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Motivation 1-1
Financial Market

Riskless bond with interest rate r, stock price process (St):c[o, 7]
St
(] Market models

» Black-Scholes model (Nobel prize 1997)
» GARCH model (Nobel prize 2003)
» non-parametric diffusion model (Ait-Sahalia & Lo, 2000)

[J risk neutral valuation principle for pay offs ¢/(S7):

/0 T e Tr(sr) K(sr)p(st) dst

p pdf of S1, K pricing kernel (PK).
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Motivation 1-2

Pricing Kernels & Preferences

(] representative investor with strictly increasing, concave,
indirect von Neumann Morgenstern utility v

(] relationship between preferences and pricing kernel:

du
aO(IC
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1-3

Motivation

Empirical Pricing Kernel (EPK)

[J EPK: any estimation of pricing kernel

[] different estimation methods and models for stock prices,
Ait-Sahalia & Lo (2000), Engle & Rosenberg (2002), Brown
& Jackwerth (2004), Detlefsen, Hardle & Moro (2010)

!

the paradox
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Motivation

EPK paradoxon:

1-4
across maturities and time
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Examples of intertemporal pricing kernels for various maturities (left) and
monthly pricing kernels for the first 6 months in 2006 for 1M maturity (right). Grith, Hardle
and Park (2010)
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Motivation 1-5

EPK paradoxon: across maturities
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Figure 2: Estimated PK across moneyness k and maturity 7, DAX on 20010710, Giaco-
mini & Hardle (2008)
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Motivation

1-6

EPK paradoxon: across time
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Figure 3: Empirical PK across k and 7, estimated form DAX on 20010710, 20010904
and 20011130, Giacomini & Hardle (2008)
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Motivation

Aims

[J Microeconomic explanation of the EPK paradox

[J Switching behaviour in terms of inverse problems
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Outline

Motivation v
Pricing Kernels
Microeconomic Explanation for the EPK Paradox

Inverse Problem
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Pricing Kernels 2-1

The Financial Market

1. time interval [0, T] of investment with finite horizon T

2. one riskless bond with deterministic Riemannian integrable
process (r)o<t<7 of interest rates

3. one risky asset with nonnegative price process (S¢)o<t<T,
semimartingale, Sp constant
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Pricing Kernels 2-2

Risk Neutral Valuation Principle

Assumption
Arbitrage free market, there exists at least one equivalent
martingale measure with density m

Risk neutral price of a non-negative pay off )(S7) (w.rt. 7):

E[e W sty m | = Een B u(Sr) ElnlST] |
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Pricing Kernels 2-3

The Pricing Kernel(s)

1. pricing kernel (w.rt. ), positive random variable . s.t.

E[r[ST] = K«(57)

2. rescaled pricing kernel (w.r.t. )

Kr(RT) € K, (RSo)

with normalized return
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Microeconomic Foundations 3-1

Static Consumption Model

Consumer i =1,..., m with a random endowment ¢;(Rr)
1. chooses among nonnegative random consumption ¢;(Rt) under the
budget constraint

E[ci(RT)K<(RT)] < E[ei(Rr)K+(RT)]
2. has extended expected utility preferences
Ulc(Rr)} = E[lp(Rr)ui{c(Rr)} + Ly a(Rr)ua{ci(Rr)}]
where x; €]0, 1], uj’: . [0, co[— R U {—o0} satisfies
uj(c) eRforc>0
nondecreasing and concave

i
uj
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Microeconomic Foundations 3-2

Individual utility function

1
< (Rr)

Figure 4: Regime dependent individual utility functions: bearish market (red) and bullish

market (green)
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Microeconomic Foundations 3-3

Equilibrium

Contingent Arrow Debreu equilibrium [(Z1(R7), ..., m(RT)); Kx],
in particular:

1. individual optimization: ¢;(R1) solves the optimization
problem

max U'{c;(R7)}
s.t. ¢i(Rt) satisfies individual budget constraint

2. market clearing: > ¢;(R1) = > ei(RT)
i=1 '

i=1
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Microeconomic Foundations

Indirect Utilities of Representative Investor

The equilibrium guarantees nonnegative weights asq, ..., am
(summing up to 1)

zm:a;Ui{E;(RT)} = U, {iel(RT)}
i=1 i=1

def i
= mceixx{z;a,-U{c,(Rr)}

i=1
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Microeconomic Foundations 3-5

Extended expected utility representation

Ua{ ; e,-(RT)} =E [ua {RT,iei(RT)}

where for rr,e >0

Ua (r7,€) = Lo ) (rr)ul(e) + Z L i) (rr) Ul (e) for rr,e >0
i=1

. def def _
Wlthgéxogxlg...gxm<xm+1:ez,and

[ uk 1 [0,00[— R U {—oc} is nondecreasing and concave
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Microeconomic Foundations 3-6

A Simple Solution

m
Let Z e,-(RT) = Rt.
i=1

Theorem:

Let uj’:\]O,oo[ be twice continuously differentiable satisfying Inada
conditions for every i € {1,...,m} and j € {1,2}.

Then uX[]0, 00] is continuously differentiable for
ke {l,...,m+ 1} and there is some y > 0 such that for any
rr > 0:

du} “ duk+1
1[0,X1]("T)$ ’e:r.’. + Z I]kaxk+l](rT) de |e:r.’. = .y ]Cﬂ'(rT)
k=1
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Microeconomic Foundations 3-7

PK and Risk Aversion

110, 00] — [0, oof left-continuous and piecewise nonlncreasmg
C -mapping with ||m Kx(x) = 0o and ||m Kr(x) =

Arrow-Pratt coefhaents of absolute I’lSk averSLon at unknown
jump points x; < ... < xm from the left and from the right:

Kr(xi — 6) — Kx(xi) Kr(xi +6) — Kr(xi)
lim _0 , lim —
5—)0+ W(XI) 6_>0+ ICTI—(X,)
for ie {1,...,m}.
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Microeconomic Foundations 3-8

Example 1

Assume that
(] investors have an identical switching point xg.

[ each investor / switches between CRRA utilities

Wi(y) =y /4l (G =0,1) with 0 < 7} < 79 < 1,
Then

dul(rr,-) du™(rr,-)
Lo,0] (1) = ja = lemry F ool (1) =07 oy = YK (r7)

for every realization rr of Rt.
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Microeconomic Foundations 3-9

dul (I’T ) dum(r-r )
_ 0 « ) _r1 « )
m=F < dy ‘y:”> -F < dy ‘y:”>

for any positive realization ry, where

- —1

m
H z
Fl — | =0,1
0. lpo.oclz o o ()70 G=0
a;>0
are decreasing bijective mappings. If xo > max{F°(1), F1(1)},
then

dug’“(rr,‘) dué(rr,-)

dy }y:rr T ‘y:rr for rr > xp.
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Microeconomic Foundations 3-10

EPK

Figure 5:  One switching point in the PK with v} = 0.50 < 7% = 0.75
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Microeconomic Foundations 3-11

ARA

Figure 6: Implied ARA for one switching point in the PK with v} = 0.50 < 7% = 0.75
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Microeconomic Foundations 3-12

Example 2

Assume that
L] investors may differ in their switching point x;.
[] each investor i switches between the same v and u!
[ w(rr) share of agents with preferences u° for rr, (w € [0,1])

Thenif g = ap =+ = ay = « it holds in equilibrium
=0 =1 - def
w(rr)c” + {1 —w(rr)}c =e(Rr) = Ry, for every rr,
with
du®(rr,-) dut(rr,-)
dy ‘y:EO(rT) dy ‘y cl(rr)
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Microeconomic Foundations 3-13

Let

_0 1
x1=7 x1=

UOZbol 70+‘30 and U1:b11 1+al,

for some constants by, by > 0 and ag, a; and u! is more concave
than u® at each x. Then

Ka(rr) = 1[0sn) (r7)0X ™ [x—20(rr) + Lmioo (rT)B1X ™ [x—z1(r1)-

Inverse Problems in EPK -



Microeconomic Foundations

EPK

EPK

EPK

EPK

Figure 7:
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The relationship between the shape of the pricing kernel and the weight

function w(ry) = dw(rt)/drr for linear, exponential, logistic, constant and bell shaped

specifications for Y9 =~ = 0.5, bg =1 and by = 1.2
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Inverse Problems 4-1

Data Fit

Use a test function approach
[] family V of strictly nonincreasing C'-mappings v :]0, co[— R

with >|<[>no v(x) = oo and XI|_>mOo v(x) =0.

(] test functions

N+1
ZI]Xi—LXi](X)Vi(X)a Vi,..., VN1 €V
i=1

with N switching points.
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Inverse Problems 4-2

Grid-based Approach

(] Use Korovkin approximation results for mappings on
continuous intervals

Proposition

N .
The mapping :; Kr{a+ 5(b— a)}l]a+%(bfa),a+i,;,(bfa)](X)

converges to K (x) on [a, b] uniformly on compacta of continuity
points of K|[a, b] for any nondegenerated interval [a, b] C]0, ool.
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Inverse Problems 4-3

The Inverse Problem

Zy set of partitions xp < x3 < ... < xpu1
Find

N

2
min min /{lzﬂ(x)—Zv,'(x)l]xl._hxi](x)} p(x) dx

(Xla---7XN)€ZN Vi,..,VN41EV i—1

where p is an approximation of the density function p.
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Inverse Problems 4-4

Grid-based Approach. Operationalization

Solve Vg, - Yny1s Bos s Byy1s X1 -y Xy = argmin Fy,
n N 2
Fu - z{ 3wl 1,x,1<s,>} )
j=1 i=1
K estimates I& n gridpts and Aj = s; — 5;_1.

vi(x) =Bix i ximi < x < x;
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Inverse Problems 4-5

Distcrete Switching Points

1 switching point 2 switching points

1 1
Returns Returns
3 switching points 4 switching points
25 25
X 4
& i
1 1
085 1 115 0.85 1 115
Returns Returns

Figure 8: Nonparametric EPK (blue) and fitted PK specified by ?? (red) on 20060621
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Inverse Problems

4-6

1 switching point

25

EPK

Empirical CDF
o
&

1
Returns

Figure 9: 81=1.06, v1=0.85, 32=5.88, ¥2=27.99
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Inverse Problems

4-7

2 switching points

25

EPK

Empirical CDF
o
&

1
Returns. Returns

F'lgure 10 5120.51, ')/1:0, 52:1.1 3, ’y2=0, 53:5.88, 73227.99
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Inverse Problems

4-8

3 switching points

25

EPK

Empirical CDF
o
&

1
Returns. Returns

Figure 11: 81=0.14, 71 =0, 82=0.89, v2=0, B3=1.18, 43=27.74, B4=5.71, 74a=27.74
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Inverse Problems

4-9
4 switching points

25

EPK

Empirical CDF
°
7

1
Returns

Figure 12: B1=0.15, 71=1828, B2=087, 72=0, 83=1.03, v3=0, Ba=1.21, 74=0,
Bs=5.53, 75=27.45
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Inverse Problems

5 switching points

25

EPK

Empirical CDF
°
7

1
Returns

Figure 13: B1=0.14, 71=18.76, 8,=0.87, 72=0, $3=0.98, v3=0, B4=1.10, ~4=0,
Bs=1.21, v5=0, Be=5.71, 76=27.79
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Inverse Problems

5 switching points

Empirical CDF
o
b

-
i
i
]
1

0.85 115
Returns

Figure 14: Empirical CDF on 20000920 (dashed) and 20060621 (solid)
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Inverse Problems

Continuous Switching Points
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Left: K (dashed, black) and v (red, dotted) on 20000920 (upper panel)

with bg=0.01, 7p=30.10, b;=3.58, v1=23.15 and 20060621 (lower panel) with bp=0.14,

Y0=18.76, b1=5.71, v1=27.79. Right: Estimated weighting functions w
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