper limits itself mainly to analysis within 
the GARCH framework.
4 Except for the introduction below, other relatively sophisticated GARCH models and estimations include the multivariate 
GARCH model (Bauwens et al., 2006; Rosenow, 2008), outlier-corrected GARCH model (Park, 2002; Zhang and King, 
2005; Ané et al., 2008), Markov chain Monte Carlo (MCMC) sampling techniques to estimate the GARCH model (Gerlach 
and Tuyl, 2006), other semiparametric or nonparametric specifi cation and estimation such as genetic algorithm, wavelet 
smoother, kernel density etc. (Franke et al., 2004; Lux and Schornstein, 2005; Renò, 2006; Chen et al., 2008; Feng and 
McNeil, 2008; Corradi et al., 2009) and combination forecasts from competing approaches (Hu and Tsoukalas, 1999; Dunis 
and Huang, 2002).
5 Many studies fi nd that the relative accuracy of various models is also highly sensitive to the measures used to evaluate 
them (Taylor, 1999; Brooks and Persand, 2003). Most comparisons are based on the average fi gure of mean absolute error 
(MAE) and mean square error (MSE) etc. Diebold and Mariano (1995) and West (1996) show how standard errors for MAE 
and MSE are derived taking into account serial correlation in the forecast errors for statistical inference. Lehar et al. (2002) 
applies value-at-risk (VaR)-oriented evaluation measures to compare the out-of-sample performance. In addition to the sym-
metric measures of MAE and MSE, Balaban (2004) also uses asymmetric evaluation criteria such as mean mixed error sta-
tistics to compare the forecasting performance, penalizing under/over-predictions of volatility more heavily. Recent research 
has also suggested that this relative failure of GARCH models arises not from a failure of the model but a failure to specify 
correctly the true volatility measure against which forecasting performance is measured. It is argued that the standard 
approach of using ex post daily squared returns as the measure of true volatility includes a large noisy component. An alter-
native measure for true volatility has therefore been suggested based on the cumulative squared returns from intra-day data, 
also referred to as realized, or integrated volatility (Andersen and Bollerslev, 1998; Andersen et al., 2003; Meddahi, 2003; 
McMillan and Speight, 2004; Galbraith and Kisinbay, 2005; Ghysels et al., 2006).
6 In many instances, the researchers fi nd the inclusion of implied volatility or trade volume as an exogenous variable in the 
framework of the GARCH model to be benefi cial (Brooks, 1998; Fleming, 1998; Blair et al., 2001; Koopman et al., 2005; 
Gospodinov et al., 2006; Becker et al., 2007).
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nonlinearity (Franses and Dijk, 2000). The fi rst class of RS volatility model assumes that the regime 
can be determined by an observable variable, including the nonlinear exponential GARCH (EGARCH) 
model of Nelson (1991), threshold GJR-GARCH model of Glosten et al. (1992) and quadratic 
GARCH model of Engle et al. (1993) and Sentana (1995). The second class of RS model for volatil-
ity implements GARCH with a Hamilton (1989) type framework that assumes the regime is the 
realization of a hidden Markov chain, such as (double) Markov switching GARCH model of Gray 
(1996), Klaassen (2002) and Chen et al. (2008).

Both the linear and nonlinear GARCH model described above are parametric and normally esti-
mated jointly by maximum likelihood estimation (MLE). That is, they make specifi c assumptions 
about the functional form of the data generation process and the distribution of error terms that is 
necessary for MLE. Such parametric models are easy to estimate and readily interpretable, but these 
advantages may come at a cost. Perhaps nonparametric models are better representations of the 
underlying data generation process. Instead of specifying a particular functional form and making a 
priori distributional assumption, the nonparametric model will search for the best fi t over a large set 
of alternative functional forms. Thus, in the literature, many nonlinear nonparametric GARCH 
models are developed and still developing fast, among which the artifi cial neural network (ANN) is 
extensively used. This paper focuses on one of the neural network algorithms, the support vector 
machine (SVM), and investigates its forecasting ability of volatility as compared with the simplest 
moving average method, standard linear GARCH model, nonlinear EGARCH model and traditional 
recurrent ANN-based nonlinear GARCH model. The moving average method is chosen as the 
benchmark because some studies fi nd that it provides more accurate forecasts than GARCH models 
(Dimson and Marsh, 1990; Tse and Tung, 1992; Figlewski, 1997). Among the number of nonlinear 
parametric GARCH models the EGARCH model is also the most commonly used (Cao and Tsay, 
1992; Cumby et al., 1993; Heynen and Kat, 1994; Chong et al., 1999; Hu and Tsoukalas, 1999; 
Gokcan, 2000; Balaban, 2004).

In recent years, ANN has been successfully used for forecasting fi nancial time series; for 
recent work, see Fernandez-Rodriguez et al. (2000), Qi and Wu (2003), and Pantelidaki and 
Bunn (2005). The studies in favor of ANN-based GARCH model as opposed to parametric 
GARCH model in forecasting conditional volatility include Donaldson and Kamstra (1997), 
Schittenkopf et al. (2000), Taylor (2000), Dunis and Huang (2002), Hamid and Iqbal (2004), Ferland 
and Lalancette (2006), Tseng et al. (2008). However, the traditional ANN algorithm also suffers 
from its own weaknesses such as the need for many controlling parameters, diffi culty in obtaining 
a global solution and the danger of over-fi tting (Tay and Cao, 2001). Thus, SVM that can obtain a 
unique global solution by solving a quadratic programming is developed by Vapnik and his co-
workers (1995, 1997). Naturally, SVM also keeps the advantages of conventional ANN such as the 
fl exibility in approximating any nonlinear function arbitrarily well, without a priori assumptions 
about the properties of the data and without the requirement of large sample size that MLE-based 
parametric GARCH models have. Unlike traditional ANN implementing the empirical risk minimi-
zation (ERM) principle, the most particular principle of SVM is to implement the structural risk 
minimization (SRM), which seeks to achieve a balance between the training error and generalization 
error, leading, theoretically, to better forecasting performance than traditional ANN (Gunn, 1998; 
Haykin, 1999). Recently, SVM has gained popularity in predicting fi nancial variables owing to such 
attractive features (Cao and Tay, 2001; Härdle et al., 2005, 2007; Chen et al., 2009). Pérez-Cruz 
et al. (2003) also propose an SVM-based GARCH (1, 1) model and shows that it provides better 
volatility forecasts than the standard GARCH model. However, they use the feedforward SVM 
procedure, which has the same structure as the autoregressive (AR) process and has poor ability 
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to model a long-time memory. Inspired by the merit of recurrent ANN (Kuan and Liu, 1995; Dunis 
and Huang, 2002; Bekiros and Georgoutsos, 2008), in this paper we propose a recurrent SVM pro-
cedure which can model the ARMA process and apply it to forecast the conditional variance equation 
of the GARCH model in real data analysis.

The forecasting accuracy of the recurrent SVM-based GARCH model in one-period-ahead volatil-
ity forecasting is compared with the competing models in terms of two evaluation metrics of mean 
absolute error (MAE) and directional accuracy (DA). The statistical hypothesis of equal forecasting 
accuracy between pairwise models is also investigated by using the Diebold and Mariano (1995) 
test, calculated according to the Newey–West procedure (Newey and West, 1987). The Diebold and 
Mariano (DM) test is one of the most important contributions to the study of out-of-sample forecast-
ing accuracy evaluation over the past two decades, and has been further generalized and extensively 
used in many studies since then (Corradi and Swanson, 2004; Awartani and Corradi, 2005; Preminger 
and Franck, 2007; Taylor, 2008; Groen et al., 2009; Wong and Tu, 2009).

This paper is organized as follows. The next section briefl y introduces the theory of SVM. The 
third section specifi es the empirical model and forecasting scheme. The fourth section uses the Monte 
Carlo simulation to evaluate how the models perform under controlled conditions. The fi fth section 
describes the GBP exchange rates and NYSE composite index data and discusses the volatility 
forecasting performance of all models for the real data. The paper concludes with the sixth 
section.

SUPPORT VECTOR MACHINE

The support vector machine (SVM) originates from Vapnik’s statistical learning theory (Vapnik, 
1995, 1997), which has the design of a feedforward network with an input layer, a single hidden 
layer of nonlinear units and an output layer, and formulates the regression problem as a quadratic 
programming (QP) problem. SVM estimates a function by nonlinearly mapping the input space into 
a high-dimensional hidden space and then running the linear regression in the output space. Thus, 
the linear regression in the output space corresponds to a nonlinear regression in the low-dimensional 
input space. The theory denotes that if the dimensions of feature space (or hidden space) are high 
enough, SVM may approximate any nonlinear mapping relations. As the name implies, the design 
of the SVM hinges upon the extraction of a subset of the training data that serves as support vectors, 
which represent a stable characteristic of the data.

Given a training dataset (xt, yt), where input vector xt ∈� p and output scalar yt ∈�1. Indeed, the 
desired response y, known as a ‘teacher’, represents the optimum action to be performed by the 
SVM. We aim at fi nding a sample regression function f(x), or denoted by ŷ, as below to approximate 
the latent, unknown decision function g(x):

 f bTx w x( ) = ( ) +φ  (1)

where the superscript T is a transposing operator that should be differentiated from the sample size 
T of the time series used later in this paper. In equation (1), f(x) = [f1(x),  .  .  .  , fl(x)]T, w = [w1,  .  .  .  , 
wl]T. The f(x) is known as the nonlinear transfer function which represents the features of the input 
space and projects the inputs into the feature space. The dimension of the feature space is l, which 
is directly related to the capacity of the SVM to approximate a smooth input–output mapping; the 
higher the dimension of the feature space, the more accurate the approximation will be. Parameter 
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w denotes a set of linear weights connecting the feature space to the output space, and b is the 
threshold.

To get the function f(x), the optimal w* and b* have to be estimated from the data. First, we defi ne 
a linear e-insensitive loss function, Le, originally proposed by Vapnik (1995):

 L y f
y f y f

ε
ε ε

x x
x x

, , ( )( ) =
− ( ) − − ( ){ for

otherwise

�

0
 (2)

This function indicates the fact that it does not penalize errors below e. The training points within 
the e-tube have no loss and do not provide any information for decision. Therefore, these points do 
not appear in the decision function f(x). Only those data points located on or outside the e-tube will 
serve as the support vectors and are fi nally used to construct the f(x). This property of sparseness 
algorithm results only from the e-insensitive loss function and greatly simplifi es the computation of 
SVM. The non-negative slack variables, x and x ′ (below or above the e-tube, or denoted together 
by x(′); see Figure 1) are employed to describe this kind of e-insensitive loss.

The derivation of SVM follows the principle of structural risk minimization (SRM) that is rooted 
in the Vapnik–Chervonenkis (VC) dimension theory (Haykin, 1999). Structural risk is the upper 
boundary of empirical loss, denoted by e-insensitive loss function, plus the confi dence interval (or 
called margin), which is constructed in equation (3). The primal constrained optimization problem 
of SVM is obtained below:

 min , , ,
, ,w

C w w
∈ ( )∈ ∈ =

′( ) = + + ′( )∑
� � �t T b

t t t t
t

T

b C
ξ

ξ ξ ξ ξ
′ 2

1

2
2

1

 (3)

Figure 1. Principle of structural risk minimization (SRM) of SVM
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such that

 w xt
T

t tb yφ ε ξ( ) + − +�  (4)

 y bt
T

t− ( ) − + ′w xtφ ε ξ�  (5)

 ξ ξt t t T� �0 0 1 2, , , , . . . ,′ =  (6)

The formulation of the cost function C(·) in equation (3) is in perfect accord with the SRM principle, 
which is illustrated in Figure 1 (in which the dark circles are data points extracted as support vectors). 
In equation (3), the fi rst term indicates the Euclidean norm of the weight vector w(⎪⎪w⎪⎪2 = wTw) and 
measures the function fl atness; to minimize it is equivalent to maximizing the separation margin 
(2/⎪⎪w⎪⎪), that is, maximizing the generalization ability. The second term represents the empirical risk 
loss determined by the e-insensitive loss function and is similar to the sum of residual squares in the 
objective function of ANN. Finally, SVM obtains the tradeoff between the two terms; as a result, it 
not only fi ts the historical data well but also forecasts the future data excellently. As shown in Figure 
1, both regression lines 1 and 2 can classify the data points correctly and then minimize the empirical 
loss; however, the separation margin of the two lines are different, in which the  regression line 1 has 
the larger margin. It is the special design of minimizing the structural risk that endows SVM with the 
excellent forecasting ability among all candidates. In addition, the convex quadratic programming and 
linear restrictions in the above primal problem ensure that SVM can always obtain the global unique 
optimal solution, which is different from the usual networks that easily get trapped in local minima. 
The penalty parameter C > 0 controls the penalizing extent on the sample points which lie outside e-
tube. Both e and C, the free parameter of SVM, must be selected by the user.

The corresponding dual problem of the SVM can be derived from the primal problem by using 
the Karush–Kuhn–Tucker conditions as follows:

 min
α

α α α α ε α α
t

T
s s t t s t

t

T

s

T

t tK x x
′( )∈ ==

′ −( ) ′ −( ) ⋅( ) + ′ +( )∑∑
�2

1

2 11 tt

T

t t t
t

T

y
= =
∑ ∑− ′ −( )

1 1

α α  (7)

such that

 α αt t
t

T

− ′( ) =
=
∑

1

0  (8)

 0 1 2� �α αt t Cs t T, , , , . . . ,′ =  (9)

where at and a′t (or at
(′)) are the Lagrange multipliers. The dual problem can be solved more easily 

than the primal problem (Scholkopf and Smola, 2001; Deng and Tian, 2004). Making use of any 
solution of at and a′t, the optimal solutions of the primal problem can be calculated in which w* is 
unique and expressed as follows:

 w xt* = ′ −( ) ( )
=
∑ α α φt t
t

T

1

 (10)
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However, b* is not unique and formulated in terms of different cases. If i ∈{t⎪a t ∈(0, C)}, then

 b y Kt t t
t

T

* = − ′ −( ) ⋅( ) +
=
∑ α α εx xt i

1

 (11)

If j ∈{t⎪a ′t ∈(0, C)}, then

 b y Kj t t
t

T

* = − ′ −( ) ⋅( ) −
=
∑ α α εx xt j

1

 (12)

The cases of both i, j ∈{t⎪a t
(′) = 0} and i, j ∈{t⎪a t(′) = C} rarely occur in reality.

Thus the regression decision function f(x) will be computed by using w* and b* in the following 
forms:

 

f b

b

K

t t
T

t

T

t t

x w x( ) = ( ) +

= ′ −( ) ( ) ( ) +

= ′ −( ) ( )

=
∑

* *

*

T

t

t

x x

x x

φ

α α φ φ

α α

1

, ++
=
∑ b
t

T

*
1

 (13)

where K(xt, x) = fT(xt)f(x) is the inner-product kernel function. In fact, the SVM theory considers 
only the form of K(xt, x) in the feature space without specifying explicitly f(x) and without computing 
all corresponding inner products. Therefore, the kernel function greatly reduces the computational 
complexity of high-dimensional hidden space and becomes the crucial part of SVM. The func-
tion which satisfi es the Mercer theorem can be chosen as the SVM kernel. No analytical method 
is currently available to determine the most suitable kernel for a particular dataset. This paper 
experiments with three different kernels to investigate the effect of a kernel type in Monte 
Carlo simulation:

 Linear: K t
Tx x x xt,( ) =  (14)

 Polynomial: K T d
x x x xt,( ) = +( )t 1  (15)

 Gaussian: K x x
x x

t
t, exp( ) = − −⎛

⎝⎜
⎞
⎠⎟

2

22σ  (16)

where d and s 2 are the parameters for the polynomial and Gaussian kernel. Before implementation 
of the SVM, the appropriate values of the coeffi cients e, C, d and s 2 must be determined in advance 
through cross-validation. The sensitivity analysis of the parameters and the kernel type will be illus-
trated by using the simulated data below (‘Monte Carlo Simulation’).
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EMPIRICAL MODELING

In this study, the forecasts are obtained fi rst by applying the Monte Carlo Simulation, following the 
suggestions in Andersen and Bollerslev (1998) and Clements and Smith (1999, 2001). The main 
motivation for conducting a simulation experiment is that, since the true volatility is known, the 
candidate volatility measures can be compared with certainty. We then fi t each of the models to the 
daily returns on the GBP exchange rate and NYSE stock indexes and forecast their respective 
volatility. The empirical modeling and forecasting scheme described below are employed for both 
simulation and real data.

Model specifi cation
In this paper the real data we analyze are the daily fi nancial returns, yt, converted from the 
corresponding price or index, It, using continuous compounding transformation as

 y I It t t= × −( )+100 1log log  (17)

Empirical fi ndings suggest that GARCH is a more parsimonious model than ARCH, and GARCH 
(1, 1) specifi cation is suffi cient to model the variance changing over long sample periods and has 
become the most popular structure when capturing fi nancial volatility (Akgiray, 1989; Franses and 
Dijk, 1996; Brooks, 1998; Gokcan, 2000; Andersson, 2001; Brooks and Persand, 2003; Poon and 
Granger, 2003; Gerlach and Tuyl, 2006). As such, throughout the paper, the analysis is restricted to 
the case of the GARCH (1, 1) process for the second conditional variance function and the AR(1)7 
process for the conditional mean equation, for the sake of candidate comparison under the same 
conditions.

Thus the linear standard GARCH (1, 1) model is specifi ed as follows:

 y c y u u N ht t t t t= + + ( )−φ1 1 0~ ,  (18a)

 h h ut t t= + +− −κ δ α1 1 1 1
2  (18b)

where c, f1, k, d1 and a1 are constant parameters. Such restrictions on the parameters that k, d1 and 
a1 are non-negative and d1 + a1 < 1 prevent negative variances (Bollerslev, 1986).

All odd moments of ut in the standard GARCH model equal zero, and hence ut and yt are sym-
metric time series. The nonlinear EGARCH (1, 1) model that is able to capture the asymmetry is 
similar to the linear GARCH model but the ht process is given by

 log logh h
u

h

u

h
t t

t

t

t

t

( ) = + ( ) + −⎛
⎝⎜

⎞
⎠⎟ +−

−

−

−

−

κ δ α π β1 1 1
1

1

1
1

1

2  (19)

where k, d1, a1 and b1 are the constant parameters. The EGARCH model is fundamentally different 
from the standard GARCH model in that the standardized innovation serves as the forcing variable 
for the conditional variance. Also, there are no restrictions on the parameters to ensure non-negativity 

7 Franses and Dijk (1996) also denote that the order of autoregression in the fi rst conditional mean equation of the GARCH 
framework is usually 0 or small. Thus, the order 1 is specifi ed for this study.
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of the variances. The coeffi cient b1 is introduced to capture the asymmetry. If b1 = 0, a positive return 
shock has the same effect on ht as the negative return shock of the same amount; if b1 < 0, a positive 
return shock actually reduces ht; if b1 > 0, then a positive return shock increases ht. Previous studies 
have viewed this coeffi cient as typically negative, indicating that negative return shocks normally 
generate more volatility than positive return shocks, so generating the so-called leverage effect.

The conditional variance of ut is given by ht = Et−1u
2
t  = û2

t⎪t−1. Roughly speaking, in a GARCH 
process the conditional variances can be modeled by an ARMA type process (Franses and Dijk, 
1996). For instance, the ARMA process of the conditional variance of ut in a linear GARCH model 
can be expressed as below (Hamilton, 1997; Enders, 2004):

 u u w wt t t t
2

1 1 1
2

1 1= + +( ) + −− −κ δ α δ  (20)

where wt ≡ u2
t  − û2

t⎪t−1 = u2
t  − ht, which is white noisy error. Inspired by this, the nonparametric recur-

rent ANN and SVM based nonlinear GARCH (1, 1) model is specifi ed as the following form:

 y f y ut t t= ( ) +−1  (21a)

 u g u w wt t t t
2

1
2

1= ( ) +− −,  (21b)

where f(·) and g(·) are nonlinear nonparametric function forms for conditional mean and variance 
equations, respectively. Note that equation (21b) is adopted for the analysis of real data because the 
actual volatility ht is unobservable, while in the case of simulation the conditional variance equation 
is just specifi ed as ht = f (ht−1, u2

t−1) due to ht being known. Because of the way GARCH (1, 1) class 
models are constructed, the volatility is known at time t − 1. Thus the one-step-ahead forecast of 
volatility is readily available.

The moving average method uses weighted moving averages of past squared innovations to fore-
cast volatility (Niemira and Klein, 1994). For simulated data, the moving average forecast for the 
next-day volatility, using the fi ve most recent observations, is expressed as

 û ut j
j t

t

+
= −

= ∑1
2 2

4

1

5
 (22)

For real data, the moving average forecast for the next-day volatility is expressed as (Engle et al., 
1993)

 ˆ ,u y yt j t
j t

t

+
= −

= −( )∑1
2

5
2

4

1

5
 (23)

where

 
y yt j

j t

t

5
4

1

5
, =

= −
∑

The recurrent ANN used in this study is the feedback multilayer perceptrons (MLP) network with 
the addition of a global feedback connection from the output layer to its input space. We specify 
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this kind of recurrent back-propagation network with the following architecture: one nonlinear 
hidden layer with four neurons, each using a tan-sigmoid differentiable transfer function to generate 
the output, and one linear output layer with one neuron. As a training algorithm, the fast training 
Levenberg–Marquardt algorithm is chosen. The value of the learning rate parameter used in the 
training process is set to be 0.05. These specifi cations and choices are standard in the neural network 
literature.

Recurrent SVM procedure
As Haykin (1999) said, the standard SVM described above usually appears in the design of a simple 
network in which an input layer of source nodes projects onto an output layer of computation 
node, but not vice versa (see Figure 2(a)). This process is known as feedforward SVM and could be 
easily employed to estimate such AR process as the fi rst conditional mean function (21a), 
yt = f(yt−1) + ut, and the second conditional variance function in the situation of simulation, ht = 
f (ht−1, u2

t−1). However, because the unobservable error term wt is introduced into the GARCH 
model which indeed exhibits the nonlinear ARMA process, how to estimate the conditional volatility 
model (21b) for real data?

To estimate the nonlinear ARMA model, a feedback process of SVM with unobservable moving 
average part as inputs, not addressed before our application8, has to be described, which distinguishes 
itself from feedforward SVM in that it has at least one feedback loop (see Figure 2(b)). In this paper, 
we abuse terminology and refer to this process as ‘recurrent SVM’. The feedback loops involve the 
use of particular branches composed of one-delay operator, z−1, which result in nonlinear dynamical 
behavior and have a profound impact on the learning capability of SVM. Thus the recurrent SVM 
will capture more dynamic characteristics of yt than does feedforward SVM.

To overcome the problem that the series of error term wt is unavailable, we employ the model 
residuals as estimates of the errors in an iterative way, which is similar to the way that the linear 
ARMA model is iteratively estimated by MLE (Box et al., 1994; Hamilton, 1997). Likewise, the 

Figure 2. Signal-fl ow graphs of feedforward and recurrent SVM. (a) Signal-fl ow graph of a feedforward SVW. 
(b) Signal-fl ow graph of a single-loop recurrent SVW

8 Suykens and Vandewalle (2000) proposed the algorithm of recurrent least squares SVM. The difference between the two 
recurrent SVM algorithms is their sparseness solutions.
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error term is initially set to be its expectation: zero. The empirical procedure of the recurrent SVM 
executed during the training phase is described as follows. The letter i indicates the iterative epoch 
and t denotes the period:

• Step 1: Set i = 1 and star with all residuals at zero: wt
(1) = 0.

• Step 2: Run an SVM procedure to get the decision function f (i) to the points {xt, yt} = {u2
t−1, u2

t} 
with all inputs xt = {u2

t−1, w(i)
t−1}.

• Step 3: Compute the new residuals wt
(i+1) = u2

t  − f (i).
• Step 4: Terminate the computational process when the stopping criterion is satisfi ed; otherwise, 

set i = i + 1 and go back to Step 2.

Note that the fi rst iterative epoch is in fact a feedforward SVM process and results in an AR (1) 
model and that the following epochs provide results of the ARMA (1, 1) model, being estimated by 
the recurrent SVM.

In general, the procedure cannot be shown to converge, and there are no well-defi ned criteria for 
stopping its operation. Rather, some reasonable criteria can be found, although with its own practical 
drawback, which may be used to terminate the computational process.

To formulate such a criterion, it is logical to think in terms of the properties of the estimated 
residual series. After suffi ciently long iterative steps, the autocorrelation displayed behind the residu-
als during the fi rst AR epoch should disappear, and the information in the residual behavior has been 
completely adopted and the fi nal residual series should be white noisy. Accordingly, we may suggest 
a sensible convergence criterion for the recurrent SVM procedure as follows:

The recurrent SVM procedure is considered to have converged when the corresponding residuals 
become white noisy, or has no autocorrelation.

To quantify the measurement of white noise, we use the formal hypothesis test, the Ljung–Box–
Pierce Q-test, to investigate a departure from randomness based on the ACF of the residuals. Under 
the null hypothesis of no autocorrelation in residuals, the Q-test statistic is asymptotically distributed 
as chi-square. In fact, we just check the actual p-values (exact level of signifi cance) of the Q-test of 
lag 1. It is reasonable to think there is no higher-order autocorrelation if there is no one-order auto-
correlation in residuals. Only if the p-values of the Q-test for fi ve consecutive epochs are simultane-
ously higher than 0.1 is the iterative computational process stopped. To overcome the drawback of 
this convergence criterion, we use cross-validation to avoid the possible over-fi tting problem; see 
‘Real data analysis’ below for the iterative process in detail.

Forecasting scheme
To illustrate the forecasting scheme, the SVM-GARCH model is also exemplifi ed. First, estimate 
the conditional mean equation (21a) by using the feedforward SVM in the full sample period 
T(1, 2,  .  .  .  , T) to obtain residuals, u1, u2,  .  .  .  , uT. Then, recursively run the SVM-GARCH (1, 1) 
model for squared residuals thus obtained to forecast the one-period-ahead volatility. The 
recursive forecasting scheme is employed with an updating sample window; the estimating and 
forecasting process is carried out recursively by updating the sample with one observation each 
time, rerunning the SVM approach and recalculating the model parameters and corresponding 
forecasts. Here, the SVM approach to estimate the conditional volatility is feedforward for simula-
tion and recurrent, as described in the above subsection, for real data. The fi rst training sample is 
u2

1, u2
2,  .  .  .  , u2

T1
 (T1 < T). The observations of T − T1 are retained as a forecasting or test sample. 
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Therefore, we can estimate and forecast the SVM-based conditional volatility equation for n = T − T1 
times. We set n = 60 for both simulation and real data in this study. Thus, 60 one-period-ahead 
forecast volatilities, û2

T−59, û2
T−58,  .  .  .  , û2

T−1, û2
T, will be acquired for out-of-sample forecasting 

evaluation.

Evaluation measures and pairwise comparison of competing models
We evaluate the forecasting performance using two standard statistical criteria: mean absolute fore-
cast error (MAE) and directional accuracy (DA), expressed as follows (Brooks, 1998; Moosa, 
2000):

 MAE = −+ +
=

−

∑1
1

2
1

2
1

1
n

u ut t
t T

T

ˆ  (24)

 DA %( ) =
=

−

∑100

1

1

n
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t T

T
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2 2
1

2 2ˆ ˆ �

otherwise

MAE measures the average magnitude of forecasting error which disproportionately weights 
large forecast errors more gently relative to MSE; and DA measures the correctness of the 
turning point forecasts, which gives a rough indication of the average direction of the forecast 
volatility.

The fundamental problem with the evaluation of volatility forecasts of real data is that volatility 
is unobservable and so actual values with which to compare the forecasts do not exist. Therefore, 
researchers are necessarily required to make an auxiliary assumption about how the actual ex post 
volatility is calculated. In this paper, we use the square of the return minus its mean value as the 
surrogate of actual volatility against which MAE and DA can be calculated. This approach is similar 
to the standard one, squared returns, because the mean of returns is usually close to zero. The proxy 
of actual volatility in real data is expressed as

 u y yt t
2 2= −( )  (26)

where yt is returns and ȳ is mean of returns. This proxy has been used in many recent papers, such 
as Pagan and Schwert (1990), Day and Lewis (1992), Chan et al. (1995), West and Cho (1995), 
Chong et al. (1999), Brooks (2001) and Brooks and Persand (2003).

To test for equal forecasting accuracy of two competing models, we use the two-sided DM test 
statistic proposed by Diebold and Mariano (1995) for the difference of MAE loss function. The null 
and alternative hypotheses in this case are

 H versus H0 1 0 1 1 00 0: MAE MAE MAE MAE− = − ≠:
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where the subscript 0 denotes the benchmark model and 1 the competing model. The DM statistic 
in a robust form is then based on the following large sample statistic:

 DM = − − −( ) ( )+ + + +
=

−

∑1 1
0 1

2
1

2
1 1
2

1
2

0 1
2

1

1n S
u u u u Nt t t t

t T

T

ˆ
ˆ ˆ ~ ,, ,  (27)

where Ŝ 2 denotes a heteroscedasticity and autocorrelation consistent (HAC) robust (co)variance 
matrix which is estimated according to the Newey–West procedure (Newey and West, 1987). We 
use Andrews’ (1991) approximation rule to automatically select the number of lags for the HAC 
matrix. If n grows at a rate such that as T → ∞, n → ∞ and n/T1 → 0, then the DM statistic converges 
in distribution to a standard normal.

MONTE CARLO SIMULATION

Data-generating process
In this section we investigate the forecasting performance of all candidates using artifi cial simulated 
data under controlled conditions. To generate the data, we fi rst need to parameterize the GARCH 
(1, 1) model in equation (18) with the following settings (c, f1, k, d1, a1) = (0, 0.5, 0.0005, 0.8, 0.1) 
for medium persistence and a disturbance term ut distributed fi rst as Gaussian and then as a Student’s 
t with fi ve degrees of freedom (kurtosis = 5). The second distribution tries to model the skewness 
and excess of kurtosis that usually appears in real fi nancial series. Using the same specifi ed models, 
two artifi cial samples of size 500 and 1000 are created under a two-distributions assumption, giving 
a total of four situations. To limit the computational burden, each situation is replicated only 50 
times. Then the multiple simulated yt and ht are 500 × 50 and 1000 × 50 element matrices for 
different distribution.

Parameter selection
The use of cross-validation is appealing particularly when we have to design a somewhat complex 
approach with good generalization as the goal. For example, here we may use cross-validation to 
determine the values of free parameters of SVM with the best performance. One series of 50 simu-
lated returns and volatility of 1000 size and Student’s t distribution, one of the four situations, is 
exemplifi ed as below. The fi rst training data, that is, the former 940 observations, are used to deter-
mine the appropriate values taken by the free parameters. The training data are further randomly 
partitioned into two disjoint subsets: estimating sample and validating sample (700 and 240 observa-
tions, respectively).

As shown above, two free parameters (e and C) and two kernel coeffi cients (d and s 2) have to be 
selected by users before running the SVM procedure. The motivation for using cross-validation here 
is to validate the model on a dataset different from the one used for parameter estimation. In this 
way we may use the training set to assess the performance of various values of parameters, and 
thereby choose the best one. The sensitivity investigation of SVM (represented by the generalization 
error, MAE) with respect to four parameters is illustrated in Figures 3 and 4 for conditional mean 
and variance estimation, respectively.

Figure 3 describes the sensitivity analysis for the conditional mean equation. Parameter C varies 
from a very small value of 0.0001 to infi nity, with e being fi xed at 0.0001 and s 2 0.4. Clearly, when 
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C = 0.05, MAE of the validation sample obtains the lowest value, 0.046. Parameter e takes values 
in the range [0.00001, 0.00005, 0.0001, 0.0003, 0.0005, 0.0007, 0.0009, 0.001, 0.005, 0.01, 0.05, 
0.1], with C = 0.05 and s 2 = 0.4. The values of e to the left of the point = 0.0001 have no infl uence 
on the performance of SVM. Coeffi cient s 2 varies from values of 0.001 to 1000, with C being 0.05 
and 0.0001. Obviously, the value of s 2 = 0.4 leads to the best validation performance. If we set C 
= 0.05 and 0.0001 and the polynomial kernel parameter d = [0.1, 0.5, 1, 2, 3, 4, 5, 6, 7, 8, 10, 100], 
the validating MAE attains the minima when d = 8; after that, over-fi tting the training set occurs. 
Note that the polynomial kernel with d = 1 is similar to the linear kernel. Thus, the appropriate 
parameters of SVM for the conditional mean returns are: C = 0.05, e = 0.0001, s 2 = 0.4 and 
d = 8.

Figure 4 describes the parameter selection process for conditional variance series. Similar to the 
return series, the MAE of both estimating and validating sample decreases as the values of C increase 
and become stable when C takes a value greater than 10; in contrast to C, as the values of e increase, 
both MAE of SVM are considerably more stable before the point of e = 0.0001 and increase slowly, 
and sharply after e = 0.001. The value of s 2 = 0.01 results in the best validation performance; namely, 
its MAE reaches the minimum value, about 0.000065. The values of d taken between 100 and 1000 
have not much effect on the performance of SVM but after that range the over-fi tting phenomenon 
becomes serious. Likewise, when one parameter is analyzed, the others are set to be fi xed. Therefore, 
the correct parameters chosen for the conditional variance series are C = 10, e = 0.00005, s 2 = 0.01 
and d = 250, respectively.
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Thus far we discuss the sensitivity investigation of parameters by using the simulated data with 
1000 observations and t distribution. The parameter selection for the other three random samples is 
similar to this and not reported here to save space.

EFFECT OF KERNEL TYPE AND FORECASTING EVALUATION

There is still the possibility of over-fi tting after training. Therefore, the generalization performance 
of the competing models is further measured and evaluated on the test set, which is different from 
the validation subset. For the simulated data, the forecasting sample is the last 60 observations. For 
each replication, the SVM-based GARCH (1, 1) model and the others are estimated, and the fore-
casting errors are calculated using the forecasting schemes described above. The results of out-of-
sample one-period-ahead volatility forecasting measures for four situations are shown in Table I. 
The reported results are the mean values of 50 independent replications. Table II presents the p-
values of Diebold-Mariano (DM) test for the MAE difference, which are defi ned as the signifi cance 
levels at which the null hypothesis under investigation can be rejected. In calculating the DM sta-
tistic, the null hypothesis of equal forecasting ability is related to the four benchmark models: moving 
average, standard GARCH, EGARCH and traditional ANN models. We report the results of the DM 
test, say DM1, in the third and seventh columns for two simulated series, respectively, under the 
null hypothesis that the absolute forecast error produced by the moving average method is equal to 
those obtained using the other models. DM2, DM3 and DM4 are organized in the same manner and 
show the test results when the benchmark models are respectively the standard GARCH, EGARCH 
and recurrent ANN models. The DM tests in this study are investigated in a robust form, by simply 
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scaling the numerator by a heteroscedasticity and autocorrelation consistent (HAC) (co)variance 
matrix calculated according to Newey-West procedures (Newey and West, 1987).

Table I fi rstly shows the effect of kernel functions on out-of-sample forecasting performance of 
SVM. The linear kernel behaves better in the sample with 500 sizes and t distribution based on DA 
measure. The polynomial kernel is the most suitable for forecasting the t-distributed 1000 sample 
size also based on DA. For all the other six cases, the Gaussian kernel looks promising, however, 
which is not a general conclusion but only true for the case we are studying. As a whole, three types 
of kernel-based SVM have a similar volatility forecasting performance and almost behave better 
than the benchmarks. Since no single kernel function dominates all volatility predictions, practitio-
ners could try any kernel function. In the real data analysis later, for example, we only investigate 
the performance of the Gaussian kernel-based SVM-GARCH model.

Now, based on Table I, we revert to comparing the volatility forecasting ability among all com-
peting models. In terms of the average ranking of MAE measures, the order of the forecasting ability 
of the different methods from highest to lowest is displayed in turn as follows: SVMp-GARCH, 
SVMg-GARCH, SVMl-GARCH9, standard GARCH, EGARCH, moving average and ANN-GARCH 
model. Concretely, in the situation of normal distribution, the standard GARCH model behaves not 
badly, which is ranked fourth (only inferior to three SVM models) in the 500 sizes and even ranked 
third (only defeated by Gaussian and polynomial SVM models) in the series of 1000 sizes. Even 
though the data satisfy the normality assumption that is required for MLE in the standard GARCH 
model, the SVM-GARCH models still outperform it in forecasting the magnitude of the volatility 
error. Nonlinear EGARCH and ANN-GARCH models perform worse than the linear GARCH 
model. In the situation of t distribution, the forecasting performance of the linear GARCH model 
grows poorer and the difference of MAE values between SVM-GARCH and standard MLE-GARCH 
models becomes larger than that under normality. Possibly this results from the fact that the normal-
ity assumption required for MLE is violated but it is not necessary for the SVM method. Not as 
expected, the asymmetric EGARCH model is weak in reducing the forecasting error even in the case 
of skewed distribution.

Based on the DA measures in Table I, on average, the Gaussian SVM-GARCH model ranks 
highest (for all four situations) in forecasting volatility directions, followed by polynomial and linear 

Table I. Diebold–Mariano test for the MAE difference on real data

Models Sample Size = 500 Sample Size = 1000

Normality Student’s t Normality Student’s t

MAE DA MAE DA MAE DA MAE DA

Moving Average 0.0001276 44.07 0.0001747 59.32 0.0001198 54.24 0.0002130 40.68
Standard GARCH 0.0000972 76.27 0.0001765 55.93 0.0000488 79.66 0.0001083 59.32
EGARCH 0.0001312 67.80 0.0002075 64.41 0.0000730 57.63 0.0001864 74.58
ANN-GARCH 0.0001517 72.88 0.0002481 57.63 0.0000904 62.71 0.0001442 67.80
SVMl-GARCH 0.0000960 76.27 0.0001369 71.19 0.0000501 74.58 0.0000715 72.88
SVMp-GARCH 0.0000924 76.27 0.0001371 71.19 0.0000479 71.19 0.0000714 77.97
SVMg-GARCH 0.0000796 86.44 0.0001397 81.36 0.0000456 83.05 0.0000769 98.31

Note: SVMl, SVMp and SVMg represent the SVM with linear, polynomial and Gaussian kernel, respectively, for short.

9 That is, corresponding to SVM-based GARCH models with polynomial, Gaussian and linear kernel function, 
respectively.
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SVM-GARCH models, linear GARCH model, EGARCH model, ANN-GARCH model and moving 
average, in turn. In the situation of the normal distribution, the standard GARCH model behaves 
even better than forecasting error magnitude—ranked second for both the series of 500 sizes (only 
inferior to Gaussian but equal to linear and polynomial SVM models) and 1000 sizes (worse than 
Gaussian but better than the other two SVM type models). In the case of normality and large sample 
sizes, particularly favorable for MLE, the standard GARCH model still cannot defeat the Gaussian-
based SVM-GARCH model. It is not surprising for EGARCH to behave badly in this case. As for 
the situation of t distribution, the linear GARCH model is ranked last for the 500 sizes (55.93%) 
and second last for the 1000 sizes (59.32%); while the asymmetric EGARCH model is good at 
forecasts of volatility turning points—ranked fourth for short series (only behind the three SVM 
models) and even third for long series (inferior to Gaussian and polynomial but better than the linear 
SVM-GARHC model). This time the ANN-GARCH model defeats the linear GARCH model. As 
for the linear GARCH model and moving average method, in the situation of 500 sizes and t distri-
bution the standard GARCH model performs worse than the moving average, the simplest time series 
method, in terms of both MAE and DA measures. The conclusions described above are obtained on 
average based on 50 replications.

Table II displays the p-values of the DM test when the moving average method, standard GARCH, 
EGARCH and ANN models are compared with each of the other models considered in the study. 
We denote these tests DM1, DM2, DM3 and DM4, respectively. For instance, DM1 presents the 
test results for the simple moving average, where a p-value no greater than 0.05 indicates that the 
moving average method yields a higher forecast error (in terms of absolute error) relative to 
the competing model at 5% signifi cance level, a p-value no smaller than 0.95 means that the moving 
average produces a lower forecast error at the 5% level, while a p-value between 0.05 and 0.95 
implies that the benchmark and competing model have equivalent forecasting accuracy from the 
viewpoint of statistics. The same interpretation applies to the p-values reported for DM2-DM4.

Table II. Diebold–Mariano test for the MAE difference on Monte Carlo simulation

Distribution Models Sample size = 500 Sample size = 1000

DM1 DM2 DM3 DM4 DM1 DM2 DM3 DM4

Normality Moving average 0.976 0.401 0.070 1.000 0.999 0.875
Standard GARCH 0.024 0.001 0.000 0.000 0.001 0.000
EGARCH 0.600 0.999 0.005 0.001 0.999 0.033
ANN-GARCH 0.930 1.000 0.995 0.125 1.000 0.967
SVMl-GARCH 0.018 0.460 0.002 0.000 0.000 0.574 0.002 0.000
SVMp-GARCH 0.023 0.413 0.004 0.000 0.000 0.420 0.003 0.000
SVMg-GARCH 0.002 0.097 0.000 0.000 0.000 0.354 0.000 0.000

Student’s t Moving average 0.480 0.036 0.000 1.000 0.822 0.984
Standard GARCH 0.520 0.054 0.003 0.000 0.000 0.001
EGARCH 0.964 0.946 0.021 0.178 1.000 0.966
ANN-GARCH 1.000 0.997 0.979 0.016 0.999 0.034
SVMl-GARCH 0.043 0.037 0.002 0.000 0.000 0.019 0.000 0.000
SVMp-GARCH 0.056 0.043 0.001 0.000 0.000 0.025 0.000 0.000
SVMg-GARCH 0.070 0.050 0.000 0.000 0.000 0.033 0.000 0.000

Note: DM1, DM2, DM3 and DM4 are the robust Diebold and Mariano (1995) test by using the Newey–West procedures 
(Newey and West, 1987) when the benchmark models are the moving average, linear GARCH model, EGARCH model and 
traditional ANN-GARCH model, respectively. For each test we consider the MAE loss functions.
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Under the normal distribution, DM1 tests indicate that there is equivalent forecasting ability 
between moving average and EGARCH for short series, and between moving average and ANN-
GARCH for long series. Such models as standard GARCH and the three SVM-GARCH all have 
higher volatility forecasting accuracy than moving average for both series at least at the 5% signifi -
cance level. Moving average outperforms the ANN-GARCH model at the 10% level for a series of 
500 size and EGARCH outperforms moving average at the 0.1% signifi cance level for long series. 
According to DM2, three SVM type models have statistically equivalent forecasting ability to stan-
dard GARCH model for both series, with only one exception that the Gaussian SVM-GARCH model 
behaves better than the standard GARCH model at 10% signifi cance level for short series. For both 
series, the standard GARCH model outperforms EGARCH and ANN-GARCH models at extremely 
low signifi cance level. The DM3 statistic reveals that, for two series, three SVM-GARCH models 
perform better than the EGARCH model and EGARCH better than the ANN-GARCH model all at 
extremely signifi cant levels. Finally, the ANN-GARCH model is found statistically and consistently 
inferior to the three SVM models for any series based on DM4 tests.

In the case of Student’s t distribution, the out-of-sample performance of the standard GARCH 
model deteriorates. Now, according to DM2, the three SVM-GARCH models forecast volatility 
signifi cantly better than the standard GARCH model at the 5% level for both series. The standard 
GARCH model cannot statistically defeat the moving average, either, for short series. However, both 
EGARCH and ANN-GARCH models are still statistically inferior to the standard GARCH model. 
In fact, according to DM1, DM3 and DM4, the three SVM-GARCH models all consistently outper-
form such benchmarks as moving average, EGARCH and ANN-GARCH models in forecasting 
volatility for any series. In terms of DM1, furthermore, the null hypothesis of equal forecasting 
accuracy between moving average and EGARCH cannot be rejected for a series of 1000 size rather 
500 size. Moving average is signifi cantly better than the ANN-GARCH model for short series, but 
the case is reversed for long series. In a series of 500 sizes, the ANN-GARCH model is signifi cantly 
outperformed by the EGARCH model, while for the series of 1000 size the ANN type model statisti-
cally defeats the EGARCH model.

In summary, it appears that the three SVM-GARCH models do a better job of forecasting volatility 
than the moving average, standard GARCH, EGARCH and ANN-GARCH models in terms of MAE 
measures, which is statistically supported by the DM1, DM3, DM4 tests and DM2 in the case of t 
distribution. The DM2 test reveals that under the normal distribution the three SVM-GARCH models 
and standard GARCH model have similar volatility forecasting ability. Based on DA measures, the 
standard GARCH model too has a better ability in forecasting volatility turning points under normal-
ity and large sample sizes, while the asymmetric EGARCH model behaves better under the skewed 
t distribution. But both linear GARCH and nonlinear EGARCH cannot defeat all SVM-type models, 
at least the Gaussian-based SVM-GARCH model, in forecasting volatility directions.

REAL DATA ANALYSIS

In this section, we investigate the volatility forecasting performance of all candidates by using real 
data for two kinds of fi nancial variables: GBP/USD exchange rates and NYSE average index.

Data description
The fi rst dataset consists of the daily nominal bilateral exchange rates of British pounds (GBP) 
against the US dollar for the period January 5, 2004 to December 31, 2007. The data are obtained 
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from a database provided by Policy Analysis Computing and Information Facility in Commerce 
(PACIFIC) at the University of British Columbia, which contains the closing rates for a total of 81 
currencies and commodities. The second dataset consists of the daily closing price of the New York 
Stock Exchange (NYSE) composite stock index for the period January 8, 2004 to December 31, 
2007. The data are downloaded directly from the Market Information section of the NYSE web 
page.

It has been widely accepted that a variety of fi nancial variables including foreign exchange rates 
and stock prices are integrated of order one. To avoid the issue of possible nonstationarity, both sets 
of raw real data are transformed into daily returns via equation (17), giving a returns series of 1001 
observations and then a residual series is obtained from a fi tted conditional mean equation of the 
GARCH class models. For the squared residuals of 1000 observations, the recursive estimating 
samples for the conditional volatility function are updated from the former 940 observations through 
the former 999 and then 60 numbers of one-period-ahead volatility forecasts are obtained, corre-
sponding to an evaluation sample spanned from the 941st through the 1000th data points, that is, 
out-of-sample period of October 3, 2007 to December 31, 2007 for GBP and October 5, 2007 to 
December 31, 2007 for NYSE data.

The daily series for the log-levels and the returns of the GBP and NYSE are depicted in Figure 
5. This fi gure shows that the returns series are mean-stationary, and exhibit the typical volatility 
clustering phenomenon with periods of unusually large volatility followed by periods of relative 
tranquility. Table III reports the summary of the descriptive statistics for the GBP and NYSE returns. 
Both series are typically characterized by excessive kurtosis and asymmetry. The Bera and Jarque 
(1981) tests all strongly reject the normality hypothesis. For GBP series, the Ljung–Box Q(6) statistic 
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of raw returns indicates no signifi cant correlation, but the Q(6) value of the squared returns reveals 
that there is signifi cant autocorrelation in the squared returns. The Q(6) tests of both raw and squared 
returns of NYSE are all signifi cant. Engle’s (1982) LM tests for ARCH effect show signifi cant evi-
dence in support of GARCH effects (i.e., heteroscedasticity) for both series. Note that the number 
in parentheses indicates testing at 6 lag order. This examination of daily returns on the GBP and 
NYSE data reveals that returns can be characterized by heteroscedasticity and time-varying autocor-
relation; therefore, we expect the GARCH class models to capture it adequately. Furthermore, as 
seen from Figure 5 and Table III, it seems that NYSE returns exhibit more variability, skewness, 
kurtosis and volatility clustering than GBP series such that nonlinear asymmetric EGARCH model 
should fi t it more accurately.

Iterative epochs of recurrent SVM
Because the actual volatility ht is unobservable for real data analysis, the second conditional variance 
equation (21b) of the GARCH (1, 1) model should be estimated by using the recurrent SVM procedure, 
as proposed above. Again, we use cross-validation to determine when the procedure is stopped.

With good forecasting performance as the goal, it is very diffi cult to fi gure out when it is best 
to stop training only in terms of fi tting performance. It is possible for the procedure to end up 

Table III. Descriptive statistics for daily fi nancial returns

Returns GBP NYSE

Statistics p-value Statistics p-value

Mean −0.0092 0.0393
Variance 0.2827 0.6197
Skewness 0.1206 −0.3489
Kurtosis 3.7130 4.9343
Normality 23.1860 0.00001 174.7200 0.00000
Q(6) 3.0313 0.80490 12.7100 0.04788
Q(6)* 31.6390 0.00002 150.2400 0.00000
ARCH(6) 28.9280 0.00006 101.8400 0.00000

Notes: Normality is the Bera-Jarque (1981) normality test; Q(6) is the Ljung-Box 
Q test at 6 order for raw returns; Q(6)* is LB Q test for squared returns; ARCH(6) 
is Engle’s (1982) LM test for ARCH effect.

Figure 6. Iterative epochs of recurrent SVR procedure for real data
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over-fi tting the training data if the training session is not stopped at the right point. We can identify 
the onset of over-fi tting and the stopping point through the use of cross-validation. Figure 6(a) and 
(b) describes the iterative epochs for volatility prediction of the fi rst training sample of GBP and 
NYSE, respectively. For the GBP series, the iterative process of recurrent SVM procedure is stopped 
at the 51st epoch; while, for NYSE, the iterative process is longer and stopped after 121 iterative 
steps, possibly due to higher kurtosis and more variability and noise behind the NYSE series. Now, 
we could say, at about the 10% level of signifi cance, the fi nal residuals of equation (21b) obtained 
from the recurrent SVM procedure have no autocorrelation. In addition, the p-value curves of both 
estimating and validating samples exhibit a similar pattern (namely, increase with an increasing 
number of epochs) and point to almost the same stopping point. That is to say, there is no over-fi tting 
phenomenon for the examples illustrated here; the recurrent SVM model does as well on the validat-
ing subset as it does on the estimating subset, on which its design is based.

The values taken by the free parameter of SVM and kernel coeffi cients are also selected according 
to the sensitivity investigation, similar to that done in Monte Carlo simulation. We do not report the 
parameter selection process here but present the formal results throughout the real data analysis. For 
both conditional mean and variance estimation of GBP and NYSE series, fortunately, similar param-
eter values of feedforward and recurrent SVM procedure could be found as follows: C = 0.005, 
e = 0.05 and s 2 = 0.2. Note that in the analysis of fi nancial returns only the Gaussian kernel is 
employed for the sake of simplicity due to its best performance among linear, polynomial and 
Gaussian kernels, as described in Monte Carlo simulation.

Comparing the forecasting ability
The results of out-of-sample volatility forecasting accuracy for each model by using real data are 
presented in Table IV. Table V reports the p-values of the Diebold– Mariano (DM) test for the dif-
ference of MAE loss function in a robust HAC form from Newey–West procedures. In calculating 
the DM statistic, the null hypothesis of equal forecasting accuracy is related to the four benchmark 

Table IV. Measure of volatility forecasting performance for real data

Models Measures Moving average Standard GARCH EGARCH ANN-GARCH SVM-GARCH

GBP MAE 0.28895 0.24713 0.25719 0.24691 0.23257
DA 37.29 38.98 49.15 38.98 45.76

NYSE MAE 1.69610 1.51000 1.44880 1.62980 1.50410
DA 32.20 42.37 55.93 32.20 57.63

Table V. Diebold–Mariano test for the MAE difference on real data

Models GBP NYSE

DM1 DM2 DM3 DM4 DM1 DM2 DM3 DM4

Moving average 0.990 0.970 0.981 0.935 0.970 0.813
Standard GARCH 0.010 0.017 0.583 0.065 0.902 0.061
EGARCH 0.030 0.983 0.980 0.030 0.098 0.044
ANN-GARCH 0.019 0.417 0.020 0.187 0.939 0.956
SVM-GARCH 0.001 0.076 0.000 0.067 0.047 0.054 0.885 0.042

Note: DM1, DM2, DM3 and DM4 are the robust Diebold and Mariano (1995) test by using the Newey–West procedures 
(Newey and West, 1987) when the benchmark models are the moving average, linear GARCH model, EGARCH model and 
traditional ANN-GARCH model, respectively. For each test we consider the MAE loss functions.
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models: moving average, standard GARCH, EGARCH and ANN models. We specify them as DM1, 
DM2, DM3 and DM4, respectively. A p-value no greater than 0.05 indicates that the benchmark 
model yields a higher forecast error (in terms of absolute error) relative to the competing model at 
the 5% signifi cance level, a p-value no smaller than 0.95 means that benchmark model produces a 
lower forecast error at 5% level, while a p-value between 0.10 and 0.90 implies that the benchmark 
and competing models have the equal forecasting accuracy at 10% signifi cance level.

According to MAE measures in Table IV, the SVM-GARCH model is the best one for the GBP 
series and second for the NYSE series in forecasting the magnitude of volatility error. DM tests in 
Table V almost statistically favor the SVM-GARCH model as the best model, too, at least at 10% 
signifi cance level. Even though the MAE metric reveals that the EGARCH model outperforms the 
SVM-GARCH model for the NYSE series, it is not supported by the DM3 test, which means both 
models have equal forecasting ability. The better performance of the EGARCH model for NYSE is 
perhaps due to its ability to capture higher skewness and asymmetry occurring in the SYSE series 
than in GBP. The standard GARCH model performs modestly in terms of MAE measures, statisti-
cally inferior to EGARCH and superior to the ANN-GARCH model for NYSE and signifi cantly 
better than EGARCH and similar to the ANN-GARCH model for GBP according to DM2 tests. The 
moving average method is always ranked last in forecasting the magnitude of volatility error, the 
evidence being signifi cantly supported at least at the 10% level by the DM1 tests in Table V with 
just one exception, that for NYSE series moving average and ANN-GARCH model have equal 
forecasting ability. MAE measures and DM3 and DM4 tests denote that the EGARCH model also 
signifi cantly outperforms the ANN-GARCH model for highly skewed NYSE series but the case is 
totally reverse for the GBP sample.

Based on DA measures in Table IV, on average, the moving average method is still ranked last, 
the ANN-GARCH model is ranked second last and the standard GARCH model is ranked at the 
middle position in forecasting volatility directions. For the GBP series, EGARCH performs best with 
DA value to be highest 49.15%, followed closely by the SVM-GARCH model; while, for the NYSE 
model, the best model to forecast volatility turning points is the SVM-GARCH model, with the 
asymmetric EGARCH model is ranked second, their DA values being 57.63% and 55.93%, 
respectively.

The empirical evidence of real data also confi rms the conclusion obtained in Monte Carlo simula-
tion and favors the theoretical advantage of the SVM-GARCH model. Due to high skewness in 
fi nancial returns, the asymmetric EGARCH model normally behaves better than the standard GARCH 
model, particularly in the case of higher skewness or in forecasting volatility turning points. The 
moving average method always behaves worst and the ANN-GARCH model sometimes good in 
forecasting one-period-ahead fi nancial volatilities among all candidates.

CONCLUSIONS

In many applications, SVM has shown excellent forecasting performance due to its particular struc-
tural design of SRM principle rather than ERM employed by conventional ANN and MLE methods. 
This inspires us to use it to improve the volatility forecasting ability of the parametric GARCH 
models. Empirical applications are made for forecasting the simulated data and the real data of daily 
GBP exchange rates and NYSE stock index.

To avoid the problem that the actual volatility for real data is unobservable, we propose a recur-
rent SVM procedure with a global feedback loop from the output layer to the input, as opposed to 
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the feedforward one for simulation, to estimate the conditional volatility equation, that is the ARMA 
process in nature, of the nonlinear GARCH model. The forecasting performance of the SVM-
GARCH model is compared with the moving average, standard GARCH, asymmetric EGARCH 
and traditional ANN-GARCH models based on two quantitative evaluation measures and robust 
Diebold–Mariano tests following the Newey–West procedure.

The real data results, together with the simulation evidence, consistently and signifi cantly support 
the use of the feedforward and recurrent SVM-based GARCH (1, 1) models in forecasting the one-
period-ahead volatility error magnitude and direction. The standard GARCH model also performs 
well in the case of normality and large sample size, while the asymmetric EGARCH model is good 
at forecasting volatility under the high skewed distribution; but they rarely exceed SVM-GARCH 
models, at least the Gaussian-type SVM. The recurrent ANN-GARCH model and moving average 
method behave well only in a few cases. Overall, empirical analysis is in favor of the theoretical 
advantage of the SVM.

How to choose the appropriate values of free parameters and kernel coeffi cients and what effect 
of kernel type in the SVM procedure are investigated by using the sensitivity analysis in Monte 
Carlo simulation. The iterative process of the proposed recurrent SVM procedure in real data analysis 
is also examined in detail by the cross-validation method, which is shown to be implemented very 
easily and could be adopted as another standard SVM construction procedure in other 
applications.
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