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Motivation

no grain...

No rain,

|
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Motivation 1-2

Weather risks

[] source of uncertainty in crop production,
] variability of rain, temperature, snowfall, etc.

[ Weather derivatives (WDs) are financial instruments that
permit trade and insurance of weather risks,

[J crop insurance issuer can transfer weather risks to financial
markets via WDs,

[J aim: make crop insurance affordable for farmers (China).
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Motivation

Rain does not fall on one roof alone...

[J Agriculture, Vv
-] tourism, entertainment,
hydropower generation...

[J diversification of financial
portfolio.

/J /
/ /
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Motivation

Baskets of WDs

[] complicated structure of weather
exposure:

» multiple dependent sites,
» multiple dependent underlyings:
temperature and rainfall.
[] Need baskets of WDs to cover
weather risks,

[J have to account for the underlying
spatial dependency.
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Motivation 1-5

Importance of Millimeters

Figure 1: Main agricultural areas in China (highlighted). Rice and wheat

cultivation is important in Hunan and Hubei.
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Motivation 1-6

Rainfall Derivatives

Call on
X(Aug)
1. Aug -
31, Aug

[ ] e JMW

Payoff  RX(May) max (0,WX-K)

Figure 2: Future on cumulated rainfall (RX) in May and call on wet-day-
index (WX) in August.
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Motivation 1-7
Rainfall Data

[] Daily rainfall data in 0.1mm,

(] 29 Provinces, 156 stations in China ,
[J from 19510101 to 20091130,

[J data available in RDC.
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Motivation 1-8

Measuring Rain...

Figure 3: Rain gauge: defines "rain" as precipitation amount >0.1mm.
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Motivation 1-9

150 150
100 100
50 50
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Bt
Figure 4: Daily precipitation amount in 0.1 mm for Enshi (left) and

Yichang EA® (right), province of Hubei A .
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Motivation 1-10

Pricing Chinese rain

(] development of appropriate pricing approach
» customized WDs,
[] statistical modelling of relevant weather indices
» account for spatial dependence,
[] quantification of the relationship between weather and
production (income).

Aim: reduce income uncertainty of farmers due to weather
conditions
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Pricing Model

Statistical model for rainfall
Income-rainfall relationship

Market scenarios
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Pricing model 2-1

[ Set of geographical sites S,
(] planing periods t =0,1,..., T,

[ set of agents J contains buyers (crop insurance), investor.

Portfolios: ajr = (0 t.sys--+sQjtsy) s Si €S, i < n shares of
WDs and f3; ; shares of risk free assets B;.

Price of the sth WD W;,, s €S, att=0,..., T

Portfolio value of agent j at t: aj :W; + B ¢B:.
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Pricing model 2-2

Example

(] Farmer with income /; correlated to the cumulative rainfall in
May in station s (Ruay,s)ses:

[ S; set of neighbor stations C S = {a, b, ¢},

] correlations p,, pp # 0,

(] hedge by holding a portfolio of WDs with payoff
a1,aRMay,a + a1,5RMay,b-
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Pricing model 2-3

Agents on the Market

Buyer(Crop insurer) j Investor m
(] rainfall exposed income /; [ specializes on issue of WDs
[ portfolio: WDs + Bond B; [J portfolio: WDs + Bond B;
[] exponential utility with risk [] exponential utility with risk
aversion a; aversion apn,
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Pricing model 2-4

Buyer's optimization problem

(1 Profit of Buyer j

payoffs of: WDs risk-free asset

—
N7 = [[{{(Wrs)ses;» Pj, 7} +Zse$. o TsWrs+ BBt
~ j

weather dependent income

portfolio payoff V; + with WDs

Pj,1 production price, (WT s)scs; weather events in sites S;.
[ Utility maximization

maXx Et{UJ-(I'Ij,T)}

{aj.er1,s}ses;

s.t. Z ajt11,sWes + Bje41Bt — Vs = 0.
SESj
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Pricing model 2-5

Investor’'s optimization problem

[ Profit of investor m

I_Im,T = _ZSGS O‘m,T,sWT,s"’_Bm,TBT

portfolio payoff V,, 7 with WDs and a risk-free asset

with S set of all traded stations.
[] Utility maximization

max Ee {Un(Nm 1)}

{am,t+1,5}ses

s.t. Z Om,t+1,s Wt,s - Bm,t—&-l B: + Vm,t =0.
seS
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Pricing model 2-6

Solution via dynamic programming

time state variables control variable
0 (Wo.s)ses, (Vo,k)k=j,m (a1js)ses; (@1,ms)ses

T-1 (WT—l,S)SES’ (VTfl,k)kZ_i,m (aTJ,s)SGSj7 (aT,m,s)SES
T (WT,S)SGS7 {IJ'(WT757 PT)}SESj -

[J start in T — 1 and maximize the expected utility of T choosing
(K, T,s)ses, k=j,m giveninfoin T —1,

[J under utility indifference derive demand/supply functions for
T-1,

(] move to the previous period and the maximize the
corresponding expectation, continue to the present period.
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Pricing model

Buyer's Demand

Multi-site

Price

Quantity

Figure 5: Solution to utility maximization: demand of a weather depen-
dent buyer as a monotonic relationship bw price and quantity of WD.

» formal solution
N>
~N >
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Pricing model 2-8

Investor’s Supply

Multi-site

Price

<—FPrice of WD
Single site 1

Number of WD

Quantity

Figure 6: Solution to utility maximization: supply of the investor as a
monotonic relationship bw price and quantity of WD.
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Pricing model 2-9

Single site vs multi-site

[J investor: 4+ (-) dependencies in underlying weather risks
then | (1) supply due to higher (lower) risks she bears.

(] buyer: 1] demand depending on : magnitude of the
covariance matters. This condition can be checked for a
concrete application.
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Pricing model 0

Market Clearance

Za}:t,S = Oétn,t,sa for 0<t<T
JET

[J equilibrium prices (W)ses, G <
[ equilibrium quantities (o ; ()ses ~
[ these clear the market for agents

k € J, and a set of stations S.
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Statistical model for rainfall 3-1

A multi-site rainfall model

Wilks (1998)
Rainfall amount R; ; at time t in station s:

Rs,t = rs,th,ta (1)

[1 Xs,¢ rainfall occurrence at t in s

X _ 1 (Wet’ 2 Xs,min)a
st 0 (drYa < Xs,min)a

)

and Xs min > 0 is a threshold defining the state "wet".
[ rs¢ is positive rainfall amount.
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Statistical model for rainfall

3-2

Spatial dependence of {X,:}scs—1..7T

Threshold probability

DPeri _ Po1,s,t if Xs,tf
crit,s,t — .
Pi11,s,t if Xs,t—

where

Poi,s,t = P(Xs,t = 1|Xs,t—
Pi1,s,t = 'D(Xs,t = l‘Xs,t—

Pricing Chinese Rain
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Statistical model for rainfall 3-3

Spatial dependence of {X;:}scs-1

geresy

Xs.+ generated as

X L= { 1if Ws ¢ < q)_l(pcrit,s,t)a
5 0if Ws t > (Dil(pcrit,s,t)a

®(-) cdf of N(0,1), {ws t}ses ~ N(Os), Z), with

Y5 s = Corr(ws ¢, wer ) such that the empirical correlations
Corr(Xs,¢, Xs +) of the rainfall occurrences are mimicked in the
generated rainfall occurrence series.
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Statistical model for rainfall 3-4

Spatial dependence of {rs:}scst—1. .7

The multi-site rainfall amount rs +|Xs ; = 1 follows a mixture of two
exponential distributions with mixing parameter ~s ; and means
ﬁl,s,hﬂls,t with pdf

ft(rs,t = r|Xs,t = 1761,s,t7 52,s,t,’75,t)

s, 1 -7,
= —— " exp(—r/Brse) + 2= 7se) exp (—r/B2,s,t)
/Bl,s,t BZ,s,t
greateI mean smaIIeI mean
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Statistical model for rainfall 3-5

Spatial dependence of {rs:}scst—1. .7

Rainfall amount is generated as
I's,t = I'min — Bs,t Iogcb(vs,t) (2)
where rn, is the minimum measured rainfall amount and

ﬁs,t _ { Bl,s,t if q>(Ws,t)/ps,crit < Qs t, (3)

BZ,s,t if (D(Ws,t)/ps,crit > Qs ty

and v, ; are normal covariates correlated such that the generated
rainfall time series mimic sample correlations in the rainfall data.
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| model for rainfall

Statistica

Stations




Statistical model for rainfall 3-7

Empirical rainfall |

Test the order of Markov chain using BIC (Katz, 1981):

Order/BIC  Changde Enshi Yichang

0 70.83  60.02 19.86
1 53.21 43.21  4.531
2 53.47 4469  9.032
3 65.64  59.72  33.38

Table 1: BIC criterion for different orders of Markov chain for rainfall oc-
currences justifies 1st order Markov model
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Statistical model for rainfall 3-8

Empirical rainfall Il

Parameter Changde Enshi Yichang
Po1,.temay  0.38 0.27 0.17
P11, teMay 0.60 0.53 0.65

Table 2: Transitional probabilities to wet states for rainfall occurrences in
May.
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Statistical model for rainfall 3-9

Empirical rainfall Il

The estimated correlations of wet day occurrences in May (Xmin=
0.1 mm) Corr(X,¢, Xs+) (black) and Corr(w. ¢, ws ¢) (red)

Changde Enshi Yichang

Changde - 0.420.65 -0.010
Enshi - - -0.04 0
Yichang - - -

Table 3: Parameters for the generation of the rainfall occurrences in May.

Pricing Chinese Rain I:I:i



Statistical model for rainfall 3-10

Empirical rainfall 1V

» multi-site rainfall amount

Parameter Changde Enshi Yichang
7. teMay 0.73 0.60 0.67
Bi.temay 1602 1384  8.99
2, teMay 0.73 0.85 0.90

Table 4: Estimated parameters of the mixture of exponential distributions.
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Statistical model for rainfall 3-11

Empirical rainfall V

The estimated rainfall amount correlations (fo?r(Rsh Rs+) (black)
and Corr(v. ¢, vs ¢) (red)

Changde Enshi Yichang

Changde - 0.26 0.31 -0.010
Enshi - - -0.02 0
Yichang - - -

Table 5: Parameters for the generation of the rainfall amounts in May.

Pricing Chinese Rain I:I:i



Statistical model for rainfall

Simulated spatial rain patterns

K<<l > ] = ote] +]
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Income-rainfall relationship 4-1

Income-Rainfall Relationship

Indices: cumulative rainfall (RX) and wet day index (WX).

[ RXry mps = D12, Ris total rainfall in 11, 7).
» important for planting and nutrition season
» positive correlation with crop volumes
— price RX futures for May

[ WXy s = D12, Xts number of wet days over [71, 72]
» important for harvesting, excess rainfall damage
» crop volume distribution is better if WX, -, ses; < WXt
— price call options on WX futures for August with WX_,;;=5

mm and K= 5 days.
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Income-rainfall relationship

Income-Rainfall Relationship

O WX VYjeJg
N(M+7U+)7 if Vs WXﬁ,Tz,sESj < WXcrih
lj = N(HO’O.O)’ if 3s WX‘I’l,Tz,SGSj < WXCritv
N(n=,07), otherwise,
[J RX: insurers income /; ~ N(u*,0") Vj € J
Changde Enshi Yichang

h p11=05 p12=05 p13=00
b p21 =05 pxr=00 p3=05

Table 6: p-values used for simulation.

4-2

[] set u* =500, u® =100, = =50 and o+ =0 =0~ = 100.
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Market scenarios

Stylized Economy

[J two crop insurance companies (farmers), one investor
[J three traded stations in China
Lr=r=5%p.a,

LI profit MW+, Pt), with Pt constant.

Pricing Chinese Rain
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Market scenarios 5-2

Single Period: Investor’s Supply and
Insurers’ Demand

Occurrences of wet days in Changde and Enshi are positive
correlated

[] payoffs of WX calls are positive associated,
] investor's supply |

[J buyer's demand 1
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Market scenarios 5-3

Single Period: Investor’s Supply and
Insurers’ Demand

Multi-site equilibriu

price
-
IS

Single site equilibrium

0 10 20 30 40 50
quantity

Figure 7: Supply/demand for WX call on Changde, K=5. Prices are given

in index units.
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Market scenarios 5-4

Single Period WX call trading: Prices

4 ° .
= " Enshi
® Changde
o
3 n
@
o
= °
a n
2 °
=
°
[ ] °
°
1 " -
1 2 3 4 5 6 7

strike

Figure 8: Prices of call options for different strikes K in a single-period WX
call trading. Prices are given in index units.
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Market scenarios 5-5

Two-Period vs Single Period RX future
trading: Equilibrium Prices

200 = = =Changde 4
= = = Enshi
= = ~Yichang
150f T T Tt TToTmTmEmmmEEmEmEE T 1
o
£
=
s
100 1
sof ~"TTTTTTTTTomTTommmmmmmEEET 4
. . i . . .
1 5 10 15 20 25 30
days

Figure O: Single period (dashed) and two-period (solid) equilibrium prices for RX futures in May. A

"flexibility" premium is paid by buyer for the possibility to rebalance the portfolio.
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Market scenarios 5-6

Two-Period RX future trading: Income

| I T I R T

%%#ﬁﬁ@

R

no WD WD at one site WD at two sites no WD WD at one site WD at two sites

Figure 10: Income distribution of insurer 1 (left) and insurer 2 (right) at single and multiple sites
two-period RX futures trading. Note: improvement of insurer 2 is better since payoffs of her RX futures

(Changde and Yichang) are uncorrelated, for insurer 1 (Changde and Enshi) they are positive corre-

lated (e l2E1

Pricing Chinese Rain

/J/
/4



Conclusion 6-1

Summary

pricing baskets of WDs in a multi-site, multi-period setting,
agents trade with multiple sites simultaneously,

insurer can hedge weather exposure in an optimal way,

OO oo

extension to more stations and agents possible, but
computationally intensive.

Pricing Chinese Rain
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Literature

[d P. Benitez, T. Kuosmanen, R. Olschewski and G.van Kooten
Conservation payments under risk: a stochastic dominance

approach
American Journal of Agricultural Economics 88(1): 1-15, 2006.

[ D. Cox and V. Isham
A simple spatial-temporal model of rainfall
Proceedings of the Royal Society of London 415(1849):
317-328, 1988.

¥ H. Follmer, A. Schied
Stochastic Finance
de Gruyter, Berlin, 2002

Pricing Chinese Rain i:l:i




Conclusion 6-3

Literature

[ R.W. Katz
On some criteria for estimating the order of a Marcov chain
Technometrics 23(3): 243-249, 1981.

@ T.Kim, H. Ahn, G. Chung and C. Yoo
Stochastic multi-site generation of daily rainfall occurrence in
south Florida
Stochastic Environmental Research and Risk Assessment 22:
705-717, 2008.

[d Y. Lee and S. Oren
A multi-period equilibrium pricing model of weather derivatives
Energy Syst 1: 3-30, 2010.

Pricing Chinese Rain i:l:i




Conclusion 6-4
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Conclusion 6-6

Appendix: Investor’'s Inverse Supply

1
AmOmt4-1s’ RT-t

E: {eXP (am ZSES Omt+1s Wt+1sRT_(t+1)) @m,t-i-l}
B {eXp (am D steses Omttls Wt+lsRT_(t+1)) @m7t+1}

Omt = exp(_amRTit Z Omt+1s Wts)
seS

Et{eXP(amRTf(Hl) Z Amt4+1sWet1s)Ome+1},
seS

withR=1+r, 0<t<T-1 O,7=1.
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Conclusion 6-7

Appendix: Buyer’s Inverse Demand

1
ajaje1s RT1
E:{exp(—a; ZSESLS#S’ Qjt+1s Wt—s-lsRTf(tH))ejt-Fl}
Et{eXP(_aj Zsesj Qjt+1s Wt+lsRT_(t+1))@jt+1} ’

O = exp(ajRT_tZajt+1sWts)
SESJ'

Et{exp(—ajRTf(tH) Z Qjt+1sWe15)Oje+1},
s€S;

withR = 1+r, 0<t<T -1, O =exp(—ajl)).
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Conclusion 6-8

Appendix: single site vs multi-site in single
period

Condition for Buyer j: If

Cov[Uj(ay, 7.0 W1 o), U{(WT 50, T s)sesp\ 513 H = (S)
Cov{U;(}y), Uj(aj 7.9 Wr o) }Cov[Uj( 1), UL (W 50 7 s)sesp\ 11 }]
E{U;())}?
E[U (/; ) i(cy, 7,9 Wr s )U {(Wr sa T, S)seS \{s’}}]
E{U;(1j)}
then for a; > 0,/ € J and (;j,7,s)ses;\{s'} Of the same sign buyers

demand for WD in s’ shifts downwards (upwards) compared to the
single-site case.
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Conclusion

Appendix: BIC (Katz, 1981)

Estimator of Markov chain order /A<B/C:

IA<B,C = argmin BIC(k),

0<k<m
BIC(k) = —2log A, — (s — s¥)(s — 1) log n,
N, - M, Ya)
k,m M(Yl,.”7y)u
nl i
Mi(Y1,..., Y, H Mg
15kt Z”H—l i15esikt1

and ng ., > 0 is number of transitions from states
i1 =l — ... — ixy1 Where i, = 1,...,s are the state labels.
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