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Motivation 1-1

P&L
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Figure 1: P&L, FX Portfolio (DEM/USD, GBP/USD), w = (2,1)T.
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Motivation

Linear Portfolio

A linear portfolio has:
— positions w = (wy, ..., wy) "
— on assets Sy = (Si,t,. -+, Sat)
— with risk factors Zy = (Z1,¢,.. ., Zat)". Ze =In S¢

and value

The profit and loss (P&L) function:

Liyi = (Vis1 — Vo)
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Motivation 1-3

The P&L can be expressed as
d
Lepr =) wSe(€X9t —1), Xey1 = (Zesa — Z2)
j=1

The Value-at-Risk (VaR) is the a-quantile from F, the
distribution from L;y1:

VaR(a) = F[ H(a)
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Motivation

Log returns at 31.03.1983

GBPIUSD
+

Figure 2: Standardised log returns DEM/USD and GBP/USD, last 250 realizations

at 31.05.1983. Q mindep.xpl
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http://ise.wiwi.hu-berlin.de/~giacomin/Copula/codes/mindep

Motivation 1-5
Log returns at 14.04.1992

GBP/IUSD

Figu re 3: Standardised log returns DEM/USD and GBP/USD, last 250 realizations
at 14.04.1992. Q maxdep.xpl
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http://ise.wiwi.hu-berlin.de/~giacomin/Copula/codes/maxdep

Motivation 1-6

The VaR depends on

the distribution Fx of the risk factor increments X = (Xq,..., Xy)".
How does F, and the dependency among Xi, ..., Xy vary over
time 7
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Copulae 2-1

Copulae

Theorem (Sklar’s theorem)
For a distribution function F with marginals Fx, ..., Fx,. There
exists a copula C : [0,1]9 — [0, 1] with

F(Xl,...,Xd): C{FXl(Xl)y--'aFXd(Xd)} (]_)
If Fx,,...,Fx, are cts, then C is unique. If C is a copula and
Fx,,...,Fx, are cdfs, then the function F defined in (1) is a joint
cdf with marginals Fx,, ..., Fx,.
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Copulae 2-2

For UJ:FXj(Xj),j:]....d,

_09C(m, .., ug)

c(ul, ey ud)

ouy ...0uy
the density function of F(xq,...,xq) can be expressed as
d
F(xt,- o xa) = c{Fxa (), -+ Fx, (xa)} [ ] i)
j=1

!

where fj(x;) = F)(j()(j),j: 1...d
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Copulae

Some examples of copulae:

1. Normal copula, d-dimensional with correlation matrix X

C(u; Z) = (D):,d(q)_l(ul), .. ,Cb_l(ud))
— &, univariate standard normal distribution

— &5 4, d-dimensional normal distribution with correlation
matrix X

—u=(ug,...,ug)"
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Copulae 2.4

2. Student’s t-copula, d-dimensional with correlation matrix

Clu;X,v) = T);,,(T,/_l(ul), o T ug))
— T, univariate Student'’s t distribution with v degrees of
freedom and

— Tsx ., d-dimensional standardized Student'’s t distribution with
v degrees of freedom and correlation matrix
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Copulae 2-5
3. Ali-Mikhail-Haq copula, -1 <6< 1

d

L

C(u;0) = :

:
1—9<H1—u;>
=1

4. Frank copula, 0 < 0 < o0

d

[T - 1)

1 i
C(u;0) = ~3 In< 1+ I_lefa —
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Copulae 2-6

5. Gumbel copula, 1 <0 < oo
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Copulae 2-7

Gaussian copula, marginals N~(0,1)

Figure 4: Contour plots of pdf from F(x1,x2) = C(®(x1), ®(x2)) with Gaussian

copula. @ contourG.xpl
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http://ise.wiwi.hu-berlin.de/~giacomin/Copula/codes/contourG

Copulae 2-8

Gaussian copula AMH copula
Frank copula Gumbel copula

D\ie

Figure 5: Contour plots of pdf from F(xi,x2) = C(®(x1), P(x2)) with Gaussian,
AMH, Frank and Gumbel copulae. @ copplot.xpl, @ contourLine.xpl
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http://ise.wiwi.hu-berlin.de/~giacomin/Copula/codes/copplot
http://ise.wiwi.hu-berlin.de/~giacomin/Copula/codes/contourLine

Copulae

Figure 6: Density from Gumbel copula, 8 = 2. @ gumbelcol.xpl
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http://ise.wiwi.hu-berlin.de/~giacomin/Copula/codes/gumbelcol

Copulae

Figure 7: Density from AMH copula, § = 0.9. Q amhcol.xpl
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http://ise.wiwi.hu-berlin.de/~giacomin/Copula/codes/amhcol

Copulae 2-11

Figure 8: Density from t-copula, p = 0.2, v = 3. @ tcol.xpl
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http://ise.wiwi.hu-berlin.de/~giacomin/Copula/codes/tcol

Value-at-Risk with Copulae 3-1

Value-at-Risk with Copulae

For a sample {X:}/_;

1.

o

Value-at-Risk and Copulae

specification of marginal distributions Fx.(x;; ;)

2. specification of copula C(u1, ..., uqy;0)
3.
4

. generation of Monte Carlo data

fit of the copula C

XT+1NC{F1(X1), ceey Fd(Xd); é}
generation of a sample of portfolio losses L141(X711)

estimation of \ZaT?(a), the empirical quantile at level « from
L141(X).




Value-at-Risk with Copulae

For copulae C(-,0), 0 € ©, the density of X is given by:

f(Xl,...,Xd;51,...,5d,(9) =

d

= c{Fx,(x1:61), - -, Fx, (xa: 6a); 0} | | fix: 67)
j=1

where

. adC(ul, ceay Ud)
a 8u1...8ud

C(U17 ) Ud)
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Value-at-Risk with Copulae

Inference for Margins

In the IFM (inference for margins) method, the log-likelihood
function for each of the marginal distributions

-
€j(6j) = Z In f,'(Xth; 5j)7j =1,...,d
t=1

is maximized to obtain estimates (31, .. .,Sd)—r.
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Value-at-Risk with Copulae 3-4

The function
;
00, 01,...,00) = > _[Inc{Fx,(x1e:01), - -, Fx,(xa,z: 6a); 0}]
t=1

is then maximized over 6 to get the dependence parameter
estimate §. The estimates 0;ey = (01,...,04,0) " solve

(001/06y,...,004/054,00/00) = 0
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Static Approach

DEM/USD and GBP/USD from 01.12.1979 to 01.04.1994

log returns are assumed to be X; ;~N(0,0;), j = 1,2

o; estimated from the data
- T =3719
- copulae belong to the bivariate one-parametric Gumbel family
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Value-at-Risk with Copulae
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Figure 9: Log returns from DEM/USD (X;) and GBP/USD (Xa).
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Value-at-Risk with Copulae

FX log returns

GBPIUSD*E-2

DEM/USD*E-2

3-7

Figure 10: Scatterplot from log returns DEM/USD (X;) and GBP/USD (Xz).
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Value-at-Risk with Copulae 3-8

Estimated density (nonparametric)

Figure 11: Kernel density estimator of the log returns from DEM/USD (red) and of
the normal density (black). Quartic kernel, h = 2.786n702.
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Value-at-Risk with Copulae 3-9

Estimated density (nonparametric)

60

20

Figure 12: Kernel density estimator of the log returns from GBP/USD (red) and of
the normal density (black). Quartic kernel, h = 2.786n02.

Value-at-Risk and Copulae



Value-at-Risk with Copulae
Dependence

GBPIUSD

DEM/USD

Figure 13: Standardised log returns DEM/USD and GBP/USD, fitted copula (§ =

1.4461) for T = 3719.
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Value-at-Risk

level a(x10?)
5 1 0.5 0.1

VaR(a) | -0.02436 -0.034115 -0.037921 -0.042611

Table 1: Estimated Value-at-Risk at 4 different levels, FX portfolio,
w=(1,1)T.
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Moving window

- DEM/USD and GBP/USD from 01.12.1979 to 01.04.1994

- sample size S = 3719, time window T = 250, for
s=T+1,...,5

- using {X¢e}i_ o T

- log returns are assumed to be X;:~N(0,0;), j =1,2

- o} estimated from the data

- copulae belong to the bivariate one-parametric Gumbel family
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Value-at-Risk with Copulae 3-13
Parameter 6; from marginal distribution

parameter* E-2
07 08 09
:
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time

Figu re 14: Estimated parameter from Normal marginal distribution &1 for log returns
from DEM/USD, T = 250.
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Value-at-Risk with Copulae 3-14
Parameter 6> from marginal distribution

08 09
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Figu re 15: Estimated parameter from Normal marginal distribution &5 for log returns
from GBP/USD, T = 250.
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Value-at-Risk with Copulae 3-15
Copula parameter 6

parameter

n At | ar
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Figure 16: Gumbel dependence parameter § between DEM/USD and GBP/USD
(standardised log returns). Estimated with Normal marginal distributions using IFM

method, T = 250 (constant value for T = 3719).
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Value-at-Risk with Copulae

min max mean median  std error
51.10% | 4.99 9.12 7.09 6.91 1.02
55.10% | 4.74 10.46 6.95 6.69 1.31
6 1.11 2.25 1.48 1.42 0.24

Table 2: Descriptive statistics for estimated parameters 61, 62 and 0.
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Value-at-Risk with Copulae 3-17
Minimal and maximal dependence

copula parameter

theta

T T T T
1983 1986 1989 1992

Figure 17: Minimal (blue), maximal (red) dependence parameter between standard-
ised log returns DEM/USD and GBP/USD.
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Value-at-Risk with Copulae 3-18
Minimal dependence

minimal dependence

GBP/USD

DEM/USD

Figure 18: Standardised log returns DEM/USD and GBP/USD at minimal depen-
dence (blue), fitted copula (6 = 1.11).
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Value-at-Risk with Copulae 3-19
Maximal dependence

maximal dependence

GBP/USD

DEM/USD

Figure 19: Standardised log returns DEM/USD and GBP/USD at maximal depen-
dence (red), fitted copula (§ = 2.25).
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Value-at-Risk with Copulae 3-20
MC sample, minimal dependence

Figure 20: Monte Carlo sample of random variables X~ C{®1(x1), ®2(x2); 6}, min-
imal dependence (§ = 1.11).
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Value-at-Risk with Copulae 3-21
Transformed MC sample, minimal dependence

Figu re 21: Monte Carlo sample of random variables transformed on the unit square,

minimal dependence (6 = 1.11).
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Value-at-Risk with Copulae 3-22
MC sample, maximal dependence

Figure 22: Monte Carlo sample of random variables X~C{®1(x1), ®2(x2); 8}, max-
imal dependence (6 = 2.25).
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Value-at-Risk with Copulae 3-23
Transformed MC sample, maximal dependence

Figu re 23: Monte Carlo sample of random variables transformed on the unit square,

maximal dependence (§ = 2.25).
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Backtesting 4-1

Backtesting

Evaluation:
- different portfolio compositions are used

- the VaR @ = 0.05, o = 0.01, o« = 0.005 and o« = 0.001 is
calculated

- exceedance for each P&L value smaller than VaR
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Backtesting
Value-at-Risk

VaR - Gumbel Copula

1983 1986 1989 1992
time

Figure 24: Value-at-Risk at levels a; = 0.05 (yellow), o = 0.01 (green), a3 = 0.005
(red), and a4 = 0.001 (blue), P&L (black), w = (2,1)T, estimated at each time from
a Monte Carlo sample of 10.000 P&L values.
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Backtesting 4-3
Value-at-Risk (0.05) and exceedances

VaR - Gumbel Copula

Figure 25: Value-at-Risk (yellow) at level o = 0.05, P&L (black) and exceedances
(red), & = 0.0573, w = (2,1) T. P&L samples generated with Gumbel copula.
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Backtesting 4-4
Value-at-Risk (0.001) and exceedances

VaR - Gumbel Copula

1983 1986 1989 1992
time

Figure 26: Value-at-Risk (blue) at level @ = 0.001, P&L (black) and exceedances
(red), & = 0.0069, w = (2,1) T. P&L samples generated with Gumbel copula.
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Backtesting 4-5

level a(x107%)
5 1 0.5 0.1
Portfolio w T empirical level &(x102)

(W) 605 245 175 083
(1,2) 634 274 175 1.00
(2,1) 573 224 158 0.69
(2,3) 622 256 175 0.92
(3,2) 599 230 155 0.74
(—1,2) 164 037 020 0.11
(1,-2) 201 051 043 011
(-2,1) 444 149 095 0.40
(2, -1) 409 135 1.09 0.49

Table 3: Gumbel copula, empirical levels & for different FX portfolios.
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Backtesting 4-6

Negative Log-returns

level a(x10?)
5 1 0.5 0.1
Portfolio w T empirical level &(x10?)

€% 525 182 115 0.63
(1,2) 539 164 124 0.60
(2,1) 527 179 127 0.66
(2,3) 530 170 121 0.66
(3,2) 527 178 126 0.66
(-1,2) 141 029 023 005
(1,-2) 274 098 061 028
(-2,1) 432 115 079 0.26
(2, -1) 449 167 124 0.69

Table 4: Gumbel copula on negative log-returns, empirical levels &
for different FX portfolios.

Value-at-Risk and Copulae



Backtesting 4-7

DAX-Dow Jones portfolio

- DAX and Dow Jones from 02.01.1997 to 30.12.2004

- sample size S = 2022, time window T = 250, for
s=T+1,...,§

- using {X¢e}i_ o T

- log returns are assumed to be X; :~N(0,0;), j =1,2

- o} estimated from the data

- copulae belong to the bivariate one-parametric Gumbel family
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Backtesting 4-8

level a(x10?)
5 1 0.5 0.1
Portfolio w T empirical level &(x102)

[€%)) 428 120 084 045
(1,2) 3890 120 079 050
(2,1) 462 152 090 0.56
(2,3) 406 118 073 050
(3,2) 457 146 090 0.62
(-1,2) 507 152 0.84 0.39
(1,-2) 479 158 124 045
(-2,1) 496 146 095 0.39
(2,-1) 496 174 112 0.62

Table 5: Gumbel copula, empirical levels & for different DAX Dow
Jones portfolios.
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Backtesting 4-9
DAX - Dow Jones: Value-at-Risk (0.05) and exceedances

VaR - Gumbel Copula

S

P&L*E2

1998 2001 2004
time

Figure 27: Value-at-Risk (yellow) at level o = 0.05, P&L (black) and exceedances
(red), & = 038939, w = (1,2) . P&L samples generated with Gumbel copula.

Value-at-Risk and Copulae



Adaptive Copulae 5-1

Adaptive Copulae

In the local homogeneity modelling the copula parameter is a
piecewise constant function 6,

— search for largest interval | = [n — m, n[ that does not contain
a change point,
O =0,,tel

— within /, 8, can be estimated through

0, = argmax L;(0)
0

where L;(0) =) £(x;:0).

iel
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Adaptive Copulae

Determining /

The homogeneity interval / can be determined as follows

— select a set Z of candidate intervals

— take the smallest | € 7

— test homogeneity in / against change-point alternative
— if rejected at point v € 1, T = [v, n[

— if not rejected, choose larger /

Value-at-Risk and Copulae
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Adaptive Copulae

Change-point Test

7 (1) a family of internal points of /

each 7 € 7(I) splits the interval / into sub-intervals
J=[n—7,n[and JC=[n—m,n—T]

likelihood ratio test statistic for change-point at 7

T’J‘ = LJ(éIJ) + LJC(éJc) — L/(é[)

char ge—poil t test
I lv — max | I,
T

Value-at-Risk and Copulae
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Adaptive Copulae 5-4

If T;, > A, reject homogeneity and

— v is change-point time
— T =[v, n[ is the homogeneity interval

- = arg max L;(0) the estimated copula parameter.
0
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Adaptive Copulae 5-5

Critical Value ),

Adaptive procedure, type | error («): multiple testing problem
— for each /, define 3; and «a; such that

d Bi=a

ez
ar= Y, B
I"eZ(l)

where Z() = {I' : I' € Z,I' C I}

Value-at-Risk and Copulae



Adaptive Copulae

— within /: change-point test at level ¢
— n = 5000 Monte Carlo simulations of T,
— A is (1 — ay)-quantile of computed test statistics T;

Value-at-Risk and Copulae

5-6




Adaptive Copulae

Monte Carlo Simulation

Gumbel copulae simulated with parameter:

1 : 1<t<60
hri=<{ 5 : 61<t<120
1 : 121<t<180

and
15 : 1<t<260
0y, = 6 : 261 <t<320
' 3 321 <t<380
1 : 381 <t<440
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Adaptive Copulae

— set of candidate intervals
I:{/k sy :[t—mk,t[}
my = [mock], k =0,1,2

— [x] is the integer part of x
— defining 3, as

Value-at-Risk and Copulae
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Adaptive Copulae 5-9

— defining «, as

oy & (1 — c_(k+1)>

k

— critical values A;, are obtained through Monte Carlo
simulation.

— values set to mg = 30, ¢ =2 and o = 0.05
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Figure 28: Real parameter 6; ; (red) and estimated (blue). @ ADCOPsim1.xpl
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http://ise.wiwi.hu-berlin.de/~giacomin/Copula/codes/ADCOPsim1

Adaptive Copulae

Figure 29: Real parameter 6, ; (red), estimated (blue) and interval | (black).

Q ADCOPsim2.xpl
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http://ise.wiwi.hu-berlin.de/~giacomin/Copula/codes/ADCOPsim2

References 6-1

References

[§ V. Durrelman, A. Nikeghbali and T. Roncalli
Which Copula is the Right One ?
Groupe de Recherche Opérationnelle Crédit Lyonnais, 2000.

[@ P. Embrechts, A. McNeil and D. Straumann
Correlation and Dependence in Risk Management: Properties
and Pitfalls
Risk Management: Value at Risk and Beyond, Cambridge
University Press, Cambridge, 1999.

¥ J. Franke, W. Hardle and C. Hafner
Statistics of Financial Markets
Springer-Verlag, Heidelberg, 2004.

Value-at-Risk and Copulae



References 6-2

[d E. Giacomini and W. Hardle
Nonparametric Risk Management with Adaptive Copulae
Discussion Paper, SFB 649, 2005.

[§ W. Hirdle, H. Herwartz and V. Spokoiny
Time Inhomogeneous Multiple Volatility Modeling
Journal of Financial Econometrics, 2003 1 (1): 55-95.

¥ W. Hardle, T. Kleinow and G. Stahl
Applied Quantitative Finance
Springer-Verlag, Heidelberg, 2002.

Value-at-Risk and Copulae



References 6-3

¥ H. Joe

Multivariate Models and Dependence Concepts
Chapman & Hall, London, 1997.

@ D. Mercurio, and V. Spokoiny
Estimation of time dependent volatility via local change point
analysis
Annals of Statistics, 32: 577-602.

¥ R. Nelsen
An Introduction to Copulas
Springer-Verlag, New York, 1998

Value-at-Risk and Copulae



