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Abstract

This paper proposes a dynamic spatial autoregressive quantile model. Using
predetermined network information, we study dynamic tail event driven risk us-
ing a system of conditional quantile equations. Extending [Zhu, Wang, Wang and
Hardle (2019), we allow the contemporaneous dependency of nodal responses by
incorporating a spatial lag in our model. For example, this is to allow a firm’s tail
behavior to be connected with a weighted aggregation of the simultaneous returns
of the other firms. In addition, we control for the common factor effects. The
instrumental variable quantile regressive method is used for our model estimation,
and the associated asymptotic theory for estimation is also provided. Simulation
results show that our model performs well at various quantile levels with different
network structures, especially when the node size increases. Finally, we illustrate
our method with an empirical study. We uncover significant network effects in the

spatial lag among financial institutions.
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1 Introduction

Quantifying network effect and tail dependence is important for studying financial conta-
gion and systemic risk, see (Acemoglu et al., 2015} [Fafchamps and Gubert,, 2007 Hardle
et al., 2016} Betz et al., 2016; Hautsch et al,|2015). Quantile regression is a powerful tool
for characterizing the heterogeneous impact in policy analysis and measuring dynamic tail
risk. However, in most complex financial systems, multiple entities are often intertwined
and interact with each other, which is represented as networks (Hautsch et al.| [2015; Har-
dle et al., 2016; |Chen et al. |2019). On the other hand, in practice, the endogeneity issue
commonly leads to inconsistent estimates in conventional quantile regression (Wiithrich,
2019). Our interest lies in studying the complex tail dependency structure in the context

of endogeneity and dynamic networks with a large number of nodes.

In this paper we propose a dynamic spatial quantile regression model to study fi-
nancial markets. By extending the instrumental variable quantile regression (IVQR)
model (Chernozhukov and Hansen, 2006), we focus on capturing simultaneous effects
for network nodes, along with lagged network effects and exogenous common shocks.
Specifically, in order to cope with the endogeneity problem arising from incorporating
simultaneous network effects, we extend IVQR estimation for modeling dynamic spatial
data. Our empirical application concerning the financial contagions in the US stock mar-
ket finds that stock returns are overwhelmingly affected by its "peers" (returns of other
stocks in the same period) controlling for a few other factors. Meanwhile, the effects of

common factors on all response variables in a network structure are non-negligible.

Quantile regression in time series has been of particular interest in the existing liter-
ature since a seminal work by Bassett and Koenker| (1978)). [Engle and Manganelli (2004))
propose a conditional autoregressive value at risk (CAViaR) model, which specifies the
evolution of value-at-risk (VaR) over time using an autoregressive process. Koenker and
Xiao| (2006) consider a quantile autoregressive method to model the conditional quan-
tile function, which allows an examination of asymptotic properties of the underlying
process. (Galvao Jr et al.| (2013)) study quantile regression in an autoregressive dynamic
framework with exogenous stationary covariates. Our methodology features a dynamic

tail dependency graph within a network framework, which is important in modeling fi-



nancial networks, see e.g. Diebold and Yilmaz (2014]).

Furthermore, in the network and spatial literature, |Zhu et al| (2017) develop a net-
work autoregression modeling framework at the mean level. There are many extensions
of network models in this direction. For example, Zhu et al.| (2018) consider a mul-
tivariate spatial autoregression model; [Zhu, Chang, Li and Wang| (2019) investigate a
screening method to select influential nodes; and |Zhu et al.| (2020) study nonconvex pe-
nalized estimation methods in high-dimensional vector autoregression models. Zhu and
Pan| (2018) extend the network vector autoregression model to allow for group-specific
parameters and enhance the model’s flexibility. |Zhu, Wang, Wang and Hardle (2019) pro-
pose a network quantile autoregression (NQAR) model to study conditional quantiles. In
this research we extend the NQAR model to characterize the simultaneous effects and
cross-sectional financial tail risk dependence in complex financial networks. We utilize
the IVQR approach by |Chernozhukov and Hansen| (2006) to cope with the endogeneity
issue due to simultaneous spatial items, motivated by [Su and Yang| (2011)), who extend
the IVQR model to non-iid data with a correctly specified linear spatial autoregressive
model and nonstochastic regressors. Our work can be seen as an extension of Su and
Yang (2011) to a dynamic model framework. However, the technical assumptions are

substantially different as we assume near epoch dependence of the underlying processes.

There are also many studies that cope with the endogeneity issue by using IVQR
estimation, see e.g. |Wiithrich (2019, 2020); Machado and Silva (2019). [Frolich and
Melly| (2013) use an instrumental variable (IV) to solve for the endogeneity of the binary
treatment variable. Su and Hoshino| (2016) consider sieve instrumental variable quantile
regression estimation of functional coefficient models. On the other hand, our paper is
also closely related to literature on tail dependence in a complex financial system, see
e.g. Hautsch et al. (2014)); Hérdle et al. (2016). In a multivariate quantile context, White
et al| (2015)) propose an innovative vector autoregressive model for quantile dynamics.
Compared with the existing literature, our approach is different mainly in the following
three aspects: First, the proposed model admits cross-section dependence in quantile
dynamics, which facilitates investigating the simultaneous effects. Second, it embeds an
observed network structure, which provides a parametric estimation framework for mod-

eling a large number of nodes along with controlling for the observed nodal heterogeneity.



Third, the model allows for exogenous common covariates to affect the tail dependence

of the process, which accounts for the effects under various economic environments.

Finally, our main contributions are summarized as follows: First, we propose a dy-
namic network quantile model to characterize the cross-sectional and temporal tail de-
pendence, which incorporates valuable predetermined network information. Second, we
study the asymptotic properties for both the underlying process and the estimated IVQR
parameters. Moreover, detailed conditions on the network structures are derived to ensure
the consistency and the asymptotic normality of the estimator. Lastly, when applying
our model in the US financial market to investigate financial risk contagion, we find that
the simultaneous network effects are dominated for different network structures. This

implies that one cannot neglect the contemporaneous effects in tail dependence.

This paper is structured as follows: In Section [2| we introduce the model and discuss
the stationarity of the data- generating processes as well as the asymptotic stationary
distribution of the average. Section [3] introduces the IVQR estimation and the corre-
sponding asymptotic properties are presented in Section [3.2] Simulation results with
different network scenarios are illustrated in Section 4l Finally, we implement our model
in a US financial market risk contagion application in Section [5] Section [f] concludes our

paper. All the related proofs can be found in Appendix [7]

Notations: For a constant k > 0 and a vector v = (vy,...,v4)" € R, we denote |v|, =
(4 [uilF)YE, |v| = |v]2 and |v]ee = maxi<q |v;]. For a matrix A = (ai;)1<i<m.1<j<n, We
define the spectral norm |A|, = maxj,|= |Av| and the max norm |A|nax = max; ; |a; ;|. We
write a, = O(b,) or a, < b, if there exists a positive constant C' such that a, /b, < C for
all large n, and we denote a,, = o(b,) (resp. a,, ~ b,), if a,,/b, — 0 (resp. a, /b, — 1). For
two sequences of random variables (X,,) and (Y,,), we write X,, = 0,(Y,,), if X,,/Y,, = 0
in probability. Let Iy or I be the N x N identity matrix. I(-) is the indicator function.
Denote |.|2 or ||.|| as the Ly norm of a matrix or vector. 1y denotes a N x 1 vector with
each element as one. N represents the integer set. For any nxm matrix A with element a;;,
define the column- and the row-sum by ||A||; = 121]aé>rcni la;;] and || Al = %glagiil ;).
For any random vector X, denote || X|, = (E |X|P)'/? z;s its L,-norm if the absof;te pth

moment exists.



2 The model

Consider the network quantile autoregressive distributed lag model (NQADL):

Y rYO zt + Zzlal Uzt) + 71 zt Zaz] gt (1)
1=1
+72( Zaw Jyt—1 +73(Uzt) i,t—1 +ZF1§ kﬂk 1t)
j=1 k=0
fori=1,---,Nand t = 1,---,T, where {Uy};; is a sequence of i.i.d. uniform ran-

dom variables on the set [0, 1] such that v;(.)s(j = 0,1,2,3), ay(.)s(l =1,2,--- ,q), and
Br(.)s(k = 0,1,--- ,p) are unknown parameter functions from [0, 1] to R. In particular,
71 (.) measures the contemporaneous network effect, and ~;(.) measures the lagged net-
work effect. Z; = (Zy,--- ,Ziq)T € R? is a ¢ x 1 vector of time-invariant node-specific
covariates, and F; € R™ is an m x 1 vector of common covariates that captures the sys-
temic influences on response variables. a;; is the (¢,7) element of the adjacency matrix
W e RN with a; = 0 (not self-connection), where a;; = 1 if there is an edge from node

i to j while a;; = 0 otherwise, and n; = }; a;; is the out-degree for the ith node.

Assuming that the right hand side of is monotonically increasing in Uy, we
can write the 7-th conditional quantile function of Yj; given the information set F;, =

{Ziv Yt—ly Yta Ft} as

Q}/zt(7—|ft - '70 _I_ Z Z’Llal + ’71 1 Z a/zj jt (2)

+/72 lzazg Jit— 1+73( i,t—l + ZFt—EkBk(T)
7j=1 k=0

First, 70(7) + Y.7_; Zuycu(7) is the (time-invariant) nodal impact of node i, where vo(7) is

the baseline function and Z;s is assumed to be independent of U;;s. Next, network inter-

actions between nodes (e.g., firms with common shareholders), both contemporaneously
N N

and with lag, are captured via the network variables, n; ! Z a;;Y and n; ! Z a;jYj -1
=1 =
Then, 7, (7) captures the (simultaneous) structural network effects while 75(7) measures

the lagged network function. If the momentum function ~3(7) is statistically significant,

this points to the usual temporal dynamics for the same node. Furthermore, we control



for the impacts of the observed common factors, i.e. F; with lags which can mitigate any
remaining common shock effect in the data. For instance, if Y;; denotes stock returns for
a large number of firms, we accommodate common macroeconomic and financial vari-
ables such as interest rate, inflation rate, the market index return, book-to-market ratio,

price-earnings ratio, market volatility and so on, see e.g. |[Zhu, Wang, Wang and Héardle

(2019); (Galvao Jr et al. (2013).

To facilitate further developments we introduce convenient notations. Let Y, =
(Yie,---  Yu)T € RN, Z = (Zy,-+- , Zy)T € RV Fy = (F,--- ,F[ )T € Retbm,
Define Aog; = (70(Uit) + X7y Zaay(Uy),1 < i < N)T € RN, Ay, = diag{v(Uy),
i < N} € RVN Ay = diag{7(Uy),1 <i < N} € RVN Ay = diag{vs3(Uy),

1<
< 1<
) < N}T € RNXN, Bt == <6J(Uzt>, ce ,BT(Ui )) € RNX(p—i—l)m’ and I' = (].N’}/O(T)

D +
ST Zaoy(1),1 <i < N)T e RV,
Then, the NQADL model can be written in the matrix form as
Yt - F + AltWYt + Hth,1 + BtIFt + ‘/;5 (3)

where I' = E(Aq), W = (w;;) = (n;'a;;) € RV is the row-normalized adjacency
matrix, H, = Ay W + Ag, € RVN and V, = Ay, — ' € RY is independent identically

distributed (iid) over ¢ with mean 0 and covariance ¥y = o3Iy € RV*V,

The nontrivial issue for the estimation is that the endogeneity caused by contem-
poraneous network spillovers across nodes renders the standard ordinary least squares
(OLS) quantile estimator to be inconsistent. In the conditional mean regression, Quasi-
Maximum Likelihood (QML) techniques, based upon a data transformation removing the
endogeneity, have been developed by (Clift and Ord| (1981)), and the asymptotic properties
are studied rigorously in Lee (2004). The evaluation of the QML requires calculation
of a Jacobian matrix which grows with the cross-section dimension. For applications in
which the number of network nodes is large, however, the computational cost can be pro-
hibitive. This problem is exacerbated by heterogeneity across quantiles. In this regard
Chernozhukov and Hansen| (2005) propose the instrumental variable (IV) approach to
estimating quantile treatment effects in the presence of endogeneity. |Chernozhukov and

Hansen| (2006) and |Chernozhukov and Hansen| (2008) develop the robust inference. Here,



we follow the IV approach to cope with the endogeneity.

2.1 Stationarity

In this section we derive the stationarity conditions for the dependent variable in ({3)),
and present the asymptotic distribution of Y;. Recall that [Als = sup,era 0y [Av|2/]v]2,

where |.| is the two norm of a vector or matrix. Then, we make the following assumptions:

Assumption 2.1. (1) Let |[Wl], < 1 and T = sup|yi(u)| < ¢4 < 1, where W is a
row normalized network matriz. Assume that Uys are iid over i and t, and Fys are id.
co3(2)max; |2 (Uy)| +max; |v3(Uy)| < ca3 < 1, and c; + co3 < 1, where ¢y, ca3 are positive

constants.

(3) max; |yo(Us)| + max; 7, | Zallow(Ui)| < do. |Biloo|Fili < dy, where d, and dy
are assumed to be random wvariables with bounded moments. Let S; = I — AW and
D, = S, (BF, + Ay) with D = ED, and the elementwise mazimum value Dp,qp < 00.

Then, | E{vec(Dy—1,D; ;) }Hoo < Tamax < 00, where ly = (0,1,--- ¢t —1).

(4) The right hand side of the model s monotonically increasing in Uy.

Assumption (1) assures the invertibility of the random matrix S; = I — A, W.
Then, the model has a unique solution if and only if every principal minor of I —
71 (U)W is positive, which is met by Assumption 2.1[1). But, it is a sufficient but
not necessary condition for the existence of a unique solution. Assumption (2) is
necessary to obtain the strict stationarity of {Y;};. Under Assumptions 2.1[2) and (3),
the covariance stationarity can be achieved. We can relax the factor process to be weakly
dependent, however, studying factor processes is not our main theoretical focus. Then

we have the following lemma concerning the stationarity.
Lemma 2.1. (i) Under Assumption 2.1, the process {Y,}, is strictly stationary.

(ii) Under Assumption (2.1, {Y,}, is also covariance stationary.

The detailed discussions of strict stationarity are found in Appendix [7.I} Once Y;
is strictly stationary, additionally if Var(Y;) and I} = Cov(Y;, Y, ;) exist, then Y, is

7



covariance stationary. The model can also be written as

Yt — St_l (Hth_l ‘I— BtIFt + AOt) (4)

=S H,Y, 4+ S; B, + S, Ay
where S; = I — A;W. Then, we have the following covariance stationary solution:

Y, => Dy => IS B Fey+ > ILS, S Agy, (5)
1=0 1=0 1=0

Where Dt = S;l(Bt]Ft + A0t>7 Mt = S;lHt and Hl = Mt X - X Mt7l+l fOI' l > 1 Wlth
II, = I and IT; = M,. In Appendix [7.1] we prove that the variance and covariance of Y,

exist under Assumption [2.1

2.2 Asymptotic stationary distribution

We define a as any vector a € RY with |a], = 1 and fixed d number of non zero elements.
We then show that the averaged response is asymptotically normal distributed. Let
Y, =Y, — py, Ly = PO a'Y,, and L, = Ly + (t = [t)a"Y 41, t > 1, where [t] =

max{k € Z : k > t} is the floor function. Then, we have the following thoerem.

Theorem 1. Consider any vector a € RY with |als = 1 and fized d < N number of non

zero elements. Under Assumption[2.1], then

LTu
VT

= o.wB(u), 0<u<1 (6)

where o2 o Sisoa Tia is the long run variance of 'Y, and B(u) (0 < u < 1) is a

Brownian motion.

Remark For u = 1, Theorem [I] also implies:
VT(a" (Y = py)) =5 N(0,0%,), as T — cc. (7)

where Y = T-' ST, Y,. Thus, the mean of Y, converges in law to a normal distribution.



3 The IVQR estimation

In this section, we briefly discuss our estimator and the associated assumptions. We also

show the estimation steps adopted for simulations and applications.

3.1 IVQR estimator

Suppose that there exists an N x ¢ instrumental variable matrix, which is denoted as

R; = (Ry, -+, Rye) " € RV We have the following quantile conditions:
P (Vi < %(1)Yu+ X 6(7)| Xie, R) =7 as. 8)

— _ T
We denote Y = n; ' S ;Y and X5 = (1,2;, i,t,l,Y;’t,l,F;T,...,FtT_k) with

O(T) = (1), T (7),72(7),73(7), By (), ..., BL (7)] T € Ra+3++lm,

In order to solve we need to find (y1(7), (7)) such that 0 is a solution to the
standard quantile regression (QR) of Yy — 71 (7)Y — XL (1) on (Xy, Rit):

0 € argmin E o {Yi = ()Y = X o(7) — 9 (Xar, i)} (9)

where p.(u) = u{7—I(u < 0)} is the check function with I(-) as the indicator function, and
¢ is the class of measurable functions of (X;;, R;;). This is referred to as the instrumental
variable quantile regression estimator. Following |Chernozhukov and Hansen| (2005)) and

Su and Yang] (2011), we restrict ¢ to the class of linear functions, say
4 = {9 (Xu, Rir) = RiA(r) : A € A}, (10)

where A is a compact set in RY. Here, we consider some transformed instrumental vari-
ables @, which are obtained by the least squares projection of Y on (Xj, Ry). Then,

we obtain the finite sample analogue of the quantile regression objective function as

T

Qn(r). (1), AP) =33 [pr (Vi = ()Y i — X o(r) — TN} . (11)

i=11t=1



To simplify the presentation, we define 6(7) = (71(7), ¢(7)) and n(7) = (o(7), A(7)).
The main idea behind the IVQR estimation lies in that the estimator (5;(7), ¢(7), M(7))
based on can approximate the target true parameter set (71(7), ¢(7),0). For a given
value of endogenous parameter 7;(7) over a fine grid of a compact subset of the interval
(—1,1), we first run the ordinary QR of Y —v1(7)Y; on (Xj;, ®;;) and obtain the corre-
sponding estimator. The estimator is denoted as 7(7y1(7),7) = [&(71(7), 7), M (1), 7')]
Next, we select ~;(7) which minimizes (71 (7),7) over the interval (—1,1). The IVQR

o~

estimator of 0(7) = (71(7), ¢(7)) is then obtained by (71(7), #(71(7), 7)).

For a given quantile index 7, the IVQR estimation can proceed as follows:

(i) For a given value of 4;(7), run the quantile regression of Y — 71 (7)Y against

(X, ;) to obtain

N((r),7) = arg g}yikr)lQ(%(T), O(7), A(T)). (12)

(i) Minimize a weighted norm of A(v1(7), 7) over 41(7) to obtain the IVQR estimator
of y1(7):
(r) =arg min AN (i(7),7) A XNy(r),7), (13)

716(7171)
where A is some positive definite matrix. Without loss of generality we shall set A = [

throughout the paper.

(iii) Run the quantile regression of Y;; — 74;1(7)Y;; on X;; to obtain the estimator of
¢(7). The estimator is denoted as ¢(7) = ¢(F1(7), 7). Then, we finally obtain the IVQR

estimator by

~

6(r) = (Fa(7),6(r)) = (u(7), 63 (7), 7)) (14)

3.2 Asymptotic theory

In order to develop the relevant asymptotic theory for the IVQR estimator, we need to
carefully deal with some topological properties of the dependent variable Y, that are
spatially and temporally dependent. We utilize NED to address the spatial dependence

of the statistics involved. The derivation of the asymptotic property follows from the

10



standard M-estimation with quantile loss function as a special case. The complication
is the detailed assumptions imposed on the adjacency matrix and we study how this
translates to the dependence of the statistics involved. First, conditioning on the common
factor process, we show that the elements of {Y,;}, follows a near-epoch dependent (NED)
process after introducing the basic definitions as in[3.2.1} Then, we derive the asymptotic
distribution of the IVQR estimator under certain regularity assumptions in subsection

2.2.2]

3.2.1 Definition and notations

Jenish and Pruchal (2009, 2012) extend the notion of near-epoch dependent (NED) pro-
cesses used in the time series literature to random fields. This class of NED processes can
accommodate a wide range of models with spatial dependence. They derive the central
limit theorem and the law of large numbers for NED random fields. Accordingly, we con-
sider R?,d > 1. The space R? is endowed with the metric p(i, j) = max;<<q |1 — 4] with
the corresponding norm |i| = maxj<;<q |4;|, where 7; is the [-th element of i. The distance
between any subsets U,V C D is defined as p(U,V) = inf{p(i,7) : i € U and j € V}.
Let |U| denote the cardinality of a finite subset U. We set in our two dimensional data

set t as a special dimensional in space, therefore p((i,t), (',t')) = max(|i — |, |t — ¢']).

Assumption 3.1. Let the lattice D C R d > 1, be countably infinite. Then, p(i,j) >

po,Vi,j € D. We set pg > 1 w.l.o.g.

Let Z = { X, Uy, (i,t) € Dyr, NT > 1} be triangular arrays of random fields defined
on a probability space (2, %, P) with Dyr € D. The cardinality of Dyp satisfying
N lirrTl |Dyr| — 0o. Let C % {F,};, and define Fi(s) = o(Xpw,Upy,C ¢ (i, 1) €

—00,T—00

Dnr, p((7',1), (i,t)) < s) as the o- field generated by random vectors X;, Uy located

within distance s from (,1).

Definition 3.1. Let Z = {Z;, (i,t) € Dy, NT > 1} and e = {4, (i,t) € Dyr, NT > 1}
be random fields with || Z||, < oo for p = 1, where Dyp C D and its cardinality is given
by |Dnr| = NT. Let {dy, (i,t) € Dyp, NT > 1} be an array of positive constants. Then,

11



the random field Z is L,-near-epoch dependent on the random field ¢ if
1 Zix — E(Zie| Fie(5))|lp < dirp(s)

for some sequence p(s) = 0 with lim ©(s) =0. {¢(s)} are the NED coefficients and d;s

are the NED scaling factors. If sup sup d; < oo, then Z is uniformly L,-NED on €.
NT (i,t)EDNT

Next, we present the Lo-NED properties of random field Z on some a-mixing random

field €. The definition of the a-mixing coefficient is stated as follows:

Definition 3.2. Let &7 and % be two o-algebras of %, and define
a(e, B) =sup(|P(AB) — P(A)P(B)|,A € o/, B € A),

For U C Dnr and V. C Dyr, let onp(U) = o(ey, (i,t) € U) and ayr(U,V) =
alonr(U),on7(V)). Then, the a-mizing coefficients for the random field € is defined
as:

a(ua v, h) = sup Sup(CYNT(U, V)a ‘U’ < u, ‘V| < ’U,,O(U, V) > h)

NT UV

with uw,v, h € N.

Unlike the standard mixing time-series processes, the mixing coefficients for random
fields depend not only on the distance between two sets but also on their sizes. We
further assume that @(u, v, h) < ¢(u,v)a(h), where the function ¢(u,v) is nondecreasing
with v and v, and @(h) — 0 as h — oo (see Assumption [3.4(ii) below). This suggests
that we explicate the two different sources of dependence, separately: (i) the decay of
dependence with the distance, and (ii) the accumulation of dependence as the sample
region expands. In the random field literature, ¢(u,v) can be commonly selected such

that p(u,v) = (u+v)* a > 0 or p(u,v) = min(u,v), see Jenish and Pruchal (2012).

Following Xu and Lee (2015), we outline some conditions for NED properties for the
dependent variable Y, in Assumptions and [3.3]

Assumption 3.2. The network matrix W is non-stochastic one with zero diagonals and
uniformly bounded for all N with absolute row and column sums such that the matriz

Sy =1 — AW is nonsingular. We consider two cases for w;; = 0 for any i, j.

12



(1) Case 1: |w;;| < mop(s, j)~° with constants 7y > 0 and ¢, > d. In addition, there

exists at most the K (= 1) number of columns in W, with min, |y, (u)| >0 |wi;| > .

(2) Case 2: Two nodes influence each other only if they are located sufficiently close;

namely, w;; # 0 if p(i,j) < po and w;; = 0 otherwise. We set py > 1 w.lo.g.

Assumption (1) allows two individuals to have direct interaction even though
their locations are far away from each other, with the requirement that the strength of
interaction w;; declines with the distance p(i, j) in the power of ¢,,. The assumption is in
line with [Xu and Lee (2015). Moreover, by excluding a limited number of nodes K (> 1),
the total effects on other units from each node should be bounded, i.e., we assume that
sup|yi (w)| sup; iy Jwy;| < T or sup|vyi (u)| sup; 2%, Jwy;| < 1 w.lo.g. This corresponds
to the existence of a narrow number of units with large aggregate effects on others even
as the total number of nodes rises. Assumption (2) allows two individuals to have
direct interaction only if they are located within a specific distance. Assumption [3.2] is
mainly used to restrict the NED coefficients ¢(s) — 0 as s — oco. We will discuss the

NED properties of {Y;:};; in Proposition 1 under these two scenarios.

Assumption 3.3. (1) {X;,Ui}is is an a-mizing random field with an a-mizing co-

efficient, a(u,v,h) < (u+v)a(h), s = 0, where S R*OTVTIG/ED) () < o0 with
h=1

So = 0¢/(4+ 20) and some constants 6, > 0.

(2) sup || (Xit, Uit)||245 < 00 for some 6 > 0.
it

The a-mixing coefficient of { X, Ui }i+ in Assumption (1) is related to the prop-
erties of NED process {Yj;:};;. Assumption (2) is required to constrain the bound

property of the NED scaling factors d;; in {Yj:}i+.

Define uy = wit (1, 6, A\, 7) = Yy — 11(7)Y 3 — X, o(7) — ®LA(7) with its transforma-
tions, the check function p,(u) = (7 — 1(u < 0))u and ¥, (u) = 7 — 1(u < 0) which is the
(directional) derivative of p,(u). Proposition |3.1| provides the NED properties of {Y;:};+,
{pr(uit) }ir and {¢-(uit)}ir on the base { X, Uit }is.

Proposition 3.1. (1) Under Assumptions[3.1{3.4(1) and[3.5(ii), {Yi}iy is geometrically
Ly-NED on { X, Us s such that ||Yie — E(Yie| Fir(s))]|2 < Cs™ =D (¢, > d) for some
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C > 0 that does not depend on i and t. Similarly, {u;}:+ hold the same conclusions. The
transformations {1, (ui) }ir and {pr(ui)}ir are also La-NED on { X, Uit}

(2) Under Assumptions [3.13.4(2) and [3.9(ii), {Yi}{_, is geometrically Ly-NED on
{ X, U yir such that ||Yy — E(Yy|Zu(s))|l2 < CY/70 (T < 1) for some C > 0 that does
not depend on i and t. Similarly, {u;};, hold the same conclusions. The transformations

{7 (uwit) }in and {p-(ui) }ir are also Lo-NED on { X, U }is.

Define s (17,7 (1, 7), 7) = wr{ it — W)Y — ¥’ (1, T)} Wy with Wy, = (X}, @) "
and 5 = 3 (1), n°(V2, 1), 7) = si (7Y, n°(7Y, 7), 7). Then, conditioning on C, it is straight-
forward to show that the process {$;}:+ is NED. To derive the central limit theorem of
G?\f - \/72 lzt I[Slt(’han ('7?77-)77_) - Esit(7?7n0(79a7)77>] = \/72 lzt 182157
where the variance of G% is given by Qo = 7(1 —7)  lim  E(¥,¥}), we make the

N—o0,T—00

following assumptions:

Assumption 3.4. (i) There exist nonrandom positive constants {cy, (i,t) € Dyr, NT >
1} such that p;(wir)/cit is uniformly L,-bounded for p > 1, i.e.,
SUP N7 SUP(; ey s E |p-(wir) [ cit|P < 00.

(i) The a-mizing coefficient of the random field { X, Uit}ir satisfies: @(u,v,h) <
o(u,v)a(h) where the function @(u,v) is non-decreasing with u and v, and 352, h¢=ta(h) <

0.
Assumption 3.5. (Uniform Lo, s Integrability)

(i) There exists an array of positive constants {cy, (i,t) € Dy7, NT > 1} such that

lim sup sup  E{|8i/ca|*T°1(|5:/cu| > k)} =0 for 6 > 0.
k—oo NT (it)eDnr

(ii) mf |Dyr| *My38Q0 > 0, where Myp = max  c.
(it)eDNT

(iii) NED coefficients satisfy: 35°, h%1p(h) < oo, and NED scaling factors satisfy:

sup sup ¢ dy < C < o0o.
NT (it)eDnr

3.2.2 Asymptotic distribution of the IVQR estimator

In this subsection, we show the asymptotic normality of our estimator.

14



Assumption 3.6 (Conditions for identification and estimation). R1. (Compactness and

Convexity) For all T, (71(7), (7)) € A x B, A X B is compact and convex.

R2. (Full Rank and Continuity) Y, has bounded conditional density, a.s. supy,cpn fyv, 17 (y) <
K, where Fy = {Z;,Yy_1,Y,, F}} is the information set. Define

1 N T

Snr(m,7) = NT Wr {Y;'t - 71(7)?# - Xg(ﬁ(ﬂ - (I)z‘Tt/\(T)} \I/it} ) (15)
i—1t=1
Seol(m,7) = Nﬁ(l)ilg_m E[Snr(m,7)|C], Si(m,T)= N—>£>H%—>oo E[Snr(m,7)], (16)
1 I _
Snr(0.7) = 55z 2o 2 [ { Y~ ()Y — X b(r)} W (17)
i—1t=1
Seoll,7) = N_leijrgﬁoo E[Snr(0,7)C], SL(0,7)= N_)(l)imT_)OO E[Snr(0,7)]. (18)

where ™ = (71,¢T,)\T)T, f = (vl,ng)T, Uy (u) =7 —I(u < 0), and ¥, = (XZI,@;DT.
955(0,7) | 9Sclr,)

8(717 ¢) a((b? )\)
uniformly over A x B x G x T, where G is a compact set with \(7) € G, and the image

Then, Jacobian matrices are continuous and have full rank,

of A x B under the mapping (71, @) — S(6,T) is simply connected.

R3. For a given fited T € T, the unknown true parameter 0°(t) = (/2(7), #°(7))
uniquely solves So(0,7) =0 over A x B.

Remark: Condition R1 assumes compactness of the parameter space, which is needed
for 41 (7) due to the non-convex objective function with respect to 7;. The condition R2
implies the global identification, and the continuity condition is required for deriving
the asymptotic normality. R3 requires that (7?(7),¢°(7)) be the unique solution to

Seo(#, 7) = 0, which is necessary for the consistency of the estimator.

Denote 6(1) = (31(7), ¢(7)) as the IVQR estimator of 6() = (71(7), #(1)), where
&(7) = ¢(31(7), 7). Denote the unknown true parameter as 8°(7) = (19(7), ¢°(7)). Define
the (¢+4+ (p+1)m) x (¢ +4+ (p + 1)m) matrices:

OSoo(m, T)
(1, 9)

B 0S* (m,T)

) = (1, 9)

JH(7)

(19)

N .
11=77 ,¢=¢%,A=0 11=77,¢=¢%,A=0

Theorem 2 (Linearization). Under Assumption - as min{N,T} — oo,

VNT{0(r) = 0°(7))} = = T (1) GOr(6°, 7) + 0,(1). (20)
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Further, under Assumption , the NED process {$;}:: satisfies the central limit
theorem such that G%,(6°,7) = ﬁ Zi ZtT,l S follows a mean zero Gaussian process
with covariance function Qy = 7(1 — 7) E(¥;;¥}|C). Define Q0 = 7(1 — 7) E(¥;;,¥,}), one
can prove that €2y IQS —p 1. Then, we establish the asymptotic normality of 5(7) in the

theorem below.

Theorem 3 (Estimation). Under Assumption - we have Q5% —, I, and
JNT)J* (1) =, I, then

VNT{0(r) = 0(7) } 5 N(0, %), (21)

where By = J*(7) QT (1) 7L, and Q5 = 7(1 — 7) E(,;, 7).

N T
Remark: We estimate the variance covariance matrix 0 as (NT)"'r(1-7) Y Y 0, 0],

Moreover, to estimate J*(7), define &; = (Y, ®,,)7, then

N T
J(r) = @NTh) 3.3 (i, < b)) (22)

i=1t=1

4 Monte Carlo simulations

We examine the finite sample properties of the IVQR estimator via a Monte Carlo simu-
lation using a data generating process based on the model in equation using the three

different network structures.

4.1 The setup

We construct the DGP from the model as follows: First, we generate the five nodal
covariates, Z; = (Zu, - ,Z;5)" € R® from a multivariate normal distribution N(0,%.),
where 3, = (0;,;,) and 05,4, = 0.5717%2l. Then, we construct the two common covariates,
F, = (Fy, Fy)" € R? from the iid standard normal distribution. Let v;; = 7;(Uy) for
J=0,1,2.3, ojir = oj(Uy) for j = 1,....;5, and Bpjit = Bm;(Usi) for m = 1,2 and

j = 0,1, where we set the lag of 2 common covariates to 1 (p = 1). We then generate the

16



random coeflicients as follows:

Yo.it =ity Vit = 01D (uir), Yo = 0.4{1 + exp(ui)} " exp(ui), vz = 0.4P(uy),
al,it 205(3[)(1%15), OCQ’Z't = 03G(U2t, ]., 2), Oég’it = 02G<Uzt, 2, 2),
05471',5 2025G<U1t, 3, 2), 04531‘75 = OZG(ult, 2, 1),

Bro,it = 0.1@(ui), Biri = 0.3G (Ui, 2,2), Baoie = 0.2G(ui, 1,2), Ba1ie = 0.3G(uy, 2, 1),

where ®(-) is the standard normal distribution function, G(-, a,b) is the Gamma distri-
bution function with shape parameter a and scale parameter b, and u;s are iid random
variables, generated either from (a) the standard normal distribution or from (b) the

t-distribution with 5 degrees of freedom. Finally, Y;s are generated by .

To check the robustness of the finite sample performance of the IVQR estimator, we
consider the three different adjacency matrices that have been popular in the literature.

The adjacency matrix setup follows for example from Zhu, Wang, Wang and Héardle

(2019).

TyYPE 1. (Stochastic Block Model) We first consider the Stochastic Block Model
(Wang and Wongj, 1987; Nowicki and Snijders, 2001) with an important application in
community detection (Zhao et al., |2012). We follow Nowicki and Snijders (2001) and
randomly assign each node a block label indexed from 1 to K, where K € {5,10,20}. We
then set P(a;; = 1) = 0.3N %3 if ¢ and j are in the same block, and P(a;; = 1) = 0.3N*
otherwise. This indicates that the nodes within the same block have higher probability

of connecting with each other than the nodes between blocks.

TypE 2. (Dyad Independence Model) Holland and Leinhardt| (1981) introduce a
Dyad Independence Model with a Dyad D;; = (a;;,a;) for 1 < i < j < N, where
D;j;s are assumed to be independent. We set the probability of dyads being mutually
connected to P(D;; = (1,1)) = 20N~! to ensure the network sparsity. Then, we set
P(D;; = (1,0)) = P(D;; = (0,1)) = 0.5N %8 which implies that the expected degree for
each node is O(N®?). Accordingly, we have P(D;; = (0,0)) =1 —20N "1 — N~9% which

tends to 1 as N — oo.

TypE 3. (Power-law Distribution Network) It is a common observation that the
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majority of nodes in the network have small links while a small number of nodes have a
large number of links, see |[Barabési and Albert (1999). In this case the degrees of nodes
can be characterized by the power-law distribution. We simulate the adjacency matrix
as follows: For each node, we generate the in-degree such that d; = >, aj; according to
the discrete power-law distribution such as P(d; = k) = ck™?, where ¢ is a normalizing
constant and the exponent parameter (3 is set at 2.5 as in |Clauset et al.| (2009)). Finally,

for the 7th node, we randomly select d; nodes as its followers.

In order to perform the IVQR estimation, we should obtain the valid I'Vs internally,
which is denoted D; = (Dyy, - - - ,DM)T € RY*¢ Here we suggest constructing the I'Vs

by the higher network orders of lagged dependent variables, sayE]
[V - [W2Yt,1, W3Yt,1] (23)

where W is the row-sum normalized network matrix selected.

4.2 Simulation Results

We first consider the case where N is larger than 7' (= N/10), and set the size of nodes
to N = 100, 500,1000. Using R = 100 replications, we evaluate the finite sample per-
formance of the IVQR estimator at 7 = 0.1, 0.5, 0.9, respectively. In Tables [I} [2] and
we report the simulation results in terms of bias and RMSE. Overall, we find that the
RMSEs of all the parameters are monotonically decreasing as the sample size increases
for the three different network structures, across the different quantiles (7 = 0.1,0.5,0.9)
and disregarding the distributions of uys. In particular, the RMSEs of ~; are somewhat
larger, especially in a small sample (N = 100), which may reflect uncertainty associated
with the selection of the IV variables. But, when the sample size grows, i.e. N = 1000,
all the RMSEs decline sharply, implying that the parameters converge at a proper rate

as the sample size grows sufficiently.

Next, we consider the cases with N =T and T" > N. Setting N = 100, we examine

In principle, we can also select the higher network orders such as IV =
(W2Y,_1, W3Y,_1, W2Y, 5, W3Y;_5,..]. But, we find that two instruments in (23) were often
the best choice.
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Table 1: RMSE with W as Type 1 network (Dyad independence model)

Dist. 7 Yo 71 72 73 o1 ag a3 oy as B1 B2 B3 Ba
N =100
Z 0.1 | 0.072 0.250 0.083 0.057 0.225 0.079 0.071 0.071 0.057 0.091 0.139 0.074 0.078
0.5 | 0.061 0.287 0.055 0.042 0.100 0.077 0.047 0.045 0.050 0.053 0.077 0.051 0.053
0.9 | 0.078 0.352 0.078 0.049 0.072 0.074 0.071 0.070 0.064 0.080 0.074 0.073 0.079
T 0.1 0.099 0.097 0.086 0.054 0.088 0.098 0.095 0.107r 0.071 0.103 0.106 0.102 0.111
0.5 | 0.0566 0.214 0.046 0.030 0.049 0.056 0.045 0.049 0.042 0.054 0.062 0.061 0.057
0.9 | 0.101 0.402 0.080 0.055 0.084 0.100 0.101 0.104 0.086 0.106 0.099 0.099 0.106
N =500
Z 0.1 0.012 0.037 0.014 0.010 0.221 0.020 0.014 0.013 0.010 0.047 0.132 0.011 0.011
0.5 | 0.009 0.130 0.022 0.008 0.094 0.062 0.012 0.009 0.017 0.024 0.066 0.009 0.011
0.9 | 0.014 0.249 0.035 0.010 0.041 0.032 0.017 0.015 0.027 0.011 0.011 0.013 0.019
T 0.1 0.016 0.026 0.014 0.011 0.017 0.021 0.018 0.020 0.017 0.015 0.013 0.015 0.012
0.5 | 0.009 0.140 0.017 0.005 0.009 0.011 0.009 0.008 0.008 0.007 0.011 0.008 0.008
0.9 | 0.018 0.272 0.030 0.012 0.017 0.018 0.017 0.018 0.017 0.015 0.022 0.016 0.015
N = 1000
Z 0.1 0.003 0.088 0.005 0.003 0.097 0.007 0.003 0.003 0.003 0.020 0.061 0.002 0.002
0.5 | 0.002 0.088 0.012 0.002 0.042 0.027 0.003 0.002 0.008 0.010 0.030 0.003 0.004
0.9 | 0.006 0.088 0.019 0.003 0.018 0.013 0.007r 0.003 0.012 0.003 0.003 0.005 0.007
T 0.1 0.003 0.009 0.002 0.004 0.004 0.005 0.005 0.004 0.005 0.004 0.003 0.002 0.003
0.5 | 0.002 0.058 0.010 0.001 0.002 0.004 0.003 0.002 0.001 0.002 0.004 0.001 0.001
0.9 | 0.006 0.117 0.015 0.006 0.006 0.005 0.005 0.003 0.004 0.005 0.010 0.004 0.004

Note: The size of the time period is T = N/10. u;; are generated from a standard normal distribution

(i.e. Z) and t-distribution with 5 degrees of freedom (i.e., T'). The simulation results are reported with

100 replications.

Table 2: RMSE with W as Type 2 network (stochastic block model)

Dist. 7 Y0 20! 2 3 a1 oo a3 oy as B1 B2 B3 Ba
N =100
Z 0.1 0.077 0.579 0.231 0.049 0.221 0.072 0.078 0.075 0.070 0.090 0.110 0.094 0.100
0.5 0.072 0.589 0.187 0.046 0.097 0.070 0.056 0.050 0.050 0.059 0.089 0.069 0.064
0.9 | 0.092 1.014 0.277 0.057 0.068 0.078 0.064 0.068 0.067 0.089 0.131 0.104 0.097
T 0.1 0.147 0.881 0.307 0.050 0.078 0.089 0.087 0.089 0.078 0.154 0.162 0.130 0.133
0.5 0.070 0.628 0.170 0.033 0.046 0.055 0.057 0.053 0.047 0.068 0.078 0.066 0.063
0.9 0.173 1.118 0.298 0.064 0.085 0.095 0.091 0.101 0.069 0.156 0.174 0.137 0.128
N = 500
Z 0.1 0.012 0.331 0.066 0.011 0.219 0.021 0.015 0.013 0.012 0.039 0.118 0.012 0.011
0.5 0.009 0.290 0.166 0.008 0.093 0.060 0.011 0.009 0.021 0.046 0.137 0.010 0.015
0.9 | 0.017 0.625 0.192 0.012 0.038 0.032 0.017 0.014 0.029 0.041 0.118 0.010 0.012
T 0.1 0.019 0.457 0.131 0.012 0.016 0.018 0.019 0.020 0.016 0.027 0.063 0.018 0.019
0.5 0.009 0.237 0.129 0.005 0.009 0.011 0.010 0.009 0.007 0.022 0.061 0.007 0.007
0.9 | 0.018 0.341 0.186 0.014 0.019 0.018 0.016 0.018 0.016 0.035 0.100 0.014 o0.017
N = 1000
Z 0.1 0.003 0.050 0.024 0.002 0.097 0.007 0.002 0.004 0.003 0.023 0.066 0.002 0.003
0.5 0.003 0.063 0.015 0.001 0.041 0.027 0.003 0.002 0.008 0.028 0.082 0.005 0.008
0.9 0.007 0.112 0.022 0.002 0.017 0.014 0.005 0.003 0.012 0.029 0.085 0.002 0.002
T 0.1 0.004 0.030 0.017 0.004 0.004 0.004 0.004 0.003 0.004 0.004 0.005 0.003 0.003
0.5 0.003 0.062 0.108 0.001 0.002 0.004 0.002 0.002 0.002 0.018 0.052 0.004 0.006
0.9 | 0.008 0.123 0.180 0.003 0.005 0.006 0.004 0.004 0.004 0.031 0.089 0.007 0.009

Note: The size of the time period is T = N/10. u;; are generated from a standard normal distribution

(i.e., Z) and t-distribution with 5 degrees of freedom (i.e., T'). The simulation results are reported with

100 replications.
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Table 3: RMSE with W as Type 3 network (power-law distribution network)

Dist. 7 Yo 71 2 3 a1 a2 a3 oy as B1 B2 B3 Ba
N =100
Z 0.1 0.095 0.359 0.337 0.056 0.227 0.068 0.066 0.069 0.068 0.102 0.189 0.083 0.082
0.5 0.072 0.475 0.255 0.039 0.104 0.072 0.053 0.052 0.048 0.073 0.157 0.064 0.059
0.9 | 0.108 0.721 0.424 0.056 0.074 0.065 0.069 0.075 0.062 0.093 0.167 0.110 0.093
T 0.1 0.121 0.392 0.419 0.070 0.087 0.102 0.103 0.100 0.085 0.092 0.101 0.097 0.099
0.5 0.063 0.394 0.247 0.030 0.052 0.056 0.049 0.046 0.047 0.069 0.101 0.057 0.058
0.9 | 0.137 0.762 0.504 0.058 0.075 0.086 0.080 0.089 0.086 0.130 0.218 0.125 0.117
N = 500
Z 0.1 0.014 0.125 0.034 0.011 0.219 0.019 0.014 0.014 0.013 0.049 0.147 0.011 0.010
0.5 0.013 0.159 0.140 0.009 0.094 0.048 0.011 0.010 0.017 0.041 0.122 0.010 0.013
0.9 0.264 0.387 0.204 0.028 0.021 0.023 0.017 0.021 0.019 0.034 0.087 0.017 0.019
T 0.1 0.017 0.066 0.025 0.011 0.015 0.021 0.019 0.019 0.016 0.013 0.017 0.016 0.016
0.5 0.010 0.187 0.116 0.006 0.010 0.024 0.011 0.010 0.013 0.020 0.059 0.008 0.008
0.9 | 0.356 0.310 0.175 0.036 0.055 0.039 0.022 0.022 0.022 0.043 0.112 0.025 0.021
N = 1000
Z 0.1 0.004 0.050 0.016 0.001 0.097 0.007 0.003 0.004 0.004 0.022 0.066 0.002 0.003
0.5 0.002 0.067 0.064 0.002 0.043 0.022 0.003 0.003 0.006 0.018 0.054 0.004 0.004
0.9 | 0.099 0.165 0.083 0.010 0.006 0.006 0.005 0.004 0.008 0.012 0.034 0.003 0.004
T 0.1 0.004 0.018 0.010 0.004 0.004 0.004 0.004 0.005 0.003 0.003 0.004 0.003 0.003
0.5 0.003 0.073 0.049 0.001 0.003 0.010 0.001 0.002 0.003 0.008 0.025 0.001 0.002
0.9 0.122 0.118 0.070 0.013 0.020 0.010 0.005 0.006 0.007 0.013 0.043 0.005 0.005

Note: The size of the time period is T = N/10.

ujs are generated from a standard normal distribution

(i.e., Z) and t-distribution with 5 degrees of freedom (i.e., T'). The simulation results are reported with

100 replications.

the two scenarios with 7' = N = 100 and T' = 10, N = 1000. Overall, we find that the

simulation results reported in Table [4] are qualitatively similar to the previous ones with

N > T. Again, the RMSEs for 7, seem to be somewhat higher than those of other para-

meters, especially for small 7. But the RMSEs of all the parameters decline sufficiently

fast as the sizes of the time period increase for the three different network structures and

across different quantiles (7 = 0.1,0.5,0.9)
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Table 4: RMSE with T = Nand T > N

Dist. 7 Y0 7 V2 V3 a1 Qg a3 oy as B1 B2 B3 Ba
W1, T =100
z 0.1 | 0.019 0.323 0.021 0.017 0.229 0.027 0.021 0.029 0.012 0.053 0.139 0.019 0.022
0.5 | 0.020 0.325 0.026 0.008 0.107 0.057 0.014 0.011 0.023 0.022 0.061 0.017 0.014
0.9 | 0.013 0.364 0.031 0.015 0.046 0.038 0.026 0.032 0.029 0.017 0.024 0.023 0.030
T 0.1 0.023 0.042 0.017 0.017 0.014 0.035 0.034 0.024 0.018 0.032 0.027 0.025 0.018
0.5 | 0.010 0.275 0.020 0.008 0.015 0.017 0.015 0.011 0.009 0.014 0.012 0.009 0.007
0.9 | 0.031 0.447 0.018 0.011 0.017 0.038 0.038 0.036 0.029 0.027 0.020 0.008 0.015
W1, T = 1000
Z 0.1 0.004 0.209 0.006 0.006 0.216 0.017 0.008 0.007 0.005 0.044 0.134 0.004 0.004
0.5 | 0.003 0.203 0.027 0.005 0.093 0.061 0.008 0.0056 0.018 0.023 0.068 0.006 0.009
0.9 | 0.011 0.211 0.039 0.004 0.041 0.031 0.013 0.008 0.029 0.005 0.007 0.010 o0.016
T 0.1 | 0.009 0.047 0.009 0.008 0.014 0.011 0.010 0.012 0.008 0.010 0.009 0.005 0.008
0.5 | 0.006 0.155 0.012 0.003 0.004 0.005 0.003 0.005 0.003 0.004 0.007 0.005 0.003
0.9 | 0.012 0.302 0.025 0.007r 0.011 0.010 0.009 0.007 0.012 0.008 0.011 0.007 0.007
W2, T =100
Z 0.1 0.020 0.524 0.114 0.021 0.223 0.028 0.023 0.025 0.014 0.036 0.093 0.020 0.023
0.5 | 0.014 0.202 0.064 0.007 0.094 0.065 0.019 0.013 0.019 0.027 0.076 0.014 0.014
0.9 | 0.027 0.262 0.088 0.010 0.043 0.031 0.023 0.023 0.029 0.029 0.038 0.016 0.017
T 0.1 0.050 0.529 0.177 0.022 0.028 0.027 0.021 0.025 0.027 0.039 0.072 0.026 0.040
0.5 | 0.013 0.218 0.045 0.011 0.011 0.013 0.019 0.021 0.012 0.010 0.016 0.012 0.012
0.9 | 0.018 0.514 0.100 0.013 0.029 0.030 0.021 0.029 0.032 0.017 0.031 0.023 0.027
W2, T = 1000
Z 0.1 0.008 0.132 0.070 0.005 0.220 0.017 0.007 0.007 0.006 0.033 0.100 0.006 0.006
0.5 | 0.007 0.134 0.060 0.004 0.094 0.062 0.008 0.006 0.018 0.028 0.084 0.007 0.010
0.9 | 0.013 0.137 0.104 0.006 0.038 0.033 0.015 0.009 0.028 0.010 0.029 0.011 0.015
T 0.1 0.018 0.144 0.028 0.009 0.010 0.010 0.010 0.010 0.009 0.023 0.063 0.010 0.010
0.5 | 0.006 0.145 0.034 0.003 0.005 0.006 0.005 0.005 0.006 0.006 0.017 0.003 0.003
0.9 | 0.009 0.374 0.047 0.010 0.008 0.011 0.010 0.009 0.009 0.011 0.023 0.007 0.008
w3, T =100
Z 0.1 0.016 0.065 0.135 0.020 0.212 0.024 0.020 0.021 0.020 0.049 0.171 0.014 0.008
0.5 | 0.032 0.397 0.209 0.010 0.092 0.066 0.012 0.013 0.023 0.056 0.155 0.010 0.020
0.9 | 0.061 0.784 0.337 0.018 0.038 0.039 0.024 0.027 0.037 0.049 0.133 0.027 0.018
T 0.1 0.028 0.229 0.114 0.013 0.017 0.024 0.016 0.033 0.024 0.026 0.043 0.019 0.019
0.5 | 0.030 0.401 0.163 0.011 0.018 0.017 0.011 0.013 0.019 0.030 0.092 0.009 0.015
0.9 | 0.063 0.724 0.371 0.017 0.023 0.034 0.021 0.034 0.032 0.064 0.149 0.018 0.035
W3, T = 1000
A 0.1 0.021 0.072 0.087 0.005 0.218 0.018 0.008 0.005 0.005 0.066 0.175 0.006 0.006
0.5 | 0.044 0.114 0.110 0.005 0.095 0.055 0.005 0.006 0.017 0.054 0.161 0.009 0.017
0.9 | 0.069 0.278 0.128 0.006 0.036 0.030 0.014 0.011 0.024 0.052 0.140 0.006 0.012
T 0.1 0.016 0.127 0.106 0.007 0.010 0.008 0.009 0.009 0.005 0.017 0.056 0.007 0.009
0.5 | 0.023 0.192 0.105 0.003 0.006 0.011 0.004 0.004 0.0056 0.035 0.102 0.005 0.010
0.9 | 0.0568 0.207 0.042 0.014 0.010 0.012 0.013 0.011 0.006 0.057 0.183 0.013 0.025

Note: RMSE with the size of sample agent N = 100, at the time period T' = N = 100 and T =

10« N = 1000 for the three network structures, respectively. u;;s are generated from a standard normal

distribution (i.e., Z) and t-distribution with 5 degrees of freedom (i.e., T'). The simulation results are

reported with 100 replications.
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5 Application

We now explore the financial quantile network effects by analyzing the quantile connect-
edness among the stock returns. |[Anton and Polk (2014) find that stock returns tend
to display significant comovements due to common active mutual fund owners. In addi-
tion, Pirinsky and Wang| (2006) document strong comovements in the stock returns of
firms headquartered in the same geographic area. Further, |Garcia and Norli (2012) point
out that the firms headquartered in the same geographic area have uniformly excessive
returns compared to geographically dispersed firms, a phenomenon which is called the

return local bias.

In this study, we investigate the two different financial network structures. First, we
construct the common shareholder network (W;), using information from the common
mutual fund ownership. In particular, we let the stocks be connected if they are invested
in by at least five common mutual fund owners. In addition, we construct the uniform
headquarter location network (Ws) by checking whether the headquarters of companies
are located in the same state or city. In particular, we treat the companies with head-

quarters located in the same state or city as connected.

We examine all the stocks traded in NYSE and NASDAQ in 2016. We collect the
addresses associated with firms” headquarters from COMPUSTAT. The dataset on mutual
fund holdings is downloaded from Thomson Reuters. After merging these data from the
databases according to the unique trading code and moving the stocks with missing values,
we finally obtain 928 stocks. These stock return data are downloaded from Datastream.
We also select market capitalization, book value per share, cash flow and price-earning
ratio as the individual firm-specific variables, which are then standardized. Finally, we
consider VIX, Fama French three factors (excess market return, SMB, HML) as the
common covariates to analyze the performance of stock returns under various market

environments (different quantile levels).

We display the topology of two networks for the top 100 market-value stocks in Figure
[, where the two panels present the same stocks with the different network structures.
The larger nodes imply the higher market capitalization while the darker nodes present

the higher connectedness especially for the network structure with W1. There is a large
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connected group in the left panel, presenting the stocks that are more centralized con-
nected by common investors, while the right panel reveals more small groups, implying
that the stocks are more locally connected when measuring by uniform headquarter lo-
cation. This is consistent with our expectation and the literature. Crucially, Figure

depicts totally different network structures for the same stocks.

Network W1 by common investors Network W2 by uniform headquarter location
©)
o o o oo ° OO ®
S & o0 00 , ® o
o o o ° d ® o
o o O o0 OO o @)
O ® (0] O O (@) 0)

o
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@° ¥ °©
. %o © D e
@) ©)

Figure 1: We depict the top 100 market value stocks in the selected 928 firms. The
left panel: the common shareholder network W1 of the top 100 market value stocks,
constructed by checking whether the stocks are invested in by at least five common
mutual fund owners. The right panel: the uniform headquarter location network W2
for the same stocks, constructed by checking whether the headquarters of companies are
located in the same state and city. The larger nodes imply higher market capitalization.

The darker nodes present higher connectedness in network W1.

For comparison we present the estimation results for the proposed NQADL model
together with the NQAD model without the common covariates, and the NQAR model
without contemporaneous effects in Y;;. To compare the performance of our proposed
model relative to the alternative models, we evaluate the goodness of fit across the dif-

ferent quantiles, following for example |Koenker and Machado| (1999). Consider a linear
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model for the conditional quantile function,
Qi (71 Xie) =X [501(7) + X305 (7) (24)

and let HA(T) denote the estimator of the unrestricted model, which is the minimizer of

V()= min » Y p, {Yit - X;b} . (25)

i=1t=1

(1) = (6] (7),0)T denote the minimizer for the constrained model

Vi(r) = min Y > p, {Yit — thbl} . (26)

i=1t=1

0(7) and 6(7) denote the unrestricted and restricted quantile regression estimates. Define

the goodness-of-fit criterion as

)

R(r) =1— NE:; (27)

<

which represents the overall decreased percentage of loss function in quantile regression

of the unrestricted model compared with the restricted model.

First, we report the estimation results for the network with W1 in Table For
convenience we present the coefficients and the standard errors multiplied by 10% at the
different quantiles (7 = 0.1,0.5,0.9). The goodness of fit value R(7) is reported in the
last row of Table [5| (Goodn.fit.). Table |5 reveals that the contemporaneous effects in Y
are significant and non-negligible across different quantile levels. The overall loss function
of the proposed NQADL model falls off around 4% in comparison with the NQAR model
without contemporaneous effects. The NQAD model without common factors performs
similarly to the NQADL model. Further, the effects of common factors are significant
for extreme values or economic environments, i.e. 7 = 0.1,0.9 in comparison with the

central circumstance, i.e. 7 =0.5.

Meanwhile, we display the estimated quantile regression effects across the different
quantiles in Figure 2 The dashed line is the quantile regression coefficients on these

variables, and the grey areas indicate a rank test-based confidence band across different
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NQADL NQAR NQAD
7=0.1 7=0.5 7=0.9 7=0.1 7=0.5 7=0.9 7=0.1 T=0.5 7=20.9
o 22,097 0.02%% 210" | —2.16"*  0.07** 2.31%%% | —2.09%**  (.02%** 2.10%**
(0.01) (0.00) (0.01) (0.01) (0.00) (0.01) (0.01) (0.00) (0.01)
B 95.54%*%  79.32%**  86.36*** - . - 94.92%%%  TQATF  86.93%**
(0.66) (0.44) (0.67) (0.65) (0.43) (0.66)
o 1,725 0.81** 1.39%* —0.47  —1.40%%F  2.52%%* 1.48%* 0.84** 1.91%%
(0.56) (0.35) (0.57) (0.71) (0.18) (0.51) (0.56) (0.35) (0.51)
3 S8 2.19%RF 110" —0.27  —1.88%%% Q.75 | —1.18**  _2.23%  _1.08%**
(0.31) (0.24) (0.33) (0.38) (0.13) (0.35) (0.32) (0.24) (0.33)
SIZE 0.06%** 0.00 —0.05%** | 0.08*** 0.00 —0.08%** | 0.06%** 0.00 —0.05%**
(0.00) (0.00) (0.00) (0.01) (0.00) (0.00) (0.00) (0.00) (0.00)
BM 0.10%** 0.00 —0.10%** | 0.10%** 0.01%%*  —0.10%** | 0.10%** 0.00 —0.10%**
(0.00) (0.00) (0.00) (0.00) (0.00) (0.01) (0.00) (0.00) (0.00)
Cash 0.01 0.00 0025 | 0.02%** 0.00 —0.03%** 0.01 0.00 —0.02%**
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PE 0.05%** 0.00 —0.02%* | 0.02%%* 0.01%**  —0.02°** | 0.05*** 0.00 —0.02%**
(0.01) (0.00) (0.01) (0.01) (0.00) (0.01) (0.01) (0.00) (0.01)
VIX 0.01 ~0.01 —0.03** | 0.10%**  —0.08"**  —0.10*** - § y
(0.01) (0.01) (0.01) (0.01) (0.00) (0.01)
Rm - Rf | 0.05*** —0.01*  —0.04%** | —0.12***  0.03***  —0.03*** - - -
(0.01) (0.01) (0.01) (0.01) (0.00) (0.01)
SMB —0.01 0.00 —0.02%* | —0.09%**  —0.05"**  —0.02 - - -
(0.01) (0.00) (0.01) (0.01) (0.00) (0.01)
HML 0.03***  —0.01**  —0.05%** | —0.12%%*%  —0.00%**  —0.11%** - - -
(0.01) (0.00) (0.01) (0.01) (0.00) (0.01)
Coodn fit. - - - 4.40 5.49 2.76 0.04 0.02 0.12
Table 5: Estimation with network W1 for a US stock dataset of 928 stocks. The net-

work W1 is constructed by checking whether the stocks are invested in by at least five

common mutual fund owners. The parameter estimates (x10?) are reported for quantile

levels 7 = 0.1,0.5,0.9, and the value below in parentheses is the corresponding standard
error (x10?). Structure NQAR (SNQAR) denotes our model, NQAR denotes the model

without simultaneous connectedness effects, and SNQAR without common factors model

denotes the model excluding the common economic factors. Goodn.fit. (x10?) represents

the goodness of fit of our model with the others. The significance levels of 1%, 5% and

10% are noted by *** ** * regpectively.
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quantile levels, i.e. 7 = 0.1,0.2,..,0.9. The band clearly excludes the null effect indi-
cated by the solid horizontal line. Figure [2| shows that all the dynamics of parameters
71(.),72(.),v3(.) at various quantile levels are nearly featured with a "U" shape and the
confidence bands consistently exclude the zero line, which implies that both the contem-
poraneous and lagged network effects are distinctly important at various quantile levels,
and the effects are relatively stronger at the tail levels. Additionally, the contemporane-
ous network effects (1) are comparatively more significant and larger than the others.
Besides, most of the common factors affect the stock returns in a decreasing trend as

quantile levels increase.

Finally, in order to do the robustness check, when using network W2 to implement
the application, we obtain similar results, see Table [6] and Figure [3] The formats follow
Table [ and Figure 2l In Table [0, although the contemporaneous effects of the NQADL
model are slightly smaller than the counterparts in Table 5] the patterns in comparison
with the NQAR model and NQAD model almost mimic the ones in Table 5] The overall
loss function of the proposed NQADL model decreases around 6% for the three selected
quantile levels 7 = 0.1,0.5,0.9 compared with NQAR model without the synchronous
network effects. Meanwhile, the scheme of Figure [3]is analogous to that in Figure 2]

6 Conclusion

We propose a dynamic spatial autoregressive quantile network model that allows for
temporal and cross-sectional dependence. Using the predetermined network information,
we study the dynamic tail event driven risk under various quantile levels within a net-
work topology. The model’s distinguishing characteristic is that a given nodal response’s
behavior is not only influenced by its previous information, but also connected with a
weighted aggregation of simultaneous and lagged responses from others. Moreover, com-

mon covariates representing macroeconomic environments are also incorporated.

The main challenge of our proposed NQADL model is the potential endogeneity prob-
lem due to the simultaneous network effects. We extend the IVQR method in the model

estimation, and provide the associated asymptotic theory for the IVQR estimator. Sim-
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Figure 2: Estimated coefficients associated with some selected variables with the network
W1. The dashed line is the estimated coefficients for these variables, and the grey region
indicates a rank test-based confidence band for the estimators. The quantile levels 7 =
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NQADL NQAR NQAD
T7=0.1 T=0.5 7=0.9 T7=0.1 T7=0.5 7=0.9 T7=0.1 7=20.5 7=0.9
Y0 —2.04*** 0.02*** 2.06*** —2.16%** 0.07*** 2.31%** —2.04*** 0.02*** 2.07***
(0.01) (0.00) (0.01) (0.01) (0.00) (0.01) (0.01) (0.00) (0.01)
?1 86.73%** 73.06%** 79.47%** - - - 86.34*** 73.24*** 79.71%**
(0.59) (0.42) (0.58) (0.58) (0.42) (0.58)
7{2 1.09* 0.45 1.47** 0.26 —1.57*** 2.14%** 1.06* 0.54 1.95%**
(0.58) (0.34) (0.57) (0.74) (0.25) (0.68) (0.59) (0.35) (0.57)
?3 —1.05***  —1.80*** —0.91*** —0.34 —1.86***  —0.73*** —1.16***  —1.79***  —0.81***
(0.32) (0.25) (0.26) (0.38) (0.13) (0.19) (0.32) (0.25) (0.28)
SIZE 0.06*** 0.00 —0.06*** 0.08*** 0.00 —0.08*** 0.06*** 0.00 —0.06***
(0.00) (0.00) (0.00) (0.01) (0.00) (0.00) (0.00) (0.00) (0.00)
BM 0.10%** 0.00 —0.09*** 0.10*** 0.01*** —0.10*** 0.10*** 0.00 —0.09***
(0.00) (0.00) (0.00) (0.00) (0.00) (0.01) (0.00) (0.00) (0.00)
Cash 0.02%** 0.00 —0.02%** 0.02%** 0.00 —0.03*** 0.02%** 0.00 —0.02%**
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PE 0.03*** 0.01*** 0.00 0.02%** 0.01*** —0.02%** 0.02%** 0.01*** 0.00
(0.01) (0.00) (0.01) (0.01) (0.00) (0.01) (0.01) (0.00) (0.01)
VIX 0.02* —0.01*** —0.03** 0.10*** —0.08***  —0.11*** - - -
(0.01) (0.01) (0.01) (0.01) (0.00) (0.01)
Rm - Rf 0.03*** —0.01 —0.05*** | —0.11*** 0.03*** —0.03** - - -
(0.01) (0.01) (0.01) (0.01) (0.00) (0.01)
SMB —0.01 —0.01** —0.02** —0.09***  —0.05*** —0.01 - - -
(0.01) (0.00) (0.01) (0.01) (0.00) (0.01)
HML 0.01 —0.01***  —0.06*** —0.12***  —0.09***  —0.11*** - - -
(0.01) (0.00) (0.01) (0.01) (0.00) (0.01)
Goodn.fit. - - - 6.17 6.66 4.54 0.00 0.02 0.09

Table 6: Estimation with the network W2 for a US stock dataset consisting of 928 stocks.
The network W2 is constructed by checking whether the headquarters of companies are
located in the same state and city. The parameter estimates (x10?) are reported for
quantile levels 7 = 0.1,0.5,0.9, and the value in parentheses below is the corresponding
standard error (x10%). Structure NQAR (SNQAR) denotes our model, NQAR denotes
the model without simultaneous connectedness effects, and SNQAR without common
factors model denotes the model excluding the common economic factors. Goodn.fit.
(x10%) represents the goodness of fit of our model with the others. The significance
levels of 1%, 5% and 10% are noted by *** ** * respectively.
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Figure 3: Estimated coefficients of some selected variables with the network W2. The

dashed line is the estimated value for these coefficients, and the grey region indi-
cates a rank test-based confidence interval for the estimators.
7 = 0.1,0.2,0.3...,0.9 are used for the calculation.

The network W2 is constructed by checking whether the headquarters of companies are

The quantile levels

The solid horizontal line is zero.

located in the same state and city.
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ulation results under various scenarios show that our model performs well with different
network structures and at various quantile levels, especially when the node sizes increase.
In addition, an empirical study for US stock markets finds that the contemporary net-
work effects are distinct and significant across different quantile levels while the common
covariates affect relatively more significantly when considering extreme tail dependence.
Overall, our proposed NQADL model favorably outperforms the NQAR model without

synchronous network effects.
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7 Appendix

7.1 Proof of Lemma [2.1]

(i) Strict Stationarity

We first discuss the strict stationarity of {Y,};. Under Assumption [2.1(1), we have
(I — A W)™ =32 (A, W)k, Then, we obtain the reduced form of the model (3)) by

Yt — (I - AltW>71Hth,1 + (I - AltW)71<F —|— BtIFt + ‘/t)
= MY, 1+ C,

where My = (I — Ay W) 'H;, and C; = (I — A ;W) (T + B,F; +V;). Hence, this process
falls into the class of a general autoregressive process with {M;, C;,t € Z}. According
to Theorem 1.3 and Lemma 2.1 of Bougerol and Picard| (1992)), Y, has a strictly station-
ary solution, if the sequence of random matrices {M;,t € Z} satisfy the following two
conditions:

a) Elog|My|3 < oo, with log |My|3 = max(log | Mgz, 0),

b) limy oo |[MoM_1 -+ M_4|5 = 0 almost surely.

Recall that |Aly = supg,erd 20y |Av[2/|0]2, where we recall that || is the two norm
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of a vector or matrix. We now prove the two conditions. First, consider:

(Mils = |[(I — AyW) ™ Hyly

< D2(ALW) Hy|,  under (Assumption 2] A.1)
k>0

< D |(AW)*Hyl;  under (Minkowski inequality)
k=0

< D [(Aw)l3IWIsIH, ]2 under (A.1)
k>0

< D [(Aw)l3(|(Aze)l2 +[(Ase)l2)  under (A.1)
k>0

= Z{m?X |71(Uit)\}k(m?X [72(Uir)| + max [y3(Ui)])
k>0

< 3 ck{max (V)| + max |y (Us) )
k>0

< chfc% under (A.2)
k>0

g 623/(1 — Cl).

Then, Elog|My|3 < logE|My|3 < max{log(cas/(1 — ¢1)),0} < oo, such that the

conditions a) holds.

Next, consider the second condition b), which can be written as,

E|MoM_y- M, < EI__, (ZC’f)(m?X|72(Uz‘l)|+m?X|73(Uu)D}
k>0

(1 1)~ [Efmax pya(Un)| + max ya(U) )]

N

g (1 — Cl)itilcggl.

For a small constant € > 0, we now have:

ZP(|MOM71 . M,t|2 > 5)
t=1

< E|MoM-_1 - M_y|

< Y under (Markov’s inequality)
€
=1
< D (L—a)Tleyt/e
=1
(c23)?

= < .
(1—01)(1—01 —023)6 e

32



Then, by Borel-Cantelli lemma, the condition b) holds. Therefore any projection of
the process in has a strictly stationary solution. If in addition Var(Y;) and I'; =

Cov(Yy, Y;_;) exits, then we can conclude the covariance stationarity of the process.
(ii) Covariance Stationarity

Recall that the model admits the following covariance stationary solution

= i D, ; = i IS, B, Fyy + i 1,5, Ao,
1=0 1=0 1=0
where D; = S; ' (BF; + Ag), My = S;'H; and Il = M, x --- x M;_ ;4 for [ > 1 with
Iy = [ and IT; = M,;. Let E M, = M and ED, = D. Moreover, |D;|s < (1—c1) ' (df+d.)
by Assumption (3) Thus, the expected value of Y; is given by uy = (I — M)~'D.
Further, we have: |M;Iy| <, co3/(1 — ¢1)Iy for every t, where <, denotes ’element-wise

smaller’. The variance and covariance of Y, are then given by

o T
Ty = Var(Y;) = E { (Z LD, l> (Z HlDt_l) } — prvjy,
=0
00 T
= Cov(Y,,Y, ) =E { (Z ;D l) (Z Hth—m) } — iy fy-
=0

Consider Var(Y;). Let ¢ = (1 — ¢;) " !co3, then we have:
e E{(Xiz0 LDy 1) ((Xio0 ThDsy)) " }ey = I + I + .

First, we show that I = 37, -y, e/ ®e] MPQM"™= E{IQM,;_y, - - - IQM;_y, _yvec(DD, )} <
Y5t IDlmax E(d, + df){c’}ll—lzc’2l2 = Y50 |Dlmax E(d; + df)c’ll“2 < 0. Similarly,
I =Y, ¢l ®@e] M" @ M"E{vec(Di—,D/] )} < Odmax 2, ¢ and I3 = 3,0 €] ®
ejTMll ® Mh E{]Wt_l1 QI My_1,1® ]Vec(]Dt_ll]DtT) < le<12 |]D)|maX E(dz + df)clllﬂz.
Thus, we have I1,I5,I3 < oo under Assumption [2.I] Similarly, we can show that

[} = Cov(Y,, Y, ;) exists. Thus, a'Y; is covariance stationary.
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7.2 Proof of Theorem (1

7.2.1 Invariance Principle

In order to to prove Theorem [I, We shall apply Theorem 3 in [Wul (2011). We introduce

the functional dependence measure.

Definition 7.1. Define X; = g(F;) with the shift process Fy = (...,&—1,&). Let & be
replaced by an i.i.d. copy of &, and X = g(F;") with Ff = (..., &-1,85, &1, -+, -1, &)

For ¢ > 1, define the functional dependence measure 6,:(X;) & | X — X[lq, which

measures the dependency of § on X;. Also, define A, ,(X:) o o m Og.t, which measures

the cumulative effect of & on Xism. Finally, define the predictive dependence measure

by P; Xy = BE(X4| Fj) — BE(X4| Fja)-

According to Theorem 3 in [Wu| (2011)), if the condition 32, ||Py(a’Y,)||, < oo holds,
then we can obtain the main result (7)) in Theorem . We now prove that Ag ,(a’Y;) < co.

(We note that Ag,(a'Y;) < oo and |Py(aY,)|, are equivalent measures.) Notice that

Po(a'Y,) = a' (E(Y|Fo) — E(Y,|F_1))
= a' (M'Dy—D)+> M (My— M)M_y -+ My 11Dy )

>t
a' (M'In2(d, +dy) + > M (Mo — M)M_y - - My 1 In(d. + dy))
>t
CLT(C,t + Z ZCIZ)INQ(dz —|— df)
>t

< Ad +dp)dt/(1— )

N

N

where ¢ = (1—c¢;) 'cp3. Thus, Aojq(aTYt) S Ysollld:llg+1dsllg)e"/(1—¢') < oo. Hence,

the conditions are satisfied.

7.3 Proof of Theorem [2 and Theorem [3

As we handle the statistic object involved with weak spatial temporal dependence, we
shall condition on C & {F:}; thoughout the proof. The E in the proof are conditioning

on C without special notice.
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7.3.1 Lemmas for near-epoch dependent (NED) Processes

Let (X, Uy) be the basis of NED processes. Then, we provide a number of Lemmas on
the basic properties of NED in random fields. The derivation follows largely Xu and Lee
(2015) with substantial modifications to fit to our model setup.

Lemma A.1. If {Y;} and {Z;} are both uniformly Lois bounded, and uniformly and
geometrically Lo-NED, then {Y;Zy} is uniformly and geometrically Ly-NED.

Lemma A.2. For h > 1, there exists some m < 00, such that the number of all elements
in Dyt located within a distance [h, h=+1) satisfying 3= pyrh<p(ij)<hil < mh®t for any

i € Dyp. This is from Lemma A.1 in|Jenish and Prucha (2009).

Lemma A.3. Suppose W is an N x N square matriz which can be decomposed into the
sum of two N x N matrices, i.e., W = A+B. Denote |A| ey = max;; |a;],4,j =1,--- ,N.
1-1
Then for any positive integer I, we have (W' — BY);; < |Almaz > | BIEIW T
k=0

Proof. Let ¢, = (0,---,0,1,0,---,0)" is the unit column vector with one in its
-1

kth entry and zeros in its other entries. By expansion, W! — B! = >~ BFAW'™'7F,
k=0

Then (W' — j Z e; BFAW'™1"F¢;. For any matrix M and a vector e of dimen-
sion n, ||M€||oo |M|max|| |1. Hence, ezTBkAWlflfkej < ||eZ-TBk||OO|\AVVI*1*’“6J~||Oo <
||Bk||OO|A|max||Wlilik€j||1 < |A|max||Bk||OO||W||ll_1_ka for any integer k =0,--- ,1—1. [

2a+1
(63

Lemma A.4. For any o >0 and s > 2, 332 h™*! s~. [s] denotes the largest

integer less than or equal to s.

Proof. For h > 2, h > % When o > 0, 252 pol < Zﬁ“;[s](%)_o‘_l <

a+1 a+1
201 [0 praldy = QTS*O‘. Therefore, 3552 hmet < 2

—Q

Lemma A.5. If{Y,} and {Z;} are both uniformly Lays bounded, and uniformly and ge-
ometrically L,-NED, then {Yy—Zy} and {Yy+Zy} are both uniformly and geometrically
L,-NED.

Proof. Define || Zy — E(Zu|-Zu(s))|lp < diip(s)? and ||V — E(Yie| Fir(5))|lp < dyio(s)
By Minkowski’s inequality, ||(Yi: — Zit) — E(Yie — Zit| Zir(s))|lp < ||Yie — E(Yie| Fie(5)) || +
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120~ EZul Fuls)) < dio(s)” + dpls)? < dupls). with dy = max(dY,d7) and
0(s) = p(s)Y + ¢(s)?. Similar results for {Y;; + Z;:}. 0

Lemma A.6. (Ibragimov and Linnik (1971)) Let L,(.%#) and L,(#2) denote the class
of F1—measurable and Fo—measurable random variables x with ||z||, < co. Let X €

L,(#) and Y € L,(%,). Then, for any 1 < p,q,r < 0o such that p™* + ¢ ' +r71 =1,
[Cov(X,Y)| < 4" (F1, o) | X 1Y |l

where a(F1, F2) = sup.sc 5, pes(|P(AB) — P(A)P(B))).

Lemma A.7. Under assumptions (A.1), -[3:4(1),
(1) Ty = |[[W]1 < 00, and Ty, = [|[W]|e = 1.

(2) For any N and positive integer h, |[W"|; < hKT,.

Proof. (1) Using Lemma a W]l = Sup; Zz']il |wij| = SUD; 2 p21 2oih<p(ing)<ht1 |wsj| <
Sup; >ty D ish<pling)<h+1 moh™ ™ < 2002, T hdimoh ™ < oo, due to ¢, > d (Assumption

(1)). As W is row-normalized in our model, thus I'), = ||W||» = 1.

(2) Denote an index set Vy with N, |wi;| > Ty if 5 € Viy and N, |wij| < Ty if
j ¢ V. By assumption (1), |Vn| < K for any N. Denote ¢, = (0,---,0,1,0,---,0)"
as a unit column vector with kth entry one and other entries zeros. e = (1,---,1)" =
Z]kvzl er. Note that Iy = Ej-v:l ejejT. The kth column sum of W", ie., e’ W'e;, can be

transformed as,

N
e Whe, = ZeTWejejTWh_lek

Jj=1
_ T Trirh—1 T Tirh—1
= > e Weje, Wle,+ Y e Weje, W' le,
JEVN JEVN
<K (max eTWej> (max ejTWh_lek> + <max eTWej) Z ejTWh_lek
JEVN JEVN JEVN VN

< KT [[W" oo + Do W1y

< KT, + |W" Yy, VE=1,--- N.
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Hence, we have ||[W"||; < KT, + ||[W"!|;. By deduction, it can be achieved that
W, < (h—-1)KT, +T, < hKT,,. O

7.3.2 Proof of Proposition 3.1

Proof. (1) We first discuss the NED properties of {Y;;};:. Following|Jenish and Prucha
(2012), the NED property is satisfied if random fields are generated from nonlinear Lips-
chitz type functions on random field {X;,U;}. Notice that fol y(w)du < max, vy (u).
Define {Fiu(s) = o(Xup,Un,C) : |i — 7| < s,[t — | < s}, 1, & E(IL|Fuls)),
D7 ;¢ = E(Dy—| Fi(s)), and gy = Mg 1 My_j4q. T4 s+ Conditioning on C,

[[Yie — E{Yae| Fir(5) }]2
< lef QoD — Y E(ILDy | Fir(s))) ]2

>0 =0

< lled Do(Mla 4+ 105 4 la) Dt — Dy a2
I<s

+ ||6zT Z(|Hs+1|a + |Hz+1,z‘,t|a)|ﬁl—s+1Dt—l - Ml_S+1ND|a||2
[>s

g Tl + T27

Then, we hand the the first via spatial dependency and the second term via temporal

dependency.

Let A = (350 KW IE) (co| Wla+c3]), and notice that |TI|, + |11}, , | < 2A7, where ||,
is element wise absolute value. Because of the row normalization, we have (E|T3|9)Y/? <
|14 D] 0o (Ca3/ (1—c1))* !, where |11y p|oo is the maximum element of max; (E ||Ds_;—pp|a.|?) 9.

Define By (s) = {(¢',t") : |i' —i| < s, |t' — t| < s}, then we have:
Tl Y e DAL — D)l (28)

J€Bit(s) I<s

as the term inside By (s) cancels for (D, —Dj_; ;). Note that ||e] A™"[]3 < (co3)' 7! /(1—
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1)~ by Assumption . For [ > 1, we have

> D llef A =D )l < D0 Do lI(e AT A = D) o)z

@Bt (s) 1<s @Bt (s) 1<s
< Z(Cz + 03)(l_1)/(1 - Cl)(l_1)<{|Dt—l|oo \ ’,U]D)|oo} Z C23gij)
1<s J€Bit(s)
<D (e0)' /(1 =)V =) H(dy + o) V oo} D2 935)
I<s JEBit(s)
< O( Z gij)v
J#Bit(s)
where C is a constant value and g;; = |(I — |cW]);;'|. We obtain the last step using

Assumption 2.1/ A.1, A.2 and A.3.

Hence, under the condition sup Z gij — 0 as s — oo, then T3 — 0. It is

b jEBit(s)
straightforward to prove it from the following results: either 77 < ¢ *|gugploc o8 71 S
s72|u, p|oo depending on the assumption. Therefore,
1Yir — E(Yie| ()2 < 0 (s), (29)

where ¥(s) — 0 as s — 0. Next, we discuss condition sup Z gij — 0,8 = 0o, under
" EBi(s)
Assumption 3.2] (i) and (ii), respectively.

(i) Under Assumption [3.2(1), we decompose matrix W using the properties of nilpo-
tent matrix. For any positive integer h, we construct two N x N matrices A and B
as follows: a;; = w;;I{p(i,j) < N — h+ 1}, b; = w;I{p(i,j) > N —h +1}. Then
W = A+ B and a;;b;; = 0. We then check whether B is a nilpotent matrix, i.e., B" = 0.
Under assumption [3.2(1), |w;;| < mop(i, j) ™, and by Lemma we have:

h—1
(Wi =(W" = B)i; < [Almaz D [ BISNW"F[l - by Lemma
k=0
h—1

<mop(i, 7))~ > |W]E (h—k —1)KT, by Assumption [3:2(1); Lemma [A7(2)
k=0
h—1

<mop(i, 7)Y (h—k —1)KT,

k=0

<mop(i, j) ™ KT A2
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Hence, for any i # j, using T = sup |y1(7)| (Assumption (A.1)), then

i =1 = WG =D ImWIE = > ImlMwl
h=0 h=0

<Y Y'mop(i, j) " KT,h* by Assumption (A.1)

h=0
=moKT?T,p(, j) Y Y 2R
h=0
<map(i, j)~v,  for some constant my > 0.

For sufficiently large s, we have:

Sup Z gij A sup Z Z 7‘-2/0(2'7].)76“}
bogip(ing)>s h=[s] j:h<p(i,j)<h+1

< Z mhd g~ = Z mimeh (oDl by Lemma [A 2]
h=|s] h=|s]

s~ =4 by Lemma [A 4]

for some constant ™ > 0.

bogip(ing)>s

Under Assumption (1), Cw > d, as s — 00, sup Y g < rg—(co=d) _ .

(ii) Next, under Assumption ,Sup Y gy = sup > Z Bk |W|ZJ

U Giplig)>s © jiplig)>s h=0
<sup Y Yoo MWl =sap Y > MWl
v jip(i,5)>s h=[s/po]+1 v h=[s/po]+1 j:p(i,5)>s
<sup Y. Y (1 -1t/
© h=[s/pol+1

Under Assumption [2.1) (A.1), T < 1. Hence, as s — 0o, we have: sup Y  g;; <
L gin(ing)>s

(1 =)~ trs/Po — 0.

(2) Next, we discuss the NED properties of {ult}zt Denote Vit def e; WY;. We first
prove that {y; }i¢ is NED. Note that ||y;;—E(yi|-Zit(s))]]2 < Z (WiilllY:—E(Y;e|Fie () |2
Under Assumption (1), using the result ||Y;; — ( z1t|J,,t( ))||2 < Cs~(«=2) in Propo-
sition (1), we have: ||Yi; — E(Yy|Zu(s))|l2 < Z|WZ]]C (=) W |oCs?™ <

73547 for some positive constant m3. Hence, {th} is NED process. Similar results can
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be obtained under Assumption [3.2(2) and using Proposition [3.1[2). By Lemmal[A.F] it is
easily seen that {u;(y1, ¢, A, 7)}. follow the same NED process.

We now prove that this NED property can be transformed. Let @;; be a middle point

between u;; and 0, then for sufficient small £, we have:

[7(uit) = B[t (uie) [ Fir()][2 = [[L(uir = 0) — E[L(uir > 0)]-Fir(s)][]2

< [ T(wie > 0) = T{E[uaa| Fiu(s)] = 0} o = {E [L(usx > 0) — T{E[ua| F(s )]20}\2}%
< P(uy 2 0,Eluy]Zu(s)] <0)

< Plui = e, E[ug| Zi(s)] < 0)+P(0 < uy <€)

< P(luie — Elua|Fu(s)]| > €) + ef (@)

< E(Juir — E[ug| Zir(s)]?)/e® + ef (@), Ty is a point between 0 and .
< Y(s)/e* + ecy

Taking € = 1(s)/? to be sufficiently small, then we achieve the desired result. Hence,
conditioning on C, the transformations {t¢;(u;)}i+ and {p;(u;i)}ir are also Lo-NED on
{Xit, Uit }is- O

7.3.3 Proof of Theorem 2l and Theorem [3]

For convenience we collect some important notations. Define n(r) = (¢(7)", A(7)")’,
m(1) = (), 6(7),A(r)) = (n(7),n(7)).  For simplicity, we denote 1 = (¢, '),
7= (11,90, \) = (71,n), 0 = (7], ¢'). Recall that the true parameter n°(7) = (¢°(7)’,0'),
and p,(u) = (7 — 1(u < 0))u. Define

Qur(y,n,7) = Nszz[pf{m—wm—XiI (1) =2 AD)}],  (30)

i=1t=1
Qoo(/}/lﬂ’/ﬂ—) = N—>cl>io{¥—>ooE[QNT(ryl’n’T)]’ (31)
ﬁ(’Yla 7—) = (qu\(’yl? 7—)/7 X(/YD 7—),)/ = arg min QNT(’)/l? n, T)7 (32)
(#, ) €BXG
’(v,7) = (600, 7), A7, 7)) = arg min Quo(m,7, 7). (33)
($,\)EBXG
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s, 7),7) = e {Ya = (7)Y i = Uim(n, 7) p W, W = (X, @4)7, (34)
Sit(yi;n(1,7), 7) = su(vi,n(n, 7). 7) — Esu(y,n(n, 7),7), (35)
1 N T
Gnr = W ggéit(%a 77(”717 7')77')7 (36)
1 N T
= W ZZ[Sz‘t(%ﬂl(%J)ﬁ) —Esu(v,n(n,7),7)],
=1 t=1
Ghr = =35 5l a0 7, 7) (37)
]\/T_\/Wi:1t:1 it ’71777 ’717 ) )
1 N T
= ﬁ ZZ[%(V?,UO(V?J),T)]-
i=1t=1
and
A(r) = argmin [|[A(v1,7)||, 7;(r) = arg min [|A(y,7)], (38)
y1EA y1EA
() = (o(r),A1)) =7((r), 1), (39)
’(r) = (8°(7),0") =n(1(7),7). (40)
Proof of Theorem [2|

Let 7 be fixed. We mainly follow |Chernozhukov and Hansen| (2006) and prove the

theorem in three steps:

Step (i) [Identification]: By Assumption (R3), 6°(1) = (2(7),¢°(7)) is the
unique solution to So. (0, 7) = 0, which implies that it uniquely solves the equation
1
lim ——

T
NosooT—00 NT 4 Z E [wr {Y;t - ’71(7')7@& - X; (1) — @;O} \Ilit} ) (41)

i=1t=1

In view of the global convexity of Q. (71,7, 7) in n for each v; and 7, there is a fact
that if n°(y1,7) = (¢°(71, 7), A°(71, 7)) is in the interior of B x G, then n°(v;, 7) uniquely

solves the first order condition of minimizing Q. (71,7, 7T) over 7:

. 1 4 -
wolim eSS E [ {Ya = ()Y i = X o, 7) = @4 A0, ) f Wi = 0. (42)

i=1t=1

We need to find ~{(7) by minimizing ||A(71, 7)|| over ; subject to the constraint in
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(@2). By (41), it is clear that 4} (1) = +9(7) makes ||[A(v1(7),7)|| = 0 and 7{(7) satisfies
(@2). That is, 7;(7) = 7{(7) € arg min , 4]\ (71,7)|| subject to the constraint in (42)).

It is also the unique solution by ([41). Hence, ¢(v;(7),7) = ¢(12(7),7) = ¢°(7) by (42).

Step (ii) [Consistency]:

In Proposition , we established that the process {p, (i) }it is Lo-NED on { Xy, Ui}y
According to Theorem 1 in [Jenish and Pruchal (2012)), under Assumption 3.4, we have

the uniform ConSiStenCy Sup'yl,d))\ﬂ' |QNT(717 ¢7 )\7 T) —E QNT(’yh ¢7 A7 T>| = OP<1)'

By the bounded density condition in 3.6/ (R2), Qo (71,7, 7) is continuous over A x (B x
g) x T. And by Lemma BQ? SUP (v, n,r) e Ax (BXG)xT HQNT(’Yla n, T) - Qoo(’)/ly , T)H = Op(l)'

This implies the uniform convergence by Lemma B.1 in|Chernozhukov and Hansen (2006])

SUD(, myeaxt 1171, 7) = 0° (91, )| = 0,(1) (¥). Tt follows that sup(, ycaxr (71, 7) —
Ny, 1| = 0p(1), which by Lemma B.1 in |Chernozhukov and Hansen (2006 again
implies sup, 7 [|71(7) — 1(7)|| = 0,(1), which by (*) implies sup, 7 ||¢(7) — ¢°(7)|| =
0p(1) and sup,7 ||A(F1(7), 7) — 0]| = 0,(1).

Step (iii)[Asymptotics]: Consider a small ball B,.(7{(7)) of radius eyt centered
at 7Y = ~Y(7) for each 7, while balls’ radius eyr is independent of 7 and ey — 0 slowly
enough. Let any value 9, = 91(7) € By, (79(7)). By the computational properties of
the ordinary quantile regression estimator 7(%;, 7), Theorem 3.3 in [Koenker and Bassett

(1978),
- 1 N T R L s
O™ = =33 vr {Yie = 30(r) Vi — W70, 7)} W (43)

Let si(%1,7(%1,7),7) = - {Yz‘t — 1 (1)Yir — W75, T)} Vi,
Gnr = 7h7 S S5 A6,
o, ﬁ SN ST 50 (72, n° (4, 7), 7). Using Lemma [B.1} which implies that for any

T)’ T) —E Sit(ﬁ/lv ﬁ(;?h 7—)’ T)]a and

sup, o7 |[31(7) = (7)|| = 0,(1), it is the case that
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sup, 7 | |Gnr — GXpl| = 0,(1). Then the above equation (43)) can be transformed as,

O(n=?) = sit(Y1, (91, 7), 7),

M=
M=

@
Il
—_
o
Il
—

3~ 3-
— M ~

3
1M
11

.
I

|
M=
M=

N
I
—
-
Il
N

[8it (1, 1(71,7), 7) — E it (31, (Y1, 7), 7)) (44)

_|_

E Sit(’?b ﬁ(ﬁ/la T)? T)’

:G(])VT + Op(l) + Esi (51, 1(%1,7)). (45)

1=
iivgl

-.
Il

By mean value theorem and dominated convergence arguments, we have

\/%;Z;Esit(%,ﬁ(%ﬂ'))
—& ; ; Er {Yz‘t — A1 (T)Y i = W7 (5n, T)} Wiy
= (L, (1) + 0p(WVNT (31(7) = W(7)) + (Jo(7) + 0p(D))VNT(7(51,7) = n°(7)),  (46)

where

0SS (0, 7)

Jon (1) = e NS (47)
_ 08x(m,7)

y(r) = W¢=¢>O,A=O7 (48)
_ 98(mT)

J(r) = D 0) |y tisire (49)

with dimensions (¢ +4+ (p+1)m) x 1, (¢+4+ (p+1)m) x (¢+4+ (p+ 1)m) and
(g+4+ (p+1)m) x (¢+4+ (p+ 1)m). Putting and together, we have

O(n™"2) =GRp + 0p(1) + (S, (7) + 0, (L) VNT (s (7) =41 (7)) (50)
+ (Jo(7) + 0p(D)VNT (7)(F1,7) = 1°(7)),

which implies that for any sup, 7 ||51(7) — 17(7)|] = 0,(1),

VNT (051, 7) =1 (7)) = = (1) GRep =, (7) oy (1) 140, (D)]VNT (31 (7)1 (7)) +0,(1).
(51)
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Then

VNT(6(31,7) = ¢°(7)) = Jo(T)Giyr = Jo(T) Lo (N[ + 0p(DIVNT (G (1) = 2(7)) + 0p(1),
(52)

VNT(A(F1,7) = 0) = JA(1)Gyr = Ja(1)Joy (N1 + 0,(DIVNT (F1(7) = 37(7)) + 0,(1),

(53)
where partition conformably J, (1) = [J}(7), JA(T)]".
By Step (ii), with probability approaching one,
F(r) = arg min |[A(F1,7)|], for all T € T. (54)

’?1 EBENT (’Y?)

As we discussed in part [3.2.1] the process {$;}:: is NED process, where
it = Su(1s (W5 7),7) = su(n,1° (175 7), 7) = Esi(7,n° (47, 7), 7). By Theorem 2 in
Jenish and Pruchal (2012), under Assumption (ii) and , we have G4, % N(0,Q0),
where Q° =7(1 —7)  lim  E(¥;,¥),). Hence G is O,(1), then we have

N—o0,T—00

VNT|AGL 1) = 110p(1) = (1) Iy (DL + 0, (DIVNT (i () = R (7). (55)

It follows from and that vV NT(31(17)—~Y(7)) = O,(1) by the full rank properties
of J\(7)J,, (7). Consequently, following Lemma B.1 in Chernozhukov and Hansen| (2006),

combing and ,

VNTFi(7) = 1(7)) = arg min || = J\(1)Gly = Ja(7) o, (7)s]] + 0p(1)

seR

=3, (1) A7) IN(7) oy (7)), (1) TN (T) IA(T)| Gy + 0p(1). - (56)

Plugging into , simple algebra shows that

VNT(i(31(7), 7) = n°(7)) (57)

= J, ) [T = L (D), (D) T (1) () Ty ()T, (1) T4 (1) I (7)] G + 0(1).
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Due to invertibility of J,, (7)Jx(7), we can have,

VNTAA(7),7) = 0) = = Ja(7) [T = Ly (1), (D) A0 M) G + 0,(1)
=0 x Op(1) + 0p(1):

Using the fact that (71(7),7(51(7), 7)) = (1(7), (7)) = (1(7), (1), 0 + 0p( A=),

as min{N,T} — oo, we have

VNT{0(r) = 6°(7))} = = T (1) G0 (6°,7) + 0(1). (58)

Recall Qg = 7(1 — 7) E(¥4¥.}). As mentioned before, using the properties of NED
process {8 }i+, where
S = Su(W, 1’ (W, 7),7) = sa(1,n°(,7),7) — Esu(1,1°(77, 7). 7), by Theorem 2 in
Jenish and Pruchal (2012), under Assumption [3.3(ii) and [3.5] conditioning on C, we have
Qg 22G% % N(0, ).

VNT(F1(r) = 21(7))
VNT($(r) = ¢°(7))

) ) Glr +o0p(1).  (59)

Then conditioning on C, we have G%; 4N (0,€0). Recall the conditional version
of J(7) as J(7)*. Recall that the unconditional version of €y is defined by Qf = 7(1 —
7) E(¥; W) (not conditioning on C). As we assume Q' —, I and J(7)"'J(7)* —, [

where [ is an identity matrix. Then the conclusion follows.
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7.3.4 Lemma [B.1]

For convenience we collect some important notations. Note that the parameter set 7 (1)
(1(7),0(7), A(1)) = (6(7),A(7)) = (m(7),n(7)), with 6(7) = (1:(7), ¢(7)) and n(7)
(¢(7), A(7)). For simplicity, we denote m = (1,0, A) = (6,\) = (71,7n), with = (71, ¢')
and 7 = (¢/,\'). The true parameter set 7 = (77, ¢°, \%) = (6°,0), with §° = 6°(7)
(72(7),¢°(7)) and A\° = 0. Recall that

Uy =Yj — 71(7')?it - ‘I’iTtU(’Yla ), Uy (Xl, CDT)
iy =Yie = (1)Y= W’ (1, 7),
sit(0, A7) =sit(1,1(71,7),7) = U {Vir = (7)Y = Uiin(m,7) } W,
§it<07 >\7 T) _Sz ( (717 7—)77—) - Sit(’Yl?T](VIJ T)vT) - Esit(’717 77(’}/17 T))T)u
1 N T
Gnr :ﬁ Zzéit(%m(%ﬁ)ﬁ),
i=1t=1
] NT
:W ZZ[Sit(%aﬁ(’Yﬂ)ﬁ) — Esu(vi,n(n, 1), 7],
i=1 t=1
0 1 i\f:i 0 ,0(.0
GNT e ‘\élt(fy 1 (’7 77—)77—)7
VNTSETT T
1 N T
:ﬁ ZZ[Szt(/y?a 770(7(1)’7_)7 T) - Esit(f)/?a 770(7(1)77_)7 T)]
i=1t=1
We need to prove that for any sup,or ||7(7) — 7°(7)|| = 0,(1), it is the case that

~

sup, o ||Gnr—G%r|| = 0,(1). First for any estimator #(7) = (8(7), A(7)) = (31(7), &(7), A(T))

which satisfying |8(7) — 6°(7)|l. < 6 and |A(7) — 0], < & with a constant vector
§=(8],65)7, we define

Dir(1,8) = 5(0, N, 7) — 5:4(6°,0, 7). (60)
Lemma B.1. We denote c1, ¢3 as two constants, B, € (0,1) is a compact set

sup sup sup
TEB: ‘51‘1<Cl/\/ NT |62|1<02/\/ NT

ZZJ}“(T’&H = 0,(1). (61)

Proof.



We denote |.|, as the element wise absolute value. Let d = ¢+4+ (p+ 1)m, we define

the function class, with mq, mo as two constants,

V(mlam2>BT)
L A0, 7N = {[r =Ly —my—z 6 — B A< 0T

—{lr =Ly —Ng—2"¢" = 2"\ < 0)]U}, |0 — 6°)y < my, A — Ay < mo, 7 € B}

V is VC subgraph with index v > d + 2 in view of Lemma 9.12 i) in [Kosorok| (2007)
and A.7 in |Andrews et al. (1993)). V has the envelop function V'(.). With probability
measure @ and Ly norm ||V | g2 = (f |V[3dQ)"/2. Then we assume that covering numbers
of VC-classes of functions N'(g]|V||gz, V, L2(Q)) < (¢)~®~Y by Theorem 9.3 of Kosorok
(2007).

Denote Tnr(f) = Gnr(f) — G?VT(f) = (v NT)fl Dot 1/~Jz‘t(7'a 6), and Jyr(f) =
(NT) ™5 (i1 (0401, A2, 7)—54(6°,0,7)). We define V = V(6,VNT ,6,V/NT ', B,),
and the rate of the cover of the envelope for V is |V ||y < {NT}V/4.

Then we define the A, as the ¢||V||g cover of the functional class V, where for each
f in v we shall define the the closest element to it as w(f) and |7(f) — flg2 < €. It is not
hard to see that |A.| < (£)7~Y. Also we denote Pyr(f,g) = (NT) ™ i | fir — gis]- We
shall assume that for our choice of e, N'(g||[V| g2, V, L1.,(Q)) <p N(e]|V g2, V. L2(Q)).

The one step chaining gives us,

sup sup sup |(\/ﬁ)_1 Z Z @Eit(T, J)| (62)

TEB, ‘51|1<811/\/NT ‘52|1<021/\/NT

< sup [Tz (f)]
fev

=VNT suE’ Int(f) = Ine{7(f)} — EJnr(f) + EInr{n(f)}] (63)
fevy

+ [Inr{m(f)} = EJnr{x(£)}]]
<, 2V NTe(NT)™V* + W%}j | Inr(f) — EJyr(f)]

= 2(NT)"* + Ky, (64)

where (NT)~'/* corresponds to the rate of the envelope.
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We let O, corresponds to the discretized function set A.. Here, Ky7 involves partial
sums, which is handled via the NED property and the continuity of the function with

respect to the parameter, see more details in Lemma [B.2

By Lemma we have the following rate,

P( sup \/1_221%(7'; §) = c)

7,060,
<e{m rZZW‘S} /e

< (NT) V42

We can pick for example (NT)~Y/8/c = o(1), and then Ky = o(1). Alsoe/(NT)~Y/* =
o(1). 0

Lemma B.2. Denote n;:(7,0) o SUp, geo.15it(0, A\, 7) — 54(0°,0,7)}, where O corre-
sponds to the discretized function set A.. For each T and |9 < M < oo, if ¢, >

(14 1Tq)d, we have

1
N

SUS na(r, 6)| = OUNT} %),

i=1t=1

~

Proof.

For simplicity, we denote supyeg_(¥r (wit(v1, ¢, A, 7)) — U (ul)) Wy as m;;. It is not hard
to see that n; is NED. Forany ¢ € 1,--- N, t € 1,--- /T and any s > 0, let

R, = E(nie| Fu(s)), T = nw — R,

By the Jenson and Lyapunov inequalities, we have for alli € 1,--- N, t € 1,--- ,T and
any 1 <¢<2+9,

E|R; |7 = E{| E(nie| Fir ()"} < E{E(|me|"|Fie(5)) } = E |mae|*,
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and thus

1B llq < lmiellq < lmitlla+s

IT5llg < lmallg + 1Bz llg < 2llmiellg < 2llmill2s.

Therefore, both R}, and T} are uniformly Lo,s bounded. Since the process {1}, is
uniformly Lo-NED on {Xj;, Ui }i+ and w.l.g. the NED-scaling factors can be chosen as

one, then

sup T3] < (s).

Furthermore, let o(R3,) denote the o—field generated by Rj,. Since o(Rj,) C Z;(s), the

mixing coefficients of Rj, satisfy

1, h < 2s,

aR(1717h) <
a(Ms? Ms® h—2s), h>2s,

where a(u,v,h) are the mixing coefficients of the input process {X;, U}, since the
s—neighborhood of any point on D contains at most Ms? points of D for some M that

does not depend on s, see Lemma A.1 of |Jenish and Prucha; (2009)).

We decompose 7;; and 7, as
s R ]
where s = p((i,t), (',t')). Then,

| Cov (i, mir )| =| Cov(RE™ 4+ T/ RE 4 i/
s/3 s/3 s/3 s/3
<| Cov(RE™ RN + | Cov(RE™, T

+ | Cov(TE"™ R + | Cov(Th™, T,

We then bound each item on the right side of the last inequality.

First, using Lemma with p=249,g =2, and h = 2(24 )/ yields the following

49



bound on the first term:

| Cov(RE™, REN | < 4| R |ys]| R loahy T2 (1,1, [s/3])
< 4|y s | e |20 4+ (M s /3%, M5 /3], s — 2[s/3])

Cillmiellzsslmillzls/3]*0a 420 ([s/3]),

where ¢y = d¢/(4 + 29).

Second, by the Cauchy-Schwartz inequality, the second and third terms are bounded
by:
s/3 s/3] s/3 s/3
| Cov(Ry™. T < ARGl T e < Allmall2o((5/3])-

Similarly, the fourth term can be bounded as:
| Cov(T™ TP < AT T 2 < Sllmallo (5/3).
Collecting the above inequalities, we have

| Cov (R, R < miella { Callminl|2+.s[5/3]"0 @ 42 ([/3]) + Cap([s/3)) } . (65)

Using the above inequality as well as the bound and definition of random fields, we
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have

1 N T
Var i
LNT;EWJ

<@{zzwmwzz Z!%wwwﬁﬂ

i=1 t=1 i=1t=1 (i’ t')£(i,t)

1 N T R
<4llmt||%+01ﬁZZ ST miellallmiellossls/3]1% 0@ 42 ([s/3))

i=1t=1 (i ') #(i.t)

] N
+CQWZZ > Amall2e((s/3])
=1 t=1 (i 1) £ (i t)
1 N T oo

<3+ g Y S >

i=1t=1 h=1 (i’ t'):h<p((3,t),(i' t')) /3<h+1

miellzlimllzeslo((i, ), (&', 8)) /3] %@ 20 ([p( (0, 1), (i',1)) /3])

N T o

e I > Imallzo([o((G.£), (7 ))/3)

1=1t=1 h=1 (¢ ,t'):h<p((3,t),(¢' ,t"))/3<h+1

[e.9]

<4”771'1%”% + C3 |72 {Z pd(so+1) =1 56/( 4+26 )+ Z B Lo }
h=1

where the second inequality is by substituting equation , the third inequality is by
using the properties of random field, and the last inequality is by Lemma and the
Lo s-bound property of {n;}.

We discuss Y k% 'p(h) under the aforementioned two cases of the NED coefficients

of {mu}iy, gp(;)ZI (1) Under assumptions [3.1}3.2(1) and [3.3(ii), the NED coefficients
¢(s) = s~U7Dw=d) then i hitp(h) = i pd=0-(ew=d=1 « 55 when ¢, > (1—{—%)(1.
(2) Under assumptions h and. (ii) the NED coefficients gp( ) = T(=9)s/P0 then
i R p( Z pd=ty(=a h/po < 00, due to T < 1. Therefore, Z hito(h) < oo.

h=1 h=1

Further, under assumption (i), > R0 D=158/442) () < 50, combined with Ly -
h=1
bound of {n;;}, we obtain that

< Cmax |72

for some C < 0.
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Next, we analyze ||n;||2. Note that

E (i) | <2 E{[1(=(NT) 267 |gulo < s < (NT) 7267 €ala)| {950 V E[ W] E [ Wil }}|

NT= 267 [gurla
<[e [V E Wil ] E Wil } £ (u)du

_1
—NT 267 [&itla

4 [E{NT} 26" |€ilaf () {00 v E Uy T E Wy, )}

with u € (0,{NT}"267|&]a) and f(u) < 75 (by Assumption (R2) ) is the density

function of v, conditioning on C and &;;. Therefore,

Il = [E (mima)] < {NTY 3 E {676 () {000 v E W] E Wl } )]
<N} E{ |57 {0 v E W] E N, ]} } 77

By Assumption [3.3|(ii), the last term E [0 T&{ U W, V E [ W] E [Wyl,
ot a

1/2
} is bounded.

Hence, we obtain that

1 T

Z Nit

i=1t=1

Var [ < Cmaxillnulls = O,({NT} )

3

for some C < 0. O]
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