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Motivation 1-1

Expectile Regression

� Standard regression: average behaviour of Y given x
� QR: bigger picture of conditional response
� ER: alternative to QR
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Motivation 1-2

Example

� Financial Market
I VaR (Value at Risk), Kuan et al.(2009)
I Expected shortfall, Taylor(2008)

� Demographic Research
I Smooth frontier curve construction, Schnabel and Eilers(2009)

� Heteroscedasticity and/or conditional symmetry test, Newey
and Powell(1987)
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Motivation 1-3
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Figure 1: Expectiles (τ = 0.9) for Berlin (left) and Taipei (right) Tem-
perature Residuals from 1948-2007: Average Expectile from 1948-2007,
Average Expectile from 1948-1967, Average Expectile from 1968-1987,
Average Expectile from 1988-2007
Expectiles
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Motivation 1-4

Questions

� Stochastic fluctuation of ER
� Confidence Corridors for ER
� Functional form tests
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Motivation 1-5

Outline

1. Motivation X

2. Quantiles and Expectiles
3. Confidence Corridor for Expectiles
4. Simulation
5. Application
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Quantile and Expectile 2-1

Notations

{(Xi ,Yi )}ni=1 i.i.d. random variables
f (x , y) joint pdf ,
F (x , y) joint cdf,
f (y |x) conditional pdfs ,
F (y |x) conditional cdfs
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Quantile and Expectile 2-2

Quantile Regression

Y = l(x) + ε, with F−1
Y |x(τ) = 0

� l(x): QR

l(x) = argmin
θ

E{ρτ (Y − θ)|X = x}

with a "check function"

ρτ (u) = u|τ − I{u ∈ (−∞, 0)}| τ ∈ (0, 1)

� ln(x): estimated QR

ln(x) = argmin
θ

n−1
n∑

i=1

ρτ (Yi − θ)Kh(x − Xi )
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Quantile and Expectile 2-3

Expectile Regression

Now
ρτ (u) = u2|τ − I{u ∈ (−∞, 0)}| τ ∈ (0, 1)

� v(x): ER

v(x) = argmin
θ

E{ρτ (Y − θ)|X = x}

� vn(x): estimated ER

vn(x) = argmin
θ

n−1
n∑

i=1

ρτ (Yi − θ)Kh(x − Xi )

� Kh(u) = 1
hK (u

h ) with bandwidth h
Expectiles
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Quantile and Expectile 2-4

Quantile Regression

τ quantile curve l(x) satisfies

F{l(x)|x} =

∫ l(x)

−∞
dF (Y |x) = τ

l(x) = F−1
Y |x(τ)

τ quantile curve estimator:

ln(x) = F̂−1
Y |x(τ)

where nonparametric estimation of F(y|x) is

F̂ (y |x) =

∑n
i=1 Kh(x − Xi ) I(Yi < y)∑n

i=1 Kh(x − Xi )
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Quantile and Expectile 2-5

Expectile Regression

τ expectile curve v(x) satisfies

GY |x(v) =

∫ v(x)
−∞ |Y − v(x)| dF (Y |x)∫∞
−∞ |Y − v(x)| dF (Y |x)

= τ

v(x) = G−1
Y |x(τ)

τ expectile curve estimator:

vn(x) = Ĝ−1
Y |x(τ)

where the nonparametric estimation of GY |x(v) is

ĜY |x(v) =

∑n
i=1 Kh(x − Xi ) I(Yi < y)|y − v |∑n

i=1 Kh(x − Xi )|y − v |
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Quantile and Expectile 2-6

Expectile Regression

v(x) and vn(x) can be treated as a zero (w.r.t. θ) of the functions
respectively

H(θ, x) = GY |x(θ)− τ (1)

Hn(θ, x) = ĜY |x(θ)− τ =
n−1∑n

i=1 Kh(x − Xi )ψ(Yi − θ)

n−1
∑n

i=1 Kh(x − Xi )|Yi − θ|
(2)

where

ψ(u) = (τ I{u ∈ (0,∞)} − (1− τ) I{u ∈ (−∞, 0)})|u|
= (I{u ∈ (−∞, 0)} − τ)|u|,
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Quantile and Expectile 2-7

Expectile-Quantile Correspondence

Fixed x , define w(τ) such that vw(τ)(x) = l(x) then w(τ) is
related to l(x) via

w(τ) =
τ l(x)−

∫ l(x)
−∞ ydF (y |x)

2 E(Y |x)− 2
∫ l(x)
−∞ ydF (y |x)− (1− 2τ)l(x)

(3)

For example, Y ∼ U(0, 1), then w(τ) = τ2/(2τ2 − 2τ + 1)

Expectile corresponds to quantile with transformation w .
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Quantile and Expectile 2-8

Expectile and Quantile Curves
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Figure 2: Expectile (green) and Quantile (blue) for N(0, 1)
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Quantile and Expectile 2-9

Expectiles versus Quantiles

� ER: global dependence of the distribution, Koenker(2005)
� ER: easier to calculate, Efron(1991)
� One to one mapping from expectiles to quantiles, Jones(1994)
� ER: more sensitive to outliers, Schnabel and Eiler(2009)
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Confidence Corridor for Expectiles 3-1

Assumptions

(A1) K (·) is positive, symmetric, has support [−A,A] and
Lipschitz ctsly differentiable;

(A2) (nh)−1/2(log n)3/2 → 0, (n log n)1/2h5/2 → 0,
(nh3)−1(log n)2 6 M;

(A3) h−3(log n)
∫
|y |>an

fY (y)dy = O(1), {an}∞n=1 a
sequence of constants tending to infinity as n→∞;

(A4) infx∈J |p(x)| > p0 > 0, where
p(x) = ∂ E{ψ(Y − θ)|x}/∂θ|θ=v(x);
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Confidence Corridor for Expectiles 3-2

Assumptions

(A5) ER v(x) is Lipschitz twice ctsly differentiable, for all
x ∈ J;

(A6) 0 < m1 6 fX (x) 6 M1 <∞, x ∈ J. , and the
conditional density f (·|y), y ∈ R, is uniform locally
Lipschitz continuous of order α̃ (ulL-α̃) on J,
uniformly in y ∈ R, with 0 < α̃ 6 1.
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Confidence Corridor for Expectiles 3-3

Normality

Under regularity assumptions, we have

Theorem
√
nh{vn(x)− v(x)} L→ N

{
0,V (x)

}
(4)

with
V (x) = λ(K )σ2(x)/{fX (x)p(x)2}

where

λ(K ) =

∫ A

−A
K 2(u)du

σ2(x) = E[ψ2{Y − v(x)}|x ]

p(x) = ∂ E{ψ(Y − θ)|x}/∂θ|θ=v(x)
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Confidence Corridor for Expectiles 3-4

Uniform Convergence

Theorem
Let H(θ, x) and Hn(θ, x) be given by (1) and (2). For some
constant A∗ not depending on n, we have a.s.

sup
θ∈I

sup
x∈J
|Hn(θ, x)− H(θ, x)| ≤ A∗max{(nh/ log n)−1/2, hα̃} (5)

Thus also:

sup
x∈J
|vn(x)− v(x)| ≤ B∗max{(nh/ log n)−1/2, hα̃} (6)
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Confidence Corridor for Expectiles 3-5

Theorem

P
(

(2δ log n)1/2
[
sup
x∈J

r(x)|{vn(x)− v(x)}|/λ(K )1/2 − dn

]
< z
)

−→ exp{−2 exp(−z)}, as n→∞.

r(x) = (nh)−
1
2 p(x){fX (x)/σ2(x)}

1
2

and δ, λ(K ), dn are suitable scaling parameters.
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Confidence Corridor for Expectiles 3-6

Uniform Confidence Bands

Theorem
An approximate (1− α)× 100% confidence bands for v(x) is

vn(x)± (nh)−1/2{σ̂2(x)λ(K )/f̂X (x)}1/2∗
p̂−1(x){dn + c(α)(2δ log n)−1/2} (7)

where c(α) = log 2− log | log(1− α)|

f̂X (x), σ̂2(x) and p̂(x) are consistent estimates for fX (x), σ2(x)
and p(x).
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Simulation 4-1

Simulation

Simulate {(Xi ,Yi )}ni=1 with n = 500, and X ∼U[0,3]

Y = 1.5X 2 + 4 + cos(3X ) + ε

where ε ∼ N(0, 1).
The theoretical ER (fixed τ) is

v(x) = 1.5x2 + 4 + cos(3x) + vN(τ)

where vN(τ) is the τ -quantile of the standard Normal distribution.
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Simulation 4-2
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Figure 3: τ = 0.5(left) and τ = 0.9(right) Estimated Quantile and Expec-
tile Plot. Quantile Curve, Theoretical Expectile Curve, Estimated Expectile
Curve
Expectiles

0.0 0.2 0.4 0.6 0.8 1.0

−
2

−
1

0
1

2

tau



Simulation 4-3
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Figure 4: Uniform Confidence Bands for Expectile Curve τ = 0.1 and τ =

0.9. Theoretical Expectile Curve, Estimated Expectile Curve, 5% − 95%

Uniform Confidence Bands
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Application 5-1

Temperature Residuals

The time series decomposition is:

X365j+t = Tt,j − Λt

X365j+t =
L∑

l=1

βljX365j+t−l + εt,j (8)

where Tt,j is the temperature at day t in year j , Λt denotes the
seasonality effect, t = 1, · · · , τ = 365 days and j = 0, · · · , J years.
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Application 5-2

Stations in Taiwan

Figure 5: The locations of CWB (Central Weather Bureau) weather sta-
tions.
Expectiles

0.0 0.2 0.4 0.6 0.8 1.0

−
2

−
1

0
1

2

tau



Application 5-3
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Figure 6: 0.9-expectile curves for Berlin (left) and Taipei (right) temper-
ature residuals from 1948-2007 with the 5% − 95% confidence bands for
the first 20 years expectiles
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Application 5-4
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Figure 7: 0.9-expectile curves for Berlin (left) and Taipei (right) temper-
ature residuals from 1948-2007 with the 5% − 95% confidence bands for
the latest 20 years expectiles
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Application 5-5
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Figure 8: 0.01-expectile curves for Berlin (left) and Taipei (right) temper-
ature residuals from 1948-2007 with the 5% − 95% confidence bands for
the first 20 years expectiles

Expectiles
0.0 0.2 0.4 0.6 0.8 1.0

−
2

−
1

0
1

2

tau



Application 5-6
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Figure 9: 0.01-expectile curves for Berlin (left) and Taipei (right) temper-
ature residuals from 1948-2007 with the 5% − 95% confidence bands for
the latest 20 years expectiles
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Application 5-7

Conclusion

� Expectiles capture the tail behaviours of the distribution.
� Expectiles can be calculated at very high and very low

percentages.
� The temperature risk drivers of Berlin and Taipei are different.
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Application 5-8
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