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285.80
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114.38

57.24

Figure 1: Option price as a function of time to maturity and moneyness.
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95.00 T

oa@a® G O O

7125 T

4750 T E
Q
o]
2375 T S

l l l l l E ] #

T T T T T T T
2000 2025 2050 2075 2100 2125 2150 2200

Figure 2: Option price as a function of moneyness for fixed time to
maturity.
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Introduction 1-

The fair price of an option with payoff (S — K), = max(Sr — K, 0)
can be written as

+oo
Ct(K, T) = exp{—rt,T_t(T — t)} / (ST — K).|.f(ST)dST (1)

The state price density f(S7) of the prices at time T' can be expressed
as:

0?Cy(K,T)
OK2 2)

fspp (K) = expire,r—o(T — 1)}
Equation (2) is often used to estimate the SPD.

See, e.g., Ait-Sahalia and Duarte (2001) or Yatchew and Hardle
(2005).

N
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Introduction 1-6

Assumptions and constraints

The conditional expected value of the option price C'(K) is denoted as

ulky) = E[CK)K = kj], j=i.....p.

The i-th observation (at K = k;) follows the model

C@(kj) — ,Lb(k'j) +&5, &; iid N(O,O‘2).

Assume that p(.) satisfies the following constraints:
1. it is positive,
it is decreasing in K,

It IS convex,

N

its second derivative exists and it is a density (i.e., nonnegative

and it integrates to one). {
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Introduction

Challenges and Questions

1. Estimation is not arbitrage free
Can we construcs confidence intervals (C.1.)?

How does the SPD behave over time?

s W N

Is the future realization of the underlying inside a C.I.7
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Outline
1. Introduction v/
2. Linear regression

Constraints

= W

Asymptotics

o

Put and call option prices
6. Time dependency and covariance structure

7. Dynamics of the SPD
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Linear Regression

Linear Regression

LEMMA: Suppose that f satisfies the above constraints. Then we
have for its first derivative, f/, that lim, ., f'(x) = 0 and
lim_o f'(z) = —1.

Existence and uniqueness

We restate conditions 1-4 for discrete functions, defined only on small

number of points, in terms of their function values, f(z;), and

estimated first derivatives, fx(l)wj = f(x;;,):i(,xj),
i =L

5. f(ZCi)>O,i:1,...,p,

6. x; < x; implies that f,, > f..,

(. x; < Tj < Ty implies that —1 < fa(:},)xj < f:g}?xk <0. LL;

Arbitrage free state price density dynamics



Linear Regression 2-2

Think of the collection, F, of functions satisfying Constraints 5—7 as a
subset of a p-dimensional Euclidean space.

The constrained regression, g, is in this setting the closest point of F
to the observed g with distances measured by the usual Euclidean

distance
n

d(f,9)=(f—9) " (f—9) =) (fi—ag)>

i=1
1. F is closed,

2. JF Is convex.

A regression, g, satisfying Constraints 5—7 exists and it is unique.

Arbitrage free state price density dynamics




Linear Regression

Assume that g is the regression of g(x;) on z1 < --- < x, under
Constraints 5—7.

If a and b are constants such that a < g(z;) < b, Vi, then
a— (xn —x1) < g(x;) < b+ (x,, — x71).

Suppose F is any convex set of functions on X and g is a given
function on X. If

g = a ind(g,
g = argmin (g9, f)

then for every f € F,
Z{g(l‘z’) — g(z:)} {9(x) = f(xi)} > 0. (3)

There exists at most one function § satisfying (3).

(Robertson, Wright and Dykstra 1988, Theorem 1.3.1) &
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Linear Regression 2-4
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Figure 3: Option price as a function of moneyness for fixed time to
maturity with linear regression model, 16th January 1995.
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Linear Regression 2-

Bo + 301 + 202 + 03 = 11

Bo + B1+ 1+ B2 = p2

Bo + B1 = us3

Bo = pa

Figure 4: The four points example: illustration of the dummy variables
for call options.
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Linear Regression

M4 =
p3 =
H2 =
M1 =

/607
50 +617
Bo + 201 + P2,

Bo + 361 + 252 + Bs.

The model may be written in matrix form:

m

2

\si1
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Linear Regression

For non-equidistant data, define:

(1 AL AL, AL, o AL AL

1 A2 A2, AZ A2 0
A =

1 A2 APTE 0 0

1 Ap-l 0 0 0

i 0o 0o 0 - 0 0

A; = max(k; — ki, 0) denotes the positive part of the distance
between k; and k;, the i-th and the j-th (1 <17 < j < p) sorted
distinct observed values of the strike price K.
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Linear Regression
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95.00

71.25

47.50

2375

\\\

2025 2050 2075 2100 2125 2150 2200

100

0.50

0.00

o

2000 2025 2050 2075 2100 2125 2200

030 T

022 7

015 T

0.07 T

N\

2000 2025 2050 2075 2100 2125 2200

Figure 5: Option price as a function of moneyness for fixed time to

maturity with linear regression model and estimates of first and second

derivatives, 16th January 1995.
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Linear Regression
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Figure 6: Option price as a function of moneyness for fixed time to
maturity with linear regression model, 17th January 1995.
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Linear Regression 2-11
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Figure 7: Option price as a function of moneyness for fixed time to
maturity with linear regression model and estimates of first and second
derivatives, 17th January 1995.
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Linear Regression 2-12

The vector of conditional means 1 can then be expressed in terms of
the parameters 5 as follows

(Ul\ (ﬁo \

o

\u:p) \ﬁp:_l )

The constraints on the conditional means p1; can now be expressed as
conditions on the parameters of the model.

It suffices to request that 3, > 0,7 =0,...,p—1 and that

—1

Arbitrage free state price density dynamics




Linear Regression 2-13

The unconstrained linear regression model for the observed option
prices C and for the observed strike prices K can now be written as

C:XAﬁ—'_ga

where XA is the design matrix in which each row of the matrix A is

repeated n; times, j =1,...,p.

Running linear regression in any statistical software and using the
standard errors of the parameter estimates, we obtain confidence
intervals for the SPD.

Arbitrage free state price density dynamics




Linear Regression

Figure 8: Estimated second derivative with confidence intervals, 16th

January 1995.
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Linear Regression 2-15

Figure 9: Estimated second derivative with confidence intervals, 17th
January 1995.
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Constraints 3-1

Constraints

Calculation of the constrained estimate
In order to impose the constraints, we reparametrize the model:

Bo(0) = exp(bo),

B exp(61)
61 (0) — Z§:1 eXp(@j) )

(B exp(ﬁp_l) .
ﬁp 1( ) §:1 exp(ﬁj)

This parametrization leads to a model which is not identified.

(X hexp(0;) =1« 37 exp(6;) < 1)

Arbitrage free state price density dynamics




Constraints 3-

Starting values for the algorithm

For the numerical algorithm, it is useful to know how to calculate s

from given [3s.

Given 3= (B1,...,3,) ", where 8, =1 — f:_ll B;, the parameters
0 =(01,...,0,)" satisfy the system of equations

(81, —I,)expf' =0 (5)

Furthermore, rank (51; — Ip) =p—1.

Thus, the system of equations (5) has infinitely many equations which
can be expressed as

exp(0) = |(61) —1,) (51, —L,) -1, %

where z is an arbitrary vector in RP.

2
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Constraints

The algorithm

1. unconstrained estimates

2. PAV on first differences

3. transform

4. numerical minimization

Arbitrage free state price density dynamics
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Constraints 3-4

17200 T
12900 T

.
86.00 T b
4300 T

1925 1950 1975 2000 2025 2050 2075 2100 2125 2150 2175 2200

. f

0.00 1

1925 1950 1975 2000 2025 2050 2075 2100 2125 2150 2175 2200

035 T
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0.08
-0.06

1925 1950 1975 2000 2025 2050 2075 2100 2125 2150 2175 2200

Figure 10: Option price as a function of moneyness for fixed time to
maturity with linear regression model (blue) and the constrained model

(red) and corresponding estimates of first and second derivatives, 17th
January 1995. 1
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Confidence Intervals 4-1

Confidence Intervals

1. based on
- can be negative

- leads to results which do not make sense

2. based on 6
- difficult to calculate

- numerical problems

- the parameters aren't unique

Arbitrage free state price density dynamics




Confidence Intervals 4 -

Confidence intervals

In order to calculate the confidence intervals, we propose the following
parametrization of the model:

Bo(0) = eXp(Qo),
51(9) — eXP(el),
ﬁ2(9) — exp(92),

Bp-1(0) = exp(fp-1),

under the constraint that Zf:_ll B3:(0) < 1. This is equivalent to the

non-identified model defined above (by setting > > _, exp6; = 1).
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Confidence Intervals 4-3
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Figure 11: Option price as a function of moneyness for fixed time to
maturity with linear regression model (blue) and the constrained model

(red) and corresponding estimates of first and second derivatives, 16th
January 1995. ik
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Confidence Intervals 4-4

Figure 12: Comparison of the confidence intervals for the estimated
SPD for the linear regression model (blue) and the constrained model

(red), 16th January 1995.
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Confidence Intervals 4-5
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Figure 13: Option price as a function of moneyness for fixed time to
maturity with linear regression model (blue) and the constrained model
(red) and corresponding estimates of first and second derivatives, 17th
January 1995.
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Confidence Intervals 4-6
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Figure 14: Comparison of the confidence intervals for the estimated
SPD for the linear regression model (blue) and the constrained model

(red), 17th January 1995.
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Confidence Intervals

SPD estimate C.l. (lower) C.I. (upper)
1950 0.0048 0.0001 0.2000
1975 1.41e-16 0.0000 +INF
2000 0.0920 0.0624 0.1358
2025 4. 34e-17 0.0000 +INF
2050 0.0636 0.0447 0.0904
2075 0.3543 0.3256 0.3855
2100 0.2967 0.2716 0.3241
2125 0.1428 0.1232 0.1654
2150 0.0294 0.0207 0.0419
2175 0.0152 0.0096 0.0240

Confidence intervals for the nonlinear regression model.
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Put and Call Option Prices 5-1

Put and Call Option Prices

1
o
8]
—
o)
)
C]
o
> o §
© o
Q|
n
olo o o © o ol
T T T T T T
1950 2000 2050 2100 2150 2200
X

Figure 15: Option price (call and put) as a function of moneyness for
fixed time to maturity Ik
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Put and Call Option Prices 5-2

87y —|‘3041 —|—2042 -+ Q3
Bo + 3B1 + 202 + B3

Bo + 201 + B ap + 201 + a

Bo + 51
Bo

875

Figure 16: lllustration of the dummy variables for both call (3) and put

(a) options.
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Put and Call Option Prices

175 150 125 100 75 50 25
125 100 50

175

275 250 225 200
275 250 225 200

1
1

25

75

150

25

50

176 150 1256 100 75 50 25

225 200

1

25
25
50
50
50
50
75
75
75
75
75
75
75

50
50
75

75

75
100
100
100
100
125
125
125
125
125
125
125
125
125
125
125
125
125
125
125

25

25

75

25
25
50
50
50
50
50
50
50
50
50
50
50
50
50
50
50

75

75

25

100

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

0
0
0
0
0
0
0

25

100
100
100
100
100
100

25

25

25

25

25

25

75

100

25

75

100

25

75

100

25

75

100

25

75

100

0
0
0
0

25

75

100

25

75

100

25

75

100

25
25

1560 125 100 75 50
150 125 50

1
1

75

100

Arbitrage free state price density dynamics



Put and Call Option Prices

Put and call option prices

The coefficients «; and 3; have to satisfy

p—1
ap = 1—2@'
1=1

o; = 6p—i—|—17 for 1 = 2, ce

7p_1

Arbitrage free state price density dynamics




Time dependency and covariance structure

Time dependency and covariance structure

Up to now, we worked with the model

Ci(kj) = A;B+e

or

Ci(k;) = Ajgt+5ta

6t — 675—17

where t iIs the time, E denotes the column vector of the unknown

parameters, and A; denotes the j-th row of the design matrix, i.e.,

Aj=(LALAN A

p—1’

'17 9 o oo
I+ N——

(G—1)

0).

-1
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Time dependency and covariance structure

Residuals

o O
] o @® O

- ® O
s | o@@@@@
5 #@@

+ 4

0 | +

4

1950 2000 2050 2100 2150 2200

strike

Figure 17: The time dependency and the heteroscedasticity of the residuals
during one day (17th January 1995). The circle, square and star denote the
trades carried out in the morning, midday and in the afternoon, respectively.

Size of the symbols denotes number of residuals.

Arbitrage free state price density dynamics




Time dependency and covariance structure 6-3

Let §; denote the time between the t-th and (¢ — 1)-st observation.
The model is

Ce(k;) = AjB,
gt = Et—1+5t5t

and it leads to the covariance matrix with elements

COV(AjBt—ua Aigt—v)

min(u,v)

— QA AT Z 5t+1 I

Cov{Ci_y(k;),Cs_o(ki)}

Arbitrage free state price density dynamics




Time dependency and covariance structure 6-4

In this way, we obtain a joint estimation strategy for both the call and
put option prices:

Ce(k;) = DBy,

P~
Pt(k’j) = A g,
B Br1
s — . + €4,
Qrt Qg1
which directly leads to the covariances
min(u,v)

Cov{Pi_u(k;), Pi—y(ki)} = A7 (A]) ' Z 0411

and

min(u v)

Cov{Ci_u(k;), Pr_y(k;) Z 02,1 lZAPH JAPTER

Arbitrage free state price density dynamics




Time dependency and covariance structure 6-5

option prices

o
S g
5
(=]
3 4
B
$ 8-
5 9
o |
3
o
T T T T T T
1950 2000 2050 2100 2150 2200
strike
SPD estimate with confidence intervals
©
Q 4
<
g
o P
S
o |
< T T T T T
1950 2000 2050 2100 2150
Residuals

-2 0 2 4 6 8

price

® o
® % ® o
. P °

T T T T T
1950 2000 2050 2100 2150

strike

Figure 18: Option price as a function of moneyness for fixed time to maturity with
the fitted lines (upper panel); the estimated SPD (middle panel), and the residuals
(lower panel), 17th January 1995.
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Dynamics 7-1

Dynamics of SPD

mean and closing DAX

time

variance

2000 4000 6000

0

time

Figure 19: The shape of the SPD changes as the option moves closer to its
expiry: the mean of the estimated SPD (red line) follows closely the closing value of
DAX(circles) (upper panel) and the variance of SPD decreases as time to maturity

decreases (lower panel).
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Dynamics 7 -

The estimates f,,(.) and f.,(.) of SPDs corresponding to the times of
expiry 7 and 7y lead to an estimate f(.) for the time of expiry

T € (11, 7T2)

(7_2 B T)l/2fT1(') + (T - Tl)l/2f72(')
(’7'2 —’7'1)1/2 .

fr() =

In this way, we construct the SPD corresponding to the constant time
of expiry 7 = 45 days.

The estimated SPD can be used to predict the behavior of the DAX in
45 days.

N
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Dynamics

SPD histogram, year 1995 day 1
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Figure 20: Histogram of the SPD estimates on the first trading day in
year 1995.
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Dynamics

SPD histogram, year 2001 day 1
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Figure 21: Histogram of the SPD estimates on the first trading day in
year 2001.
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Dynamics

SPD histogram, year 2003 day 1
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Figure 22: Histogram of the SPD estimates on the first trading day in
year 2003.
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Dynamics 7-6

predictions in year 1995
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Figure 23: Predictions in year 1995 (upper panel) and in year 2001 (lower

panel). The true future values are denoted by black lines, the green and red

predictions are based on a quantiles of the estimated SPD.
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Dynamics

45 days predictions based on SPD

10000
J

6000
|

0 2000

Figure 24: The changes in the market from January 1995 until April 2003
(45 days predictions based on SPD). Red intervals are calculated as the mean
of the SPD + 2 times standard deviation. The green intervals are quantiles
of the SPD. The black line is the true future value of the DAX.

The market is much more volatile in 2003 than in 1995.
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Conclusion

1. New model capable of dealing with the constraints
2. Model accomodates both put and call option prices

3. Residual analysis suggests covariance structure of the observations

improving the model
4. The dynamics of the prices can be studied using our estimates

5. We obtain good prediction of the future development of the

market
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