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Motivation
e Linear regression model: Y = 3,711 + BT+ -+ 8,14+ €
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Motivation
e Linear regression model: Y = 3,711 + BT+ -+ 8,14+ €

e Varying coefficient model (VCM): Hastie and Tibshirani (1993)
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e Strikes a delicate balance of simplicity and flexibility.
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Motivation
e Linear regression model: Y = 3,711 + BT+ -+ 8,14+ €

e Varying coefficient model (VCM): Hastie and Tibshirani (1993)
o VCM: Y :51 (Xl)Tl —|—52 (XQ)TQ + - +Bd(Xd)Td+5
e Strikes a delicate balance of simplicity and flexibility.

e Cobb-Douglas model for GDP growth in Liu and Yang (2010).
Longitudinal model for CD4 percentages in Wu and Chiang (2000),
Fan and Zhang (2000), Wang, Li and Huang (2008).
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Motivation

1817 observations of CD4 cell percentages on 283 patients:
e X,y) = 1: baseline.
e X;1: smoking status; (smoking, X;; = 1; nonsmoking, X;; = 0);
e X,o: centered pre-infection CD4 percentage;
e X;3: centered age at the time of HIV infection;
o T;,: the time (in years) of the j-th measurement on the i-th patient;
e Y;;: the measurement of CD4 cell percentage at time T;;;
e N;: the number of measurements for the i-th patient, 1 < N; < 14;

e Ny =>""  N;: the total sample size;
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Motivation

1817 observations of CD4 cell percentages on 283 patients:

X0 = 1: baseline.

X;1: smoking status; (smoking, X;1 = 1; nonsmoking, X;; = 0);
X,2: centered pre-infection CD4 percentage;

X,;3: centered age at the time of HIV infection;

T;;: the time (in years) of the j-th measurement on the i-th patient;
Yi;: the measurement of CD4 cell percentage at time T;;;

N;: the number of measurements for the ¢-th patient, 1 < NNV, < 14;

Np =" | N;: the total sample size;

ldea: Modelling Y;; as linearly dependent on X;;,1 = 0,1,2,3 with coefficients

as functions of T;;.

Varying coefficient regression with sparse functional data, June 27, 2015




Motivation

o Observed for i-th subject (1 <¢ <n): {X;,T;;,Yii},1 <j <N, where
Xi = (Xi17'°°7Xid) )

10
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Motivation

e Observed for i-th subject (1 <i <n): {X;,T};,Yi;},1 <j <N, where
Xi=(Xi1y--, Xia) -

e A feasible VCM for sparse functional data:

:anl(Tw) zl—l_J(sz)ng) 1§z’<n, 1<j<Nz'
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Motivation

e Observed for i-th subject (1 <i <n): {X;,T};,Yi;},1 <j <N, where
Xi=(Xi1y--, Xia) -

e A feasible VCM for sparse functional data:

:Zﬁil(Tij) Xiu+o(Ti)eiy, 1<i<n, 1<j<N,

e Karhunen-Loéve L? representation:

77’Ll —I_Zgzqubkl , tGT, lzl,,d
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Motivation

e Observed for i-th subject (1 <i <n): {X;,T};,Yi;},1 <j <N, where
X = (Xi1,.--,Xiq) -

e A feasible VCM for sparse functional data:
Yij =) nu(Ty) Xu+0(Tyj)eij, 1<i<n, 1<j<N,
e Karhunen-Loéve L? representation:
M (t +Zfzkz¢m , teT, 1l=1,...,d
e Unknowns: my(t) = E{n;(t)}, l=1,...,d,

Gy (s,t) = cov{n(s),n (¢ }—Z¢kl $)Pp (T

13
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Motivation
e Model:

d d oo
Yig =Y mi(Tyy) Xa+ Y > Lty (Tig) X + 0 (Tyy) €45
I=1

=1 k=1

14
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Motivation
e Model:

d d oo
Yig =Y mi(Tyy) Xa+ Y > Lty (Tig) X + 0 (Tyy) €45
I=1

=1 k=1

e Goals:
— estimate the unknown coefficient functions m,(t),l =1,...,d;

— focus on constructing simultaneous confidence corridors (SCCs) for
my(t),l =1,...,d with asymptotically correct confidence level.
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Motivation
e Model:
d d oo
Yij = Zml (Ti5) Xt + Z Zﬁik,z%,l (Tij) Xir + 0 (Ti5) €4
=1 =1 k=1

o Goals:
— estimate the unknown coefficient functions m;(t),l =1,...,d;
— focus on constructing simultaneous confidence corridors (SCCs) for

my(t),l =1,...,d with asymptotically correct confidence level.

e SCC: A sliding confidence interval for m; (t) over t € T

lim P{my(t) € I,forall teT}=1—q«

n—oo
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Motivation
e Model:
d d oo
Yij =Y mi(Tij) X+ > > Eipitpy (Tig) Xa + 0 (Tij) e
=1 =1 k=1

o Goals:
— estimate the unknown coefficient functions m,(t),l =1,...,d;

— focus on constructing simultaneous confidence corridors (SCCs) for
my(t),l =1,...,d with asymptotically correct confidence level.

e SCC: A sliding confidence interval for m; (t) over t € T

lim P{m(t) € I,forall teT}=1—q

n—oo

e More appropriate inference on the whole curve m; (t)
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Motivation
e Model:
d d oo
Yig =) mu(Ti) Xa+ Y Y &iby (Tig) Xa + 0 (Ti) e
=1 =1 k=1
e Goals:

— estimate the unknown coefficient functions m,(t),l =1,...,d;

— focus on constructing simultaneous confidence corridors (SCCs) for
my(t),l =1,...,d with asymptotically correct confidence level.

e SCC: A sliding confidence interval for m; (t) over t € T

lim P{m;(t) € I;,forall teT}=1—q

n—oo
e More appropriate inference on the whole curve m; (t)

e In the following, take 7 = [0, 1]

18
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e A sequence of interior knots {fyj}]fil with hg =1/ (N + 1)

VO:O<71<"'<’YNS<1:7NS+1,/7J:J]’LS, J:O,...,NS—|_].7

e Subintervals: x; = [WJ,VJH) ,J=0,....,Ns — 1, xn, = [WNS,I]

19
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e A sequence of interior knots {ny}]fil with hg =1/ (Ns + 1)

VO:O<71 < - <'YNS < 1:’7NS+1,/7J:J]’LS, J:O,...,NS+1,
e Subintervals: x; = [WJ,'yJH) ,J=0,....,Ns — 1, xn, = [VNS,I]

e The space of functions that are constant on each x; as

Ns
G = {ZJ_O AJbJ(t)' AjER by(t) =1, (t),J=0,... ,NS}
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e A sequence of interior knots {fyj}]fil with hg =1/ (N + 1)

70:O<71<...<7NS<1:7NS—|—177J:JhS7 J:O,...,NS+1,

e Subintervals: x; = [WJ,'yJH) ,J=0,....,Ns — 1, xn, = [VNS,I]

e The space of functions that are constant on each x; as

Ns
G = {Z AJbJ(t)'AJ cR, by (t) =1, (t),J = O,...,NS}

J=0

e The space of spline coefficient functions on 7 x R? as

M = { Zgl t) e G- 1)t€7'x_(x1,...xd)T€Rd}
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e A sequence of interior knots {fyj}]fil with hg =1/ (N + 1)

7020</71<"'</7NS<1:’7NS—|—17’7J:J}L87 JZO,...,NS—|—]_,

e Subintervals: x; = [WJ,WJH) ,J=0,....,Ns — 1, xn, = [WNS,I]

e The space of functions that are constant on each x; as

N
G = {Z Ajbj(t)'AJ ER, by (t) =1, (1),] = O,...,NS}

J=0

e The space of spline coefficient functions on 7 x R? as
M = { Zgz t) e G- 1)tETX—(a?1,...xd)TERd}

e The collection of order 5 Holder continuous function on [0, 1] as

, ¢(t) — & (¢)]
CO, [O, 1] = {¢ 0.r = Supt?ﬁt/,t,t’E[O,l] |t — t/‘r < +00
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Assumptions

(A1) The regression functions my(t) € C%1[0,1],1=1,...,d.

. n,N;,00,d .
(A2) The set of random variables (Tij, Eij> Niy §ie.1 Xz-l>z,_1 g4y 5@

. 00,00,00,d .o
subset of variables (T@-j, €ijs Ni> Eik i Xz-l)Z.:Lj:l,k:u:1 consisting of
independent random variables, in which all T;;’s i.i.d with T;; ~ T, where
T is a random variable with probability density function f(t); X;;'s i.i.d for
eachl=1,...,d; N;'s i.i.d with N; ~ N, where N > 0 is a positive

integer-valued random variable with E{N*"} <rlc,, r=2,3,..., for
00,00,d

some constant cy > 0. Variables(fik’l)i_1 Pl =1

ii.d N (0,1).

and (gi5);—y ;—, are

A3) The functions f(t), o(t) and ¢, ,(t) € C*" 0, 1] for some r € (0, 1] with
k,l

f(t) €lecy,Cyl, () € |co,Cs], t €10,1], for constants
0<cyr<Cy <400, 0<c, <Cp < +00.
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Assumptions

(A4) Forl=1,...,d, 22021 H¢k,lHoo < +00, and Gl(t,t) < [CG,lacG,l],
t € 10,1], for constants 0 < cq; < Cqg, < +00.

(A5) There exist constants 0 < cg < Cg < 400 and 0 < ¢, < (), < 400,
such that cglgxg < H = {Hll'}ld,lle =E (XXT) < Cyglgxgq. For some
n>4,1=1,...,d, ¢, <E| X" < C,.

(A6) As n — oo, the number of interior knots Ny = © (nﬁ) for some

9 € (1/3,1/2) while Ny* = o {n=1/3 (log(n)) ~'/3}. The subinterval
length hs ~ N 1.

24
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e Review the model:

d d oo
Yig =Y mi(Tyy) Xa+ Y > Lty (Tig) X + 0 (Tyy) €4
I=1

=1 k=1
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e Review the model:

d d oo
Yig =Y mi(Tyy) Xa+ Y > Lty (Tig) X + 0 (Tyy) €4
I=1

=1 k=1
A d A . n N; 5
o m(t,x) =) my(t)x; =argmin ) > {Yi; — g (Ti;, Xs)}
=1 gEM i=1j=1
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e Review the model:

d d oo
Yig =Y mi(Tyy) Xa+ Y > Lty (Tig) X + 0 (Tyy) €4
I=1

=1 k=1

d n N;
o i (t,x) = > my(t)r; = argmin > 3 {Vi; — g (11, X))}
=1 geEM i=1j=1

d d N,
o > my(t)xy =) Y Aj.bs(t)x;, where

n N; N
4 = argmin Z Z {Yij — Z Z v 5ubg (Ti5) X

Y=(70,1>+YN, d)TeRd(Ns+1) i=1 j=1 I=1 J=0
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e Review the model:

d d oo
Yig =Y mi(Tyy) Xa+ Y > Lty (Tig) X + 0 (Tyy) €4
I=1

=1 k=1

d n N;
e M (t,x) = Z 1y (t)z; = argmin Z Z {Yij -9 (Tijaxi)}Q
=1 geEM i=1j=1

d d N,
o > my(t)xy =) Y Aj.bs(t)x;, where

n N; N
4 = argmin Z Z {Yij — Z Z v 5ubg (Ti5) X

Y=(70,1>+YN, d)TeRd(Ns+1) i=1 j=1 I=1 J=0

N
e Under Assumption (Ab), m(t) = > 4,,bs(t), [=1,...,d
J=0

}

2
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e m(t) = {ny (t)}?:1 has an asymptotic covariance matrix

_ o d
B (t) = H' T, (0H ™ = {02 (D)}, ,_,

where H = E (XXT) |

Lo(t) = c5fy) o (nE(N)} T EXX!

E{Ni(N;y —1)} /
X?
T EN; Z !

X)) XX J(t)

/X o2 (1, X) f (u) du

J ()

Gy (u,v) f (u) f(v) dudv] :

o2 (t,x) =Var(Y [T =t, X =x) =% G, (t,t) 22 + 02(1).
Y =1 l

29
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e m(t) = {ny (t)}?:1 has an asymptotic covariance matrix

_ o d
B (t) = H' T, (0H ™ = {02 (D)}, ,_,

where H = E (XXT) |

Lo(t) = c5fy) o (nE(N)} T EXX!

E{N;(N; —1)}
X
T e z 3

X)) XX J(t)

/X o2 (1, X) f (u) du

J ()

Gy (u,v) f (u) f(v) dudv] :

o2 (t,x) =Var(Y|T = t,X =x) = 5.0 G; (t,t) 22 4 02(t).

e 0. ,/(t) is the asymptotic covariance between riv(t) and 77y (t)
e 0. ;(t) is the asymptotic variance of riy(t) , I =1,...,d

Varying coefficient regression with sparse functional data, June 27, 2015



Varying coefficient regression with sparse functional data, June 27, 2015

Main theoretical results
e Under Assumptions (Al)—(A6), for Vt € [0,1],as n — oo,

S, Y2 (1) {m(t) — m (1)} = N (0, Lixa)

n

e Under Assumptions (A1)—(A6), for Vt € [0,1], I =1,...,d and any
ac (0,1),

lim P {07 (6) bin(t) = m(t)] < Zi_ap} =1 0.

n—oo

while Z;_ /2 is the 100 (1 — oz/2)th percentile of the standard normal

distribution.

e The asymptotic 100 (1 — a) % pointwise confidence intervals (Cls) for
my(t), t€(0,1],l=1,...,d, are

m(t) £ onu(t)Zi—a2-

31
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Main theoretical results
e Under Assumptions (A1)-(A6), for I =1,...,d and any a € (0,1),

lim P{ sup o, 3,(t) [ (t) —m ()] < Qn, 1 (04)} =1-a,

in which Qn, 11 () = bn, 11 — a]_\fi—kl log {_% log(1 — O‘)} )

an,+1 = {2log (Ne + 1)}'/? by, 11 = ans1—(2an,+1) " log (2mad 44) -
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Main theoretical results
e Under Assumptions (Al)-(A6), forl=1,...,d and any a € (0,1),

lim P{ sup o, 3,(t) [ (t) —mi(t)] < Qn, 11 (04)} =1-0
=00 t€[0,1]

in which Qn_ 41 (@) = by, 41 — a]};l log {—31log(l—a)},
an+1 = {2log (Ns + 1)} by, 1 = an1— (2an.41) " ' log (2mad, 1)
e Under Assumptions (Al1)-(A6), for I =1,...,d and any a € (0,1),

lim P {ml (t) c ml (t) + On,ll (t) QNs-l—l (Oé) ,Vt c [O, 1]} =1- Qe

n—oo

e The asymptotic 100 (1 — a) % SCCs for m; (t),l =1,...,d are

mi(t) £ onu(t)Qn,+1(a), tel0,1]
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Implementation details

o Ny = {ch_lr/S (log n)} constant spline estimators my(t),l =1,...

e Estimate density f (¢) by histogram estimator f(t)

e Spline estimators 62 (¢,x) and G; (¢, )
. . —1
o Fn (t) = [n_l Z?:l XilXil/(l)\'%/(t, Xz) {f(t)hsNT}
n 2 d A 2 . d
A (B 1) HRakiong]

e H= {’n_l D i1 X’ilXil’};l,lle’

A

A ) d e _
e 3.(t) = {O?Q”L,ll’(t)}l,lle =H'T',t) H !;

34
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Implementation details
o N, = {ch_lr/S (log n)} constant spline estimators m;(t),l =1,...,d

e Estimate density f (¢) by histogram estimator f(t)

e Spline estimators 62 (¢,x) and G; (¢, )
. . —1
o Fn (t) = [n_l 2?21 XilXil/(l)\'%/(t, Xz) {f(t)hsNT}
n 2 d A 2 . d
A (B 1) HRakiong]

e H= {’n_l D i1 X’ilX’il’};l,lle’

A ) d e oy
e 3.(t) = {gi,”,(t)}l,llzl =H'T',t) H !;

o SCCsformy(t),l=1,...,dare m(t) =0, u(t)Qn.+1 (), l=1,...
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Simulation
2
° V; = {ml (Ti5) + kZ ik 1Pk 1 (Tz'j)} Xi1 +
=1
3
{mz (T35) + > EikoPro (Tij)} Xio +0(Tij)eij, 1 <i<n,1<j<N;
k=1

e T'~UI[0,1], X1 ~ N(0,1), X2 ~ Binomial[1,0.5], &, ; ~ N(0,1),
k=1,2,8,,~N(0,1), k=1,2,3, ¢ ~ N(0,1), N; having a discrete
uniform distribution from 2,--- .14, for 1 <1 < n.

o my(t) =sin{2xr (t — 1/2)}, ¢y ,(t) = —2cos{m (t — 1/2)} /V/5,
$9,1(t) = sin{m (t —1/2)} /V/5;

o ma(t) =5(t—0.6)% ¢y ,(t) =1, ¢y o(t) = v2sin (27),

(/53’2(75) — /2 cos (27t);

o N, =[N3 (log n)}, ¢ =0.3,0.5,0.8, 1. The noise level o = 0.5, 1.
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Table 1: Coverage frequencies of the 95% and 99% SCCs for functions my (left)

and mo (right), based on 500 replications.

o n l — « c=0.3 c =0.5 c=0.8 c=1
1.0 200 0.950 0.950, 0.952 0.944, 0.948 0.920, 0.904 0.886, 0.884
0.990 0.990, 0.998 0.990, 0.990 0.976, 0.984 0.968, 0.974
400 0.950 0.944, 0.948 0.950, 0.930 0.922,0.912 0.908, 0.904
0.990 0.996, 0.984 0.990, 0.988 0.984, 0.988 0.974,0.966
600 0.950 0.934, 0.962 0.954, 0.946 0.930, 0.952 0.930, 0.924
0.990 0.992, 0.996 0.992, 0.986 0.988, 0.990 0.984, 0.990
800 0.950 0.936,0.934 0.960, 0.966 0.950, 0.964 0.956, 0.934
0.990 0.998, 0.996 0.994, 0.994 0.986, 0.992 0.988, 0.988
0.5 200 0.950 0.936, 0.948 0.952, 0.942 0.916, 0.900 0.912, 0.890
0.990 0.988, 0.994 0.992, 0.990 0.972,0.974 0.972,0.972
400 0.950 0.916, 0.930 0.936, 0.932 0.928,0.916 0.904, 0.898
0.990 0.994, 0.984 0.992, 0.988 0.996, 0.988 0.978,0.976
600 0.950 0.924, 0.948 0.952,0.954 0.926, 0.958 0.936, 0.938
0.990 0.996, 0.994 0.994, 0.986 0.984, 0.990 0.990, 0.994
800 0.950 0.942, 0.900 0.950, 0.960 0.942, 0.962 0.960, 0.938
0.990 0.996, 0.998 0.996, 0.994 0.990, 0.996 0.992, 0.988
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0 0.5 1 0 0.5 1
X X

Plots of 95% confidence corridors/intervals for mi (left), mo(right) at o = 0.5, n = 200 .
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Real data analysis

1817 observations of CD4 cell percentages on 283 patients

e Model:

3 3 oo

Yij =Y m(Ti) Xa + Y Y &ty (Ti) Xu + 0 (Tij) €

=0 =0 k=1
e my(t): the coefficient function for baseline CD4 percentage;
e m1(t): the coefficient function for smoking status;
e ms(t): the coefficient function for centered pre-infection CD4 percentage;
e ms3(t): the coefficient function for centered age.

39
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°® H()O:mo(t>5a—|—bt, EIa,bERv.s. Hloimo(t)#&—I—bt, VCL,bER;

(a) Baseline CD4 (b) Baseline CD4
I i
ol T b
. e . e — ’_\_I_\
; :
] 1 2 3 4 5 (; ] 1 2 3 4 5 6
Y ear Y ear

— (@) mo (middle solid), 95% SCC (solid) and pointwise Cls (dashed);

— (b) the same except with confidence level 1 — &y and the estimated my
under Hoo (solid linear), &p = 0.99072
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e Hy :my (t) =0v.s. Hyp:mq(t) #0, for some t € [0, 6];

(a) Smoking Effect (b) Smoking Effect

0.2 03 04
0.2 03 0

01
01

Coeff. of Smoke
0

Coeff. of Smoke
0

.ql
.ql

0.2
0.2

0.3
0.3

— (@) M1 (middle solid), 95% SCC (solid) and pointwise Cls (dashed);

— (b) the same except with confidence level 1 — &7 and the estimated m;
under Ho (solid linear), &; = 0.79723

Varying coefficient regression with sparse functional data, June 27, 2015



e Hyy :mo(t) =c, for some ¢ > 0 v.s. Hio:my(t) # ¢, for any ¢ > 0;

(a) PreCD4 Effect (b) PreCDA4 Effect

0.03

0.03

0.02
0.02

001
001

Coeff. of PreCD4
Coeff. of PreCD4

0.01
0.01

0.02
0.02

— (a) m2 (middle solid), 95% SCC (solid) and pointwise Cls (dashed);

— (b) the same except with confidence level 1 — &2 and the estimated mxo
under Ho2 (solid linear), &s = 0.25404
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e Hys:mg3(t)=0v.s. Hiz:m3(t) #0, for some t € [0,6].

(a) Age Effect (b) Age Effect

0.03
0.03

o o~
S S
o o
— —
=l =l
o o
@ @ -
= = r— — o
© o 5 o 1= - d R
“— w r— — | u =
5 T -~ - o I O
Q Q - - -
(@] (@] - \ __T -2
i}
= = __,l -
= ==
< <
] [N
(=] (=]
o o
6] 1 2 3 4 5 6 6] 1 2 3 4 5 6
Y ear Y ear

— (a) m3s (middle solid), 95% SCC (solid) and pointwise Cls (dashed);

— (b) the same except with confidence level 1 — &3 and the estimated mg
under Hos (solid linear), &s = 0.10775
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Conclusions

e A varying coefficient regression model for sparse functional data:

d d oo
Yig =Y my (Ty) Xi+ Y > i itny (Tij) Xa + 0 (Ty) €3
=1

=1 k=1

e Based on spline smoothing, SCCs for m; (¢),l =1,...,d are

my(t) £ opu(t)Qn.+1 (), l=1,...,d

e CD4/HIV study as an example is used to illustrate how inference is

made using SCCs.
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Thank you for your attention!
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