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The proportional subdistribution hazards (PSH) model is popularly used
to deal with competing risks data. Censored quantile regression provides an
important supplement as well as variable selection methods, due to large
numbers of irrelevant covariates in practice. In this paper, we study variable s-
election procedures based on penalized weighted quantile regression for com-
peting risks models, which is conveniently applied by researchers. Asymptot-
ic properties of the proposed estimators including consistency and asymptot-
ic normality of non-penalized estimator and consistency of variable selection
are established. Monte Carlo simulation studies are conducted, showing that
the proposed methods are considerably stable and efficient. A real data about
bone marrow transplant (BMT) is also analyzed to illustrate the application
of proposed procedure.

1. Introduction. In survival analysis, sometimes events fail because of a specific cause
and some other causes or competing risks, which were usually treated as censoring. However,
when the competing risks are affected by covariates, the usual Cox modeling may be inac-
curate. To deal with competing risks data, [3] proposed a novel semiparametric proportional
hazards for the subdistribution, or PSH models, which analyze directly the effect of covariates
on the marginal probability function, or cumulative incidence function (CIF). The competing
risks data often occur in clinical trials containing large numbers of covariates, among which,
only few of them have significant or essential influence on the response, generating the vari-
able selection issues, such as the general penalized log-partial likelihood method proposed
by [4].

Quantile regression introduced by [8] has been widely known to more comprehensively
describe conditional distribution of response on covarites. Existing work about competing
risks quantile regression includes [11], which firstly transforms competing risks quantile re-
gression models to accelerated failure model and uses an estimating equation procedure for
estimation. Besides, [15] discussed the quantile regression for competing risks data with
missing cause of failure. Then [1] and [10] developed variable selection procedures based on
unbiased estimating equations with group structures and penalization methods for competing
risks quantile regression models.

MSC2020 subject classifications: Primary 62N02, 62P10; secondary 62F12.
Keywords and phrases: Competing risks, Cumulative incidence function, Kaplan-Meier estimator, Re-
distribution method.
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In the paper, in spite of the estimating equation method, we propose to develop a more
general method for competing risks quantile regression, and expand the weighted procedures
by considering the re-distribution methods of [17] to the PSH model. By the transformed
responses, we can rewrite the competing risks quantiles formulation as the general quantile
regression objective function, then apply the constructed weights. With unbiasedness of the
subgradient of this weighted objective function at the true cumulative-incidence function and
coefficient proved, consistency and asymptotic normality of the penalty-free estimators are
established under regularity conditions. Then to realize the variable selection, penalization
methods such as the least absolute shrinkage and selection operator (LASSO) proposed by
[16] and the adaptive LASSO (ALASSO) developed by [20] are applied to the weighted ob-
jective function, which can be easily applied with R package. The consistency of the variable
selection procedure is also established, while Monte Carlo simulation is performed to illus-
trate the efficiency and stability of our proposed procedures. A real data about bone marrow
transplant is analyzed using our methods.

The remaining part is organized as follows. Our proposed weighted competing risks quan-
tile regression models and its penalized methods are developed in Section 2, with asymptotic
properties demonstrated in Section 3. Simulation study as well as the application to the BMT
data are performed in Section 4 to illustrate the performance of proposed methods. The tech-
nical proofs are provided in the supplementary material.

2. Models. We take the formulation of competing risks quantile regression in [11]. In
the setting of competing risk models, assume there exist K causes of failure, denoted by an
observable indicator € € {1,..., K'} , the same denotation as [3]. Without loss of generality,
we can set K = 2. Let T and C' denote the failure and censoring time respectively, and we
observe X = min(7',C), and censoring or risk indicator § = I(T" < C'), where I(-) is an
indicator function. Denote p x 1 bounded time-independent covariate vector as Z and Z =
(1,2 T)T. Assume that { X;,d;¢;, Z;},7 =1, ..., n are independent and identically distributed
observed samples.

[3] modeled the CIF for failure from cause 1 conditionally on the covariates, F(t|Z) =
P(T <t,e=1|Z). They proposed the PSH model based on the formula of subdistribution
hazard which is defined as

1
Al(t|z):Alitrgo—tP{t<T§t+At,e:1](th)u(T§me;A1),Z}

={dFi(t|2)/dt} /{1 - F1(t|Z)}

in [5]. Analogue to the definition of quantile, define the conditional quantile as Qx(7|Z) =
inf{t: Fy(t|Z) >7},k=1,..., K, where Fy(t|Z) = P{T <t,e =k} is the CIF for cause k;
more details can refer to [11]. For 7 € |7, 7¢7], consider Q1(7|Z) to be modeled as

(1) Q1(712) =g{Z " By(1)},

where By(7) is a (p + 1) x 1 coefficient vector, g(-) is a known monotone increasing and
continuously differential bounded link function, 0 < 77, < 7y < 1. With the statement in
Fine & Gray , if we denote 77 = I(e =1) x T'+ {1 — I(e = 1)} x oo, then 77 has distri-
bution function equal to F;(t|Z) when ¢ < oo, and a point mass P(T"* = c0|Z) = P(T <
00,6#1)=1— Fj(c0|Z) att = co. Then at 7 < F (00| Z), the T—quantile of 7} equals to
F7H7|12) = Q1(7|Z) = g{Z T By(7)} under the formulation of (1).

Remark: According to the formulation of T}, we can see that when T > Fy(co; Z), the
T—quantile of T} will become oo, which is obvious when reviewing the definition that
Fi(t;Z)=P(T <t,e=1|Z) < P(T <o0,e =1|Z) = Fi(00; Z) and the fact that ¢(-) is
monotone increasing. This fact provides an thought about the choice of 1.
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With reference to [9], for proper 7, 3,(7) is supposed to be the minimizer of the following
expected loss function with respect to 3(7),

) Bo() = arg gl(ir; Ep (g " (TT) — 2" B(7)),

where pr(u) = u{T — I(u < 0)} is called “check" function.
In sample scenario, we can obtain the estimator 3(7) of B¢ (7) via minimizing the follow-
ing objective function:

3) gl(ig;m (g_l(Tf‘,i) - ZJB(T))-

2.1. Weighted Competing Risks Quantile Regression. Similar to [11], our paper first con-
siders the case in which there is no missing data (i.e., there is no censoring). As a result,
X =T and 6 = 1,0e = e. As aforementioned, we can estimate 3 (7) via the minimization
problem (3). Since 77 ; is not observed, we modify (3) to

@ D I(e&=1p(g7(X:) = 2] B(7) + (& # p- (g7 (X™) — 2/ B(7)),
=1

where X°° is any value sufficiently large to exceed all ZZ-—r B(7). Then it’s not difficult to
derive the negative subgradient of (4) with respect to 3(7).

For censoring case, we aim to construct such a weighted quantile objective function to
estimate 3,(7) as follows,

n

Q(B(7) o) = > {woipr(g™! (X)) — 2] (7))

i=1
) +(1 = wo)pr (97 (X ) = 2] B(r) }
The weight function is re-constructed based on competing risks analogy to [18], as follows,
1, b6, =1,
(6) wo; = (:LF .z, diei # 1, 11(Ci|Z;) > 7,
m, die; #1,F1(Cs|Z;) <.

The understanding of the weighting scheme can be referred to Remark 1 of [17] with slight
modifications. In our case of competing risks quantile regression , each point contributes to
the subgradient condition only via the sign of g_l(Tii) — Z] By(7). For data with &;¢; =
1, we know X; =T; < Cy,¢; = 1,d.e., X; = T, and I(g~ Y (T}.) — Z] By(7) < 0) can be
observed, thus we assign a weight of 1 for this case. For data with 0i€; # 1 and F1(Cy|Z;) >
T,then T; > C;, F1 (Cy|Z;) > T or T; < Cy,¢; =2, F1(C;] Z;) > 7; in the first scenario, 17, >
T; > X;=C; > g(z] By(1)), I(g‘l(Tii) —Z] By(1) < 0) = 0; in the second scenario, T} <
Ci,e=2, I(g‘l(Tii) — Z] By(7) < 0) =0, where we assign a weight of 0. The ambiguous
situation is d;¢; #~ 1 and Fl(Cz‘ZZ) <T,ie., C; < Fl_l(T‘Zi) = g(Z;rﬂ()(T)). Ifo;,=1,¢; =
2,X; =T; < C; < g(Z] By(1)), or I{g~(Xi) — Z] By(7) <0} =1;if 6, =0,X; =C; <
Z] By(1), ie. I{g~*(Xi) — Z] By(7) <0} = 1. But the I(T}; — g(Z By(7)) < 0) cannot
be observed.



Thus, we assign the weight w; (Fp) = —h(GlZ)

= TRCIZ) for this case, where given (Z;,C}),

E{I(g(T1,) = 2] Bo(r) < 0)lbies £ 1,2, |
- Ple=1,T,<g(z] Bo(7))|Z:} — P{ei =1,T; < C;}
- l_P(ESCmfz:l’Zz)
o T*F1(0i|Zi)
T 1-F(Ci|Z)

Actually, we can show that a subgradient of the weighted quantile objective function (5)
with respect to 3(7)

(7

®) ML(B(r) ) = 3 72 {7 ol (g7 (%) < 2787}
is an unbiased estimating functionl 3 Bo (7).
B lwal{g™(X;) < 2] Bo()}|Zi]
= B ({56 = Vwoi {9~ (X) < 2] Bo()}12:)
+E (H{ie # LFI(C) > 2] po(n) hwosd {g™ (X0) < 2] o()} 2
+ (I{oie; # 1, Fi(Ci) < 2] Bo(n)ywail {57 (X2) < 2] Bo(7)}12:)

=P (a=1971(T) < 2] 8y(r)|Z:) = .

Although unbiasedness of (8) is proved with F (C;|Z;) in wy;, the underlying distribution
Fy(t|Z) or wy; is unknown in practice. Here we use the IPCW ([13]) estimator proposed by
[11] to estimate F(t|Z),

R = (I(X; <z, 66=1
1=1 g

where 1 — G/(-t) is the the Kaplan-Meier estimator in [7] of the survival function of C' .
By plugging (9) in the expression of wy;, we can get the estimated weights w; (F1),

1, 06, =1,
1o wi(F1) = O’_F (C.\Z.) diei 71, Fu(GilZi) >,
W,&ei#l,ﬂ(ayz” <7,

where E7] is as (9). Then we obtain the weighted censoring quantile regression estimator 3(7)
by minimizing the weighted objective function,
n
QB = > {wilF)pr (g7 (X2) = 2] B(r)) + (1= wilF1))pr (97" (XT) = 2] (7)) }

i=1

2.2. Variable selection procedure. To select important variables, a penalty function is
added to the weighted objective function (11), to obtain the penalized estimator B():

Qu(B(r), wi(F1) = 3 {wilB)pr (971 (X0) = 2] B(r)) + (1= wi(F))pr (97 (XT) — 2] (7)) }

i=1
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(12) +> a8 (7)),
j=1

where p) (-) can be LASSO, Adaptive LASSO and so on.

For LASSO and ALASSO penalty, we can easily write px(|3;]) = An| 5|7, where | 3] is
the j-th element of the initial consistent unpenalized estimator. We choose v = 0 for LASSO
and v = 1 for ALASSO. The minimization of (12) and (11) can be directly solved with R
package quantreg without linear programming, leading our proposed methods to convenient-
ly applicable tools.

3. Theoretical Property. To establish the asymptotic results in this paper, we require
the following assumptions:

Al The covariates Z is bounded in probability. There exists a constant K, such that
E||Z|? < Kz.and E(ZZ") is a positive definite p x p matrix.

A2 The functions Fi(t|Z) and G(t|) have first derivatives with respect to t, denoted as
f1(t|Z) and go(t), which are uniformly bounded away from infinity. Additionally, F (¢| Z)
and G(t) have bounded (uniformly in ¢) second-order partial derivatives with respect to Z.

A3 For @ in the neighbourhood of By (7), E(ZZ "¢'(Z78) f1(9(Z27B)|2){1-G(9(Z27B8))})
and E(ZZ "¢ (Z7B)go(g(Z T 3))) are positive definite.

Assumption Al states some tail and moment conditions on the covariate Z, which are
standard for the quantile regression. Assumption A2 is needed for the local Kaplan-Meier es-
timator. It allows us to obtain the local expansions of F' (t|z) and G(t) in the neighbourhood
of ZT By(7), to obtain the uniform consistency and the linear representation of F (t|Z). As-
sumption A3 ensures that the expectation of the estimating function F{M,,(3, F1)} has a
unique zero at B, (7) and it is needed to establish the asymptotic distribution of 3(7).

C1 There exists v > 0 such that P(C'=v) > 0 and P(C > v)=0.
C2 By(7) is Lipschitz continuous for 7 € [r,, 7¢/].
C3 P(e=1|Z)<1as.

Assumption C1-C2 are regularity conditions for competing risks quantile regressions. As-
sumption C3 is easily satisfied for the situation of competing risks; otherwise, it will turns
out to be a standard Cox model.

THEOREM 3.1. Assume that triples {Z;, X;,0:€;},i = 1,--- ,n constitute an iid multi-
variate random sample, and that the censoring variable C; is independent of T; conditionally
on the covariate Z;. Under model (1) and assumptions Al-A3, CI-C3,

(13) B(1) — By(7)

in probability as n — oo.

THEOREM 3.2.  Under the assumptions of Theorem 1 and r < 1/4, we have

(14) n12(B(r) — By(7)) B N(0,L1VD Y,
where T = B[22 ¢/(27 Bo(m){1 — G(9(Z" Bo(r)} f1(9(Z" By(7))|Z)], and
(15) V = Cov(m;(By, F1) + (1 —7)¢;),

with m; (B, F1) = Z; {1 — w;(F1)1(X; < g(Z] By(7)))}, ¢; defined in equation (24) in the
Appendix 5.



Theorem 3.1-3.2 established the consistency and asymptotic normality of the unpenalized
estimator 3(7). We then establish the property of consistency in variable selection of the
proposed penalized estimator 3(7). Let A(7) : {j : By; # 0} and A°(7) = {j : By;(7) = 0}

THEOREM 3.3. IfAl-A3,CI-C3 hold, and if n='/?\,, — 0 and n)/?=1\,, — oo, then

P({j:ﬁj(r)7éo}:,4(7)>_>1 as m — 00.

Theorem 3.3 states that the proposed procedure is able to select the correct model with
probability approaching one. By the remark of Theorem 2 of [18], the oracle properties are
satisfied by the proposed estimators. The technical proof is also provided in Appendix.

4. Numerical Studies.

4.1. Monte Carlo Simulation. We conduct Monte Carlo simulations to evaluate the per-
formance of the proposed methods. Consider the data-generating ways as [11] with larger
dimension of convariates. Specifically, we set the number of predictors to be 13, the sample
size to be 200 and 400. For the structure of covariance matrix for covariates, we consider two
kinds of setup: X1 ;; = p and Xa ;; = pl" I, where p = 0,0.25,0.5,0.75.

We generate (7', ¢) satisfying P(e = 1|Z) = pol(Z2 =0) + p11(Z2 = 1), P(T <tle=
1,Z) = ®(logt —~g Z) and P(T < t|e=2,Z) = ®(logt — o Z), where ®(-) denotes the
standard normal distribution function, pp = 0.8, p; = 0.6. Set vy = (—2,—2.5,0.5,0,--- ,0),
while ctg = —7g. Then

log Q1(7]2) =" (T> +5 z® + {762) + 3! <T> — ! <T> } Z@ 443 7z6),
Po yan DPo

thus the true number of non-zero coefficient is 4 for 7 # 0.4, and 3 for 7 = 0.4 due to
o1 (%) =0,
Po

Besides, we also simulate the heavy-tailed distributions ¢(3) instead of Gaussian distri-
bution for P(T < t|e = 1, Z). We generate the covariate vector Z = (Z1,Z>,---,Z13) ' as
follows: Z; ~ Unif(0,1) and Zs ~ Bernoulli(0.5), Z; ~ N(0,3),i=3,---,13. Also we con-
sider a different choice for py and p; as 0.6 and 0.45 respectively, in order to test the per-
formance under a different probability of P(e; = 1). For each scenario, the simulation is
repeated 500 times.

We use the following criteria to evaluate the performances: the average number of relevant
variables correctly selected (TP), the number of irrelevant variables incorrectly selected (FP),
the absolute error P = >0, |B(1) — By(7)| and the squared error Py = . 18(1) —
Bo(T))II.

We compare our proposed weighted estimators with the estimated estimator of competing
risks quantile regression model proposed in Li et al.(2019), denoted as WCQR and CQR
respectively, implying weighting method or not. And in simulation tables, we use cqr.l and
cqr.a to represent CQR estimators with LASSO and ALASSO penalty respectively. Similarly,
our estimators, denoted as weqri.l and weqri.a, ¢ = 0, 1 stands for administrative censoring
where C' are known and randomly right censoring cases where X in place of C respectively.
weqr2 and weqr3 use a different weight:

1 diei=1
’LUi(Fl): —I—F?(C}j;(—cly::j(c‘l) (51':0,F1(CZ’)<7'
0 otherwise.
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TABLE 1
Bias and Empirical Coverage, n = 300, p =0,pg = 0.8,p1 = 0.6,

T Method Bias EmpCoverage
B1 B2 B3 By B1 B2 B3 B
0.1 cqr -0.012  -0.003 0.003 0.003 0.952 0953 00953 0.958
weqrl -0.027  -0.026 0.031 0.014 0950 0.952 0950 0.949
weqr2  -0.027  -0.032 0.036 0.018 0.948 0.952 0946 0.950
weqrd -0.033  -0.038 0.041 0.020 0.948 0.949 0944 0.950
0.2 cqr 0.000 -0.015 -0.007 0.008 0.946 0.950 0943 0.952
weqrl -0.024  -0.061 0.042 0.032 0948 0944 0949 0.943
weqr2  -0.019  -0.081 0.055 0.040 0949 0940 00952 0.940
weqrd  -0.044  -0.097 0.074 0.048 0946 0941 0943 0.939
0.3 cqr -0.010  -0.023 0.008 0.014 0947 0949 0956 0.953
weqrl -0.042  -0.108 0.095 0.055 0938 0.952 0944 0.943
weqr2  -0.027  -0.131 0.104 0.065 0.939 0949 0934 0.941
weqrd  -0.094  -0.207 0.170 0.105 0.933 0941 0910 0.929
0.4 cqr 0.219 -1.244 -0.069 0.316  0.999 0.999 0.999 0.999
weqrl -0.065  -0.203 0.168 0.121 0.947 0943 0931 0.937
weqr2 0.007 -0.153 0.111 0.095 0949 0939 0941 0.922
weqrd -0.326  -0.678 0.493 0.347 0959 0.930 0950 0.920
0.5 cqr -5.878 -25.526 -12.526 10.139 0.975 0.957 0967 0.953
weqrl -0.313  -0.632 0.594 0.280 0.965 0943 0963 0914
weqr2 0.144 0.034 0.041 -0.007 0913 0.955 0.952 0.953
weqrd -2.007  -2.857 2.081 1.140 0.879 0.830 0.881 0.693

Since the weight above involves the estimation of Fy(t) = P(T <t,e = 2|Z), which proba-
bly is complicated in practical circumstances, we only use it for comparison in simulations.
Here in wcqr2, we apply similar estimating method of F; to F», whether in weqr3, we use
the Kaplan Meier estimator of F'(t) = P(1' < t|Z) and F, = F' — F} , displaying almost the
same with wcqr2. Though our theoretical results don’t base on these two estimators of w;,
most simulation results shows that weqrO and weqrl are considerably close, since the weight
is only different at § = 1, suggesting good estimates in large censoring rate. Research about
massive competing risks data with enormous censored observations will appear in our future
work.

Before the variable selection, we also conduct the simulation for unpenalized estimators.
In this case, we use v = (1,—1.5,—0.5), po = 0.8,p1 = 0.6 and p = 0. We repeat 1000
times, and compare the empirical bias (EmpBias) and average coverage probabilities based
on 95% confidence intervals computed with empirical variance. The results are summarized
in Table 1, where in lower quantiles, the cqr method shows extremely excellence, while in
high quantiles, it displays sometime instability. For weighted methods, though inferior to cqr
in lower quantiles, these methods behave still well in most simulations, especially wcqrl
and wcqr2. The average coverage probabilities display similar patterns, cqr behaves well
until 7 < 0.4. In relatively high quantile such as 7 = 0.5, wcqr2 behaves the best for most
coefficients.

Table 2 represents the TP and FP evaluated for n = 200 and all 7 and p values for 3; . We
can find that the TPs are quite close to true numbers of relevant variables, as well as the case
of 7 = 0.4 and our weighted estimators behave inferior to CQR estimators in TP but slightly
superior to it in FP, though both behave well. In high quantile 7 = 0.5, the behaviors of both
estimators are inferior than lower quantile such as 7 = 0.1. It may because 0.5 is close to the
probability P(e = 1|Z) for some Z, which induces larger biases. It’s easy to understand that
TP decreases when p increases, since when the correlation of covariates increases, it’s more
difficult for identification. But even when p = (.75, the simulation behaviors are still quite
good.



TABLE 2
TP, n =200,pg = 0.8,p1 = 0.6,

p T cqrl cqra | weqr0.l  weqrO.a | weqrl.l  weqrl.a | weqr2.l  weqr2.a | weqrdd  weqr3.a
0 0.10 TP | 3.82 3.90 3.83 391 3.83 391 3.83 3.90 3.83 3.90
FP | 482 0.60 4.82 0.65 4.82 0.65 4.79 0.63 4.79 0.63

020 TP | 3.84 393 3.83 391 3.83 391 3.82 3.92 3.82 3.92

FP | 518 0.58 4.99 0.52 4.99 0.52 5.07 0.53 5.07 0.53

030 TP | 390 395 3.86 3.95 3.86 3.95 3.88 3.94 3.88 3.94

FP | 521 054 4.64 0.50 4.64 0.50 4.71 0.52 4.71 0.52

040 TP | 290 295 2.88 2.95 2.87 2.94 2.88 2.95 2.88 2.95

FP | 643 1.88 5.90 1.76 5.86 1.73 6.19 1.70 6.19 1.70

050 TP | 331 3.60 3.20 3.49 3.18 3.48 333 3.58 333 3.58

FP | 491 1.37 4.18 1.10 4.14 1.03 4.46 1.01 4.46 1.01

025 0.10 TP | 3.83 3.88 3.77 3.87 3.77 3.87 3.77 3.87 3.77 3.87
FP | 501 0.85 4.73 0.79 4.73 0.79 4.79 0.81 4.79 0.81

020 TP | 395 3.90 393 3.89 393 3.89 393 3.90 3.93 3.90

FP | 494 0.76 4.52 0.63 4.52 0.63 4.47 0.61 4.47 0.61

030 TP | 393 396 3.86 3.97 3.86 3.97 3.84 3.96 3.84 3.96

FP | 446 0.65 4.12 0.52 4.11 0.52 4.16 0.48 4.16 0.48

040 TP | 2.87 2091 2.82 2.90 2.82 2.90 2.82 2.89 2.82 2.89

FP | 629 191 5.78 1.86 5.76 1.86 6.17 1.67 6.17 1.67

050 TP | 352 372 3.44 3.61 3.48 3.60 3.57 3.70 3.57 3.70

FP | 492 1.63 4.34 1.26 4.52 1.17 4.69 0.92 4.69 0.92

05 010 TP | 383 3.89 3.83 3.90 3.83 3.90 3.83 3.90 3.83 3.90
FP | 454 0.83 4.49 0.76 4.49 0.76 4.40 0.76 4.40 0.76

020 TP | 391 3.90 3.88 3.90 3.88 3.90 3.89 3.90 3.89 3.90

FP | 3.81 0.60 3.43 0.58 3.43 0.58 3.47 0.54 3.47 0.54

030 TP | 395 392 3.92 3.92 3.92 3.92 393 393 393 393

FP | 3.84 043 3.47 0.39 3.45 0.40 3.33 0.38 3.33 0.38

040 TP | 296 294 2.90 292 2.89 292 2.94 2.90 2.94 2.90

FP | 541 1.84 4.92 1.64 4.93 1.65 5.08 1.58 5.08 1.58

050 TP | 345 3.8 3.46 3.43 3.43 3.44 3.49 3.63 3.49 3.63

FP | 436 1.74 393 1.24 3.84 1.29 4.19 1.36 4.19 1.36

075 0.10 TP | 376 3.71 3.74 3.67 3.74 3.67 3.77 3.68 3.77 3.68
FP | 321 1.05 3.10 0.97 3.10 0.97 3.15 1.00 3.15 1.00

020 TP | 3.86 3.77 3.87 3.78 3.87 3.78 3.88 3.77 3.88 3.77

FP | 3.11 1.04 2.89 0.88 2.89 0.88 2.79 0.86 2.79 0.86

030 TP | 385 3.79 3.83 3.78 3.83 3.78 3.82 3.78 3.82 3.78

FP | 323 097 2.88 0.76 2.89 0.76 2.86 0.71 2.86 0.71

040 TP | 2779 272 2.80 2.76 2.80 2.76 2.80 2.72 2.80 2.72

FP | 421 211 3.81 1.94 3.84 1.94 4.00 1.92 4.00 1.92

050 TP | 338 341 3.32 3.31 3.32 3.31 3.32 3.44 3.32 3.44

FP | 3.82 1.77 3.29 1.47 3.24 1.38 3.00 1.52 3.00 1.52

The simulation results of P1,P2 are placed in supplementary material, which shows that
the ALASSO penalty significantly decreases the FP for both estimators, which suggests the
strengthes of ALASSO. Our estimators behave fairly close to CQR estimator in most cases.
Though TP of our estimators behave slightly inferior, the FP shows a relatively better per-
formance. Not only WCQR shows smaller deviation about estimated coefficients, but also
shows greatly stability, especially for the ALASSO penalty, in the case of higher quantiles
7 = 0.5. This shows the meaningful application of our estimators in high quantiles.

Table 3 represents the case of n = 400, where the performances of all criteria are greatly
improved. Other different scenarios including ¥o, which presents even a little better results
than the case of X1, a different pair of (pg,p1) = (0.6,0.45) and t(3) distribution in place of
standard normal distribution, displaying that our estimators still behave very well for heavy-

tail distributions are all provided in supplementary material.
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TABLE 3
n =400,p=0.5,p9 =0.8,p1 =0.6,

Criteria T cqrl cqra | weqr0.l  weqrO.a | weqrl.l  weqrl.a | weqr2d  weqr2.a | weqrd.l  weqr3.a
TP 0.10 | 3.99 3.99 3.99 3.99 3.99 3.99 3.98 3.99 3.98 3.99
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.20 | 4.00 3.99 3.99 3.99 3.99 3.99 4.00 3.99 4.00 3.99

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.30 | 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

040 | 3.00 298 3.00 2.98 3.00 2.98 3.00 2.98 3.00 2.98

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.50 | 3.96 3.94 3.98 3.94 3.98 3.95 3.99 3.96 3.99 3.96

0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

FP 0.10 | 433 049 4.34 0.48 4.34 0.48 4.34 0.45 4.34 0.45
0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.20 | 4.16 041 3.60 0.32 3.60 0.32 3.70 0.28 3.70 0.28

0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

030 | 470 0.53 4.05 0.36 4.08 0.36 4.18 0.37 4.18 0.37

0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.40 | 556 1.54 4.85 1.45 4.85 1.45 4.85 1.42 4.85 1.42

0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.50 | 591 093 5.12 0.74 5.01 0.86 5.25 0.88 5.25 0.88

0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

Py 0.10 | 1.82 1.00 1.81 1.00 1.81 1.00 1.81 1.01 1.81 1.01
0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

0.20 | 1.67 0.78 1.73 0.79 1.73 0.79 1.71 0.80 1.71 0.80

0.01  0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

030 | 1.63 0.80 1.68 0.77 1.67 0.77 1.69 0.78 1.69 0.78

0.01  0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.40 | 1.73 0.83 1.65 0.80 1.65 0.82 1.75 0.82 1.75 0.82

0.01  0.00 0.01 0.00 0.01 0.00 0.01 0.01 0.01 0.01

0.50 | 2.15 1.21 2.04 1.17 2.06 1.18 2.18 1.27 2.18 1.27

0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

P> 0.10 | 1.03 041 1.02 0.42 1.02 0.42 1.03 0.44 1.03 0.44
0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.01 0.01 0.01

020 | 0.79 0.25 0.93 0.27 0.93 0.27 0.87 0.28 0.87 0.28

0.01  0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.30 | 0.70 0.26 0.81 0.25 0.80 0.25 0.83 0.25 0.83 0.25

0.01  0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.40 | 0.80 0.29 0.80 0.28 0.80 0.30 0.87 0.31 0.87 0.31

0.01  0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.50 | 1.10  0.59 1.05 0.59 1.10 0.57 1.18 0.59 1.18 0.59

0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

To conclude, WCQR estimators behaves comparably with CQR estimator, with slightly
worse performance for TP but better for FP. Interestingly, the higher correlations and higher
quantiles, the superior performance the WCQR estimators display, which extends our appli-
cation to more complex data and higher quantiles.

4.2. Real data analysis. In this subsection, we use the BMT data set in in [14] for prac-
tical application. As the simulation illustrates, WCQR estimators display more stability to
complexity of data and high quantiles than existing CQR estimator, which motivates us to
conduct the data analysis with our methods.

In this dataset, a total of 177 patients received a stem cell transplant for acute leukemia.
The failure event is relapse of the original disease (REL, 56 patients) and death from causes
related to the transplant (transplant related mortality, TRM, 75 patients) is the competing
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risk. 46 patients are censored, thus censoring rate is 26% . Covariates that affect REL and
TRM includes Sex, Disease (lymphoblastic or myeloblastic leukemia), Phase at transplant
(Relapse, CR1, CR2, CR3), Source of stem cells (bone marrow and peripheral blood, coded
as BM+PB, or peripheral blood, coded as PB), and Age. The link function is assumed to be
exponential.

Figure 1 reports the numbers of selected variables as well as coefficient estimates by our
weighted estimators compared with penalized quantile estimating equations proposed by [10]
and the penalty-free methods with 7 ranging from 0 to 0.4. From the figure we can see mainly
our estimators select similar numbers of variables to CQR estimators at lower quantiles, but in
higher quantiles, the WQR estimators lie between the CQR-LASSO and CQR-ALASSO. For
the intercept, in lower quantiles, five estimators appears conincidence with each other, though
CQR-ALASSO estimator tends to be unstable while WCQR estimators shows stability here.
For Age, all estimators behave to regard this variable as unimportant, except that the two
LASSO estimators probably overestimate the importance. For Sex: F, almost all estimators
shrink the corresponding coefficients to zero. The ALASSO estimators tend to treat D: AML
as unimportant variable, except for quantile around 0.1. For Phase:CR1 and Phase:CR2, all
estimators tend to select them in lower quantiles , but WCQR tends to select Phase:CR1 at
higher quantiles bigger than 0.21 but neglect Phase:CR2 from 0.22 to 0.27. For Phase:CR3,
all the estimators show analogue performances but for slightly shifts. For Source:PB, the
WCQR estimators perform more stably than CQR for all quantiles.
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To conclude, our WCQR estimators present stability and keep similar performances to
the results of CQR estimators. More importantly, our weighted estimates provide a relatively
general objective function for researchers to directly use R packages for application.

5. Conclusion. In this paper, we propose a locally weighted method for competing risks
quantile regression model to transform the estimating equation to a common weighted ob-
jective function, and apply the LASSO and ALASSO penalization for variable selection. We
establish the consistency and asymptotic normality for penalty-free estimators as well as the
consistency of variable selection. Monte Carlo simulations are conducted for several scenar-
ios, presenting the good variable selection performance and stability. Last, a real data set
is utilized to illustrate the application of our methods, which is comparable with the other
method.

APPENDIX

To simplify the presentation, we omit 7 in such expressions as 3(7).

Since the weights w; depend on Fj , we take w; as w;(F}). Additionally, we define
M, (B, F}) =n"13"  m;(B, F}) as the subgradient of the weighted quantile objective
function (11), where

m;(8, F) = Z{m —wi(F) (g7 (X;) < 2 B)}
=Z; <T—I{6i: LT, <C;,Ci < g(Z] B)}

~He=1,T,<Cy,g NT}) < 2] B,Ci > g(2] B)}

—Iifiiﬁgi [I{Ff‘(c’ﬁ <7,Ci<g(2]B)}1 - H{T; < Ci,e; = 1})}
T—F{(Cy)

hLet M(B,FY) = E{m,(8,F})} = E{Z (T — H(g(Z2"B)) — R(B, F{) — J(B.F})) },

H(t|Z) = / Fi(w)go(w)du+ (1 — G(1)) Fi (¢]2),

—00

) _F(C
R<ﬂ7F1):EC|Z71-_ i)

WI{F{‘(C) <1,C<g(Z"BY1-I{T<C,e=1})

9(Z'B) . T — FY(u)
= [ s ) < 1)1 - R(wl2) TR B,
o _o T T a7 = Fr(C)
J(B, F{) = EqizI{e=2,F/(C)<7,T<g(Z B),C>g(Z ﬂ)}l—Fl*(C)

T—Ff(u

~(R(9(2"9)|2) - Fils(2"5)|2)) [ :OZ RO o m(wdu
g

where go(u) is the density of censoring variable C' conditionally on Z, and Fy(t|Z) = P(T <
t|Z). It’s noteworthy that J (8, F1) = 0, and it’s easy to derive that M (3, F1) = 0.

LEMMA A.1. Assume assumptions AI-A3,CI1-C3 hold. Then
(16) Hﬁi — Py = sgpsup ]ﬁ’l(t]z) — Fi(t|z)] = Op(n—1/2+r)
4
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for every r > Q.

PROOF OF LEMMA A.1. By condition C1 and A1, [11] has developed that for every r >
0, sup;,, |G(t) — G(t)| = o(n~/?*7), a.s. This coupled with C2, implies that

Z <I{X >x}(§({;§— 1})

_ IH{X; < sz I(5;e;=1
o)

sup
x

=o(n 7, a.s.,

Simultaneously, for ¢t < v, 1 — G(t) is uniformly bounded away from 0 ,thus by Chebyshev’s

inequality,
_ H{X; <a:}[(5el—1)
{‘ 12 ( G(Xi) >

_nflz (1=

n_lVar(I{Xi <z}l(die; =1))
g2

ZE\ZZ}

and this inequality holds for any = and Z, that is, for every r > 0,

- I{X; <:p}1(5ez_1) (7
Z( X, ) Fi(2]Z;)

Combining Eq.(17) and (18), we have
sup |1 (2|2) — Fo(a] 2)] = op(n™/>*")

T,z

(18) sup = op(n_1/2+r).

holds uniformly for Z, that is,

1Fy = Pl = Supsup |F1(t]2) = Fi(t]2)] = op(n~1/2H7).
z

O

Remark: Lemma A.1 directly guarantees the consistency of our weight estimation w; (F})
to w; (F1), which is the wy; in equation (6).

LEMMA A.2. For all positive values €, = o(1), we have

(19) sup IM,,(8, FY) — M(8, FY) — My (B, F1) || = 0p(n~"/?)
HI@_IBO||§€W)HF;_F1||§€‘n,

PROOF OF LEMMA A.2. Let Z;; and m;; denote the j—th coordinates of Z; and m;,
respectively. For notational simplicity, in the following we omit the subscript ¢ in various
expressions such as Z;, Z;;,1;,C;. Let Kj,j =1,---,5 be some positive constants. Note
thatforj=1,---,p,

|m](67F1*) _mj(/gl7F1*l)|2 SBl +B2+B3+B4;



14

where
By =Z;|I{e=1,T<C,C<g(2'B)} -~ {e=1,T<C,C<g(z'3)}
By =Z:|I{e=1,T<C,T<g(Z"B),C>g(Z"B)}
—H{e=1,T<C,T<g(z"8),C>g(z"8)}|

By = 22 m [HFH ()< 7.0 <02 B)(1 - H{T <C.e=1))
S [Hrr @) sme sz TaNa -1 < ce=)|

B = 2 [Tk G e =2 F(C12) < 7T <9(279).C > o(27 B))
e NGRSV CUNCE )]

It’s easy to verify that

s 11(g(Z78) < C) — I(g(2'8) < C)| < | Z|{L1(9(Z2 B) — e < O) — I(g(Z B) + £n < C)}

or multiplied by a constant, by assumption C3. Therefore, by assumptions Al and A2,

E sup B
ﬂ/:llﬂ_ﬁlllgan

=E| sup ZAI{C<g(Z2'B)} - I{C<g(z'8)}

Bl1B—B||<en
< EHZ||3{G(9(ZT,6) + 5n> - G(g(ZTﬁ) - En)}
< Klfn

Following the similar arguments, we can show that

E sup By | =F
B/:”B_B/Hgan

x|I{T <g(2'B),C>9(2'8)} —~I{T < g(2'8),C>g(Z" 8}

< B[|Z|{G(9(Z 7 B) +en) — G(9(Z" B) —en)}
HIZIP{F1(9(Z " B) +en) — Fi(9(Z' B) —en)}]
< K25n

sup Zf[(ei =1)
B:l|B—pB||<en

Note that

1—7

B.< 72 T
= 1-Fy (C)

[1 - 1_1;120)} I{F(C) <1} — [1 — ] H{Fy(C) <7}

+72 )f{c <g(z'B)} - I{C < g(ZTﬁ'ﬂ\

= B3 + Bsa
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Similarly to By, it’s easy to verify that &/ (Supﬁl:llﬂ_ﬁ/nggn B32> < Kj¢&,. Then

(1 —7)[FF(C) = F{'(O)]
(1-FHO)(1 - F(C))
1—71
1-F{(C)
1—71
1-F(C)

Bs = ZII{F{(C) <7, F{'(C) <7}
+ZZI{FF(C) <7 < F{'(C)}

+ZZI{F} (C) < 7 < FT(O)}

F(C) - FY'(C)
(1-7)

+ZI{FT(C) <7 < F{(O)} + ZJ{F (C) < 7 < F}(C)}

2
<7

Since

E sup  I{F}(C) <1< F(C)}

Fr | Fe=Fy |l
< P{F}(C)<1T<F{(C)+en}
<G{Fy M (n)} - G{F (7 — 1)} < Ksen.

Then by assumption Al, we have £ (supﬂ,:||5,5,H§5n B31> < K,ey,. Consequently,

E sup B3 | < Ksep,.
B:18—B[I<en

15

Similar arguments to proving Bs, by adding and subtracting ;:Ff @7 {e=2,Fy(C) <

FY'(0)
7, T<g(Z"8),C>g(Z"B)}, yields

T Fr(C)

T FY(0)
1= F(C)

By < 72 HFE(©O) <7}~ 575 HFY(C) <7}

+72 ’I{T <g(z78),C>g(2"B) - I{T<g(Z2'B),C> g(ZTﬁ)}(

= By1 + Byo.

By the proof of Bs; and Bs, we can easily get that F (supﬂ,:||5_ﬂ,”§n B41> < Ky4e, and

FE (Supﬁ’:llﬁ—ﬁ’lléan B42) < Ksg,,. Thus £ (Supﬁ’:llﬁ—ﬁ’llgan B4) < Ksep,.

Therefore, condition (3.2) of [2] holds with » =2 and s; = 1/2, and condition (3.3) is

satisfied by remark 3(ii) of their paper. Thus, Lemma A.2 holds by applying theorem 3 of

[2].

O]

PROOF OF THEOREM 3.1. Note that F(t|Z) < 7 is equivalent to t < g(Z'8,) and

Fi(9(Z7By)) = 7. Therefore, when plugging in the true 3, and I} into M, we get

M(y, 1) = E{Z (7~ H(g(Z" By)) — R(Bo, Fi) — (8o, F1) ) } = 0.

Because 3 is the solution of M(3, F) with M(3, F) being a continuous function of 3 in a

compact parameter neighbourhood 5.
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Therefore, the consistency of 3 is the direct conclusion of theorem 1 of [2], and we only
need verify the conditions (1.1)-(1.2) and (1.5’) in their paper, as (1.3) is trivially satisfied
and (1.4) follows from Lemma A.1.

(1.1) By the subgradient condition of quantile regression ([9]), there exists a vector v with
coordinates |v;| < 1 such that

(20) IV, (B, @)[| = n~ ' [[(Zivi) i € E[| = 0p(n~'/?)
by assumption A.1, where = denotes a p—element subset of {1,2,--- ,n}.
(1.2) Forany € >0 and 3 € B,

inf M(B, F

BBz

= inf M(B, Fy) — M(By, F
HB—%OHZEH ( 1) (Bo, F1) ||

> “6jgf“>gHE[ZZT(B—ﬁo)]g’(ﬁ*){l —G(9(69)12)} f1(9(€9)|2)]],

which is strictly positive under assumptions Al and A3. Here £* is some value between
Z"Band Z'3,.

(1.5%) Let {ay} be a sequence of positive numbers approaching zero as n — co. Note that
B{||Zwil(X; < g(Z] B)|I?} < E(| Z:]|?) < Kz, under assumption Al. It then follows
from Chebyshev’s inequality that

sup My (8, F7') = M(B, F7) || = 0p(1).
BEB,||Ff —Fillnzan
Then the proof of theorem 3.1 is complete with the conclusion theorem 1 of [2]. O

PROOF OF THEOREM 3.2. The asymptotic normality of 3 relies on the results of theorem
2 in [2]. We need to prove the conditions (2.1)-(2.4), (2.5’), and (2.6’) in their paper. The
conditions (2.1), (2.4), and (2.5°) hold directly by (20), Lemma A.1 and A.2, respectively.

Note that for any C; lying above the 7-th conditional quantile Z ZT B, the quantile fit will
not be affected if we assign the entire weight to either (Z;, C;) or (Z;, X 7°°). Then we obtain

L1 (8o, F1) = aMg;’Fl) B=8,
=—E[2Z2"4 (2" 60){1 - G(9(2"50)|2)} 1(9(2Z 5o)| 2)]

which is continuous at 3, and of full rank under assumption A3. For all 8 € B, we define
the functional derivative of M(3, F}") at Fj in the direction [F}" — F}] as

Ly (8, F1)[Fy — Fi]
w L M{8, Fy 1 (Ff - F)} - M{B, R}

=1
e—=0¢
1
- hm 7E I:R(I@7F1) - R(IB7F18) + J(,@,Fl) - J(ﬂ7F1€)]

e—0¢

where Fi. = Fy +e(F] — Fy). Since

lim L EZ[R(3, F1) — R(3, F1.)]

e—0¢€

Fi(ul2) — Fi(u|Z)

d
1-FRz)

9(Z"B)
— BZ[A\(8) + A2(8)| + (1 - 1)EZ /0 go(w)T{Fy(u]Z) < 7}
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where
1 [9Z'B)
Ap) = ?i%g 0 go(u)(1 — Fy(uw)) [I{F1(u|Z) <7} — [{F1(u|Z) < T}du]
(Z'B) " o y .
AQ(ﬁ)zgigéé Og go(u)(1 — Fy(w)) (1 — r) L |z)1<_;1€(i{§;( Z2) <7},

Similarly, we can derive
lim éEZ [J(B,F1) — J(B, Fi.)]
= EZ[A3(8) + A(B)] + (1 — 1) EZ[Fo(9(Z" B)| 2) — F1(9(Z " B)|2)]

x Fi(u]Z) - Fy(u]2)
" /g<zm> ol I{A2) <= —m gy

where

45(8) = [Fo(9(2" 8)2) — Fi(9(2" 8)|2)] limm - /:;Tﬁ) go(u)
g

e—=0¢
H{F(u|Z) <1} —I{Fi(u|Z) < T}du

A4(8) = [Folg(27B)|12) — Fi(9(27B)|2)](1 —7)

lim1 - go(u)I{Fla(u|Z)ST}—I{F1(U\Z)§T}

du
e=0¢e JyZ7B) 1—Fi(ulZ)

For 3 such that g(Z'3) < g(Z " B), A1(8) = 0, A(8) = 0. For sufficiently small ¢,
Fi.'(7) > g(Z27B), then

45(8) = [Fo((27 B)|2) ~ Fi(g(27 B)|2)] lim = { Glo(27 80) ~ G(Fy; (712))}

A4(8) = (1 - Fo(o(278)|2) - Fu(g(278)|2)] lim = { G(Fy (712)) — Glo(27 ol 2))}

dG(u|Z) _ 0(u)
where =2 = 1—?71(Z|Z)'

For 3 such that g(Z'8) > g(Z " By), A3(8) = 0,A4(8) = 0. For sufficiently small e,
Fi.'(1) < g(Z7B), then

41(8) = lm - {o(2" 8|2) - G(F (712)))

e—=0¢

where dé(éﬂz) =go(u)(1 = Fi(u|Z)) and

45(8) = (1) m ~{G(F (712)) ~ Gla(2 " 8y) )

e—0¢

For 3 = (3, note that I{Fy(¢t|Z) <7} =1fort € (0,9(Z"B3)), then

41(8) = tim - { G(o(27 By 2)) - G (712))}

e—0¢€

Ax(8) = (1 - 1) lim - { G (712)) ~ Glo(2 )}
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And I{Fy(t|Z2) <7} =0fort € (9(Z"B),00), then
A3(8) = [Fo(9(279)12) - Filo(27)|2)] lim = {Glo(2 7 00)) ~ G(FL\(12))}
A4(8) = (1 - Fo(9(278)|2) ~ Fu(g(278)|2)] lim - { G(F (712)) — Glo(27 ol 2)) )

By expanding G(F,*(7]Z)) (treated as a function of ¢) around ¢ = 0, and using the fact that

4 _ R (Z B,) - ,
dEF16 (T)Z)|e=0 = i 0(Z B (example 20.5 in [19]), we obtain

T—Fi(9(Z"By))
f1(9(Z7 By))

G(F!(712)) = G(9(Z " Bo)) + 90(9(Z " By)) e+0(e?).

Similarly, we have

T— Fi(9(Z2'8y))
f1(9(Z7 8y))
90(9(Z78y)) T—Fi(9(Z78y))

1-Fi(9(Z78y)) f1(9(Z7By))

Therefore, for 38 such that g(Z " 3) < g(Z2 7 8,),

A3(8) + As(B) = —[Fo(9(2 " B)|2) — Fi(9(27 B)|2)l90(9(Z " By))
T—Fi(9(Z78y)) Fi(g(Z"By)) — 7
N9(Z278y) 1-Fi(9(Z27By))

for 3 such that g(Z ' 8) > g(Z ' B,),

e+ 0(e%).

G(F(712)) = G(g(Z " Bo)) + 90(9(Z " By)) (1 — Fi(9(Z " By)))

G(F\(112))=G(9(Z2" By)) + e+0(e?).

=0

T F(9(Z2'6y))

A1(B) + A2(B) = 90(9(Z " Bo)) (F1(9(Z" Bo)) = 7) oz B "

That is

L8, F1)[FT — Fi

9(Z'B) Fi(u|Z) — F1(u|Z)
:(1—7')EZ/O go(w)I{F(u|Z) <1} T (u|IZ) du
+(1-7)EZ[Fy(9(2'8)|2) - Fi(9(2'B)|2)]
= Fi(ulZ) — F1(u]2)

(21) x/g(ZTﬂ)go(u)I{Fl(MZ)gT} (I—Fuz)? du

With the process of Taylor expansion, we can verify condition (2.3) of [2] under assumption
Al and A2.
Then we verify condition (2.6). Combining (21) and the analysis above, we have

T8y, F1)[Fy — Fi

o(Z"By) Fi(u|Z) — Fi(u]2)
(22) —(1—T)EZ/0 go(w) 1— Fi(ulZ) .

Denote F(t2) = &+ o1y HASERe=t NC (1) = I(X; <t,656; = 0), Yi(t) = I(X; >
t), y(t ) P(X > t), AG( ) = lima_0 P(X € (t,t + A)|X > ), A%(t) = [T X%(s)ds and

ME (t) — 57 Yi(s)dAC(s). Follow the proof in [11], SUPye[o,1) ||n1/2{G( t)—G(t) —
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n=230  G(t) foy(s) T dME Y| — 0, from [12], and n =t 307 Vi()I{X; < 2} (S =
)(1 G(X;)! converges to 7w(x,t) uniformly inboth x € Randt € [0, ), where m(x,t) =
Y; () I{X; <2} 1(5¢; =1)(1 — G(X;))~ . Then
Fi(2|2) - F1(2|2) = F{ (2| 2) - Fi(2]2) + Fi(2|2) — F{ (2] 2)

n

- rlz,zn:ﬁ,z’(:ﬂ) - %Z MI()Q <a)I(5iei=1)

—~ G(X)G(X)
" ! Y;(s)y(s)~taM§
~ = Zg“ - Z 2j GE;‘)( i I I(X; <x)I(6e;=1)
=1 ¢
2 L )(X; < 2)I(0je;=1) | dMT(s)
Ek“ ZJT nG(X)) y(s)

RS o PR S “WQUS%%)
s RICERWARLRE o

72{511 521 )}

where &~ denotes asymptotic equivalence uniformly in 7 € [77,7¢], &14i(z) = 1(X; <
2)I(6ie; =1)G(X;) ™! — Fi(z]Z) and & = [;° m(z,8)y(s)"tdME (s),i = 1,...,n. Simi-
larly derived as [111, [;° 7(x, s)y(s)~'dME is Lipshitz in z, Fy (x| Z) — F1 (x| Z) converges
weakly to a mean zero Guassian process with covariance matrix X(x) = E{&,(2)'¢;(z)}.
Then by (22),

(Z'B,) (1) — £,
Z/g gO(U) gl,z(u) 52,1(“) du
0

1—F(u|Z)
(23) ==Y ¢
i=1
where
Q(ZTBU) gll(u) —le(U)
24 = E | 7
(24) ?; ZZ/O 9o0(u) 1—Fi(ulZ) a

is a random vector with mean 0 and F||¢;||?> < oo by assumption A1-A3 .

Recall M, (By, F1) =n~t > ", m;(By, F1) being independent mean 0 random vectors.
m; (B, F1)
=7 (7~ Hei =11, < G, Ci < 9(2] o)}
—Hei=1,T; < Ci,g " (T;) < Z] By, Ci > 9(Z] By)}

77’ — Fl(CZ)
1—Fi(Cy)

—Zi(T*Dl*DQ*DS)

[1F(C) < 7.0 < g(2] 1 - 1T < Crci= 1))
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Since Em;(8y, F1) =0, and D;D; =0 for i # j, it’s easy to verify
COV{mZ’(,Bo,Fl)}

~ B7,08{2:2] [r1-n)1(C;> 02T o0) +1G: < (2] ﬁo))W} bea,

1—-F1(C)

Then applying the central limit theorem gives

n2{M, (8o, F1) + Ta(By, F1)[Fy — F1]} B N(0, V),

where
V = Cov{m;(By, I1) + (1 — 7)¢;} = d1 + da + d2
di = (1—7)E{mi(By, F1)$"}
dy=(1-7)’E{¢" ¢}
Then the proof for (14) is thus complete by theorem 2 of [2]. O

PROOF OF THEOREM 3.3. Let A, = {j : BJ # 0}. We first show that for any j # A,
P(j € Ay) — 0 as n — co. Suppose there exists a k € A°¢ such that |3;] # 0. Let 8* be

a vector constructed by replacing B with 0 in 3. For simplicity, we write w; = wz(Fl) Note
that |p-(a) — pr(b)| <|a — b|max{r,1 — 7} < |a — b|. Therefore, for large enough n,

Qp(/éawl) o Qp(ﬂ*vwz)

=3 {060 2T B) ~ el () - 2T )
=1

+> (1 -y {pf(gfl(X“’") —Z] B) — pr(g (X)) - Zjﬁ*)} +px, (18k])

i—1
n ~
> =2 N1 Za|l - |Bi| + Al Bkl 7B
=1

By theorem 3.1, B — B = Op(n~"/?) and By, thus By = Op(n~2). As 327", || Z:]| = O
and 7=\, |3k ~7 > n"/77 1\, — oo, which yields

Qp(Bo1) — Qp(B*,105) = =2 || Zil| - 1Bkl + AnlBr| "1 Bl
i=1
(25) > |BrIn —0,(1) + n" Al Bk 7Y > n7/2*1)\n] >0,as n — oo.
This contradicts the fact that Q,(8,;) < Q,(8*, ;).
We next show that for any j € A, P(j ¢ A,) — 0. We write by = (bj,j € A) for any

vector b € RP, and B 44 as the sub-matrix of a p x p matrix B with both row and column
indices in .A. By Taylor expansion

M, (B4, FT) =Mu(Boa, F1) + T1.44(B4 — Boa)
(26) +T2.44(Bo 4, F1)[Ff — Fi] + op(n™/?)
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uniformly over 3 4, F such that |8 4 — Boll = O(n_1/2) and || F) — Fi||ln = o(n_1/2+T).
Let 84 — Boa =n"/?u, we have

nu'M, (8.4, F1) = nu' {My(Bg4, F1) + T4}
(27) +n1/2uTI‘1AAu—|—0p(n1/2)
where I'o 44 = To44(Bou, F1) [Fl — F1]. Therefore, with probability tending to 1,
—nu' M, (8.4, F1) > —nu {My (8o, F1) + T2} — n'/*u' Ty gqu+o(n'/?)
(28) > kont/2HT

for some positive kg and r > 0. However, the subgradient condition (20) requires that

(29) lna ™Mo (84, F)Il+ N Y 185177 |7 = 1(5; < 0)] < Op(max || Z;)).
jeA

When A, = o(nl/ 2) and assumption A1 holds, (28) and (29) suggest that the subgradient
condition cannot hold if |34 — Boall = Kn~'/? for some positive /. Using the mono-
tonicity argument in [6], we can show that the subgradient condition also cannot hold if
184 — Boall > Kn~1/2. Therefore, ||B 4 — Boll < Kn~'/? with probability tending to 1.
Equivalently speaking, for all j € A, P(j € A,) — 1 or P(j ¢ A,) — 0. The proof of theo-
rem 3.3 is thus complete. O
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SUPPLEMENTARY MATERIAL

Supplementary simulation results
Table 6 is the performance for 39, which presents even a little better results than the case of
Y. Table 7 is for a different pair of (pg,p1) = (0.6,0.45) and our 7s ranges from O to 0.4,
and 7 = 0.3 turns out to be the quantile of 3 nonzero coefficients , which fits our simulation
results. Table 8 simulates t(3) distribution in place of standard normal distribution, displaying
that our estimators still behave very well for heavy-tail distributions.
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TABLE 4
P1, n=200,pg =0.8,p1 =0.6,
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TABLE 5
P>, n=200,pg =0.8,p1 =0.6,

p T cqr.l cqr.a weqr0.l  weqrO.a | weqrl.l  weqrl.a | weqr2d  weqr2.a | weqr3.l  weqr3.a
0 0.10 | 2.31 0.77 2.36 0.70 2.36 0.70 2.38 0.70 2.38 0.70
0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.20 | 2.05 0.62 2.10 0.61 2.10 0.61 2.11 0.62 2.11 0.62
0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.30 | 1.68 0.70 1.92 0.67 1.92 0.67 1.94 0.63 1.94 0.63
0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.40 | 1.64 0.68 1.92 0.68 1.94 0.73 1.82 0.69 1.82 0.69
0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01
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0.02 0.01 0.03 0.01 0.03 0.01 0.03 0.01 0.03 0.01
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0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01
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0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.40 | 1.67 0.92 1.98 0.93 1.96 0.93 1.96 0.93 1.96 0.93
0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.50 | 3.05 17820.66 3.36 1.61 3.23 1.62 291 1.55 291 1.55
0.03  1266.88 0.03 0.02 0.03 0.02 0.03 0.02 0.03 0.02

05 0.10 | 2.29 0.91 2.33 0.99 2.33 0.99 2.34 0.99 2.34 0.99
0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.20 | 1.73 0.61 1.90 0.61 1.90 0.61 1.88 0.61 1.88 0.61
0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.30 | 1.48 0.57 1.66 0.55 1.66 0.56 1.74 0.58 1.74 0.58
0.01 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01
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0.01 0.01 0.02 0.01 0.02 0.01 0.01 0.01 0.01 0.01
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TABLE 6
n=400,p=0.5,p9 =0.8,p1 = 0.6, %o,

Criteria T cqrl cqra | weqr0.l  weqrO.a | weqrldl  weqrl.a | weqr2d  weqr2.a | weqrd.]d  weqr3.a
TP 0.10 | 4.00 3.99 3.98 3.99 3.98 3.99 3.98 3.99 3.98 3.99
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.20 | 4.00 3.99 4.00 3.99 4.00 3.99 4.00 3.98 4.00 3.98

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.30 | 4.00 4.00 3.99 4.00 3.99 4.00 4.00 4.00 4.00 4.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.40 | 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.50 | 3.98 397 3.95 3.94 3.96 3.95 3.98 3.96 3.98 3.96

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

FP 0.10 | 483 043 4.54 0.38 4.54 0.38 4.56 0.37 4.56 0.37
0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.20 | 5.00 045 431 0.36 431 0.36 423 0.36 423 0.36

0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

030 | 442 037 4.08 0.20 4.11 0.20 3.99 0.18 3.99 0.18

0.02 0.01 0.02 0.00 0.02 0.00 0.02 0.00 0.02 0.00

040 | 562 137 4.83 1.34 4.90 1.34 4.94 1.27 4.94 1.27

0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.50 | 6.09 1.22 5.33 1.03 5.21 1.09 5.45 1.08 5.45 1.08

0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

Py 0.10 | 1.78 091 1.85 0.93 1.85 0.93 1.86 0.93 1.86 0.93
0.01  0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.20 | 1.59 0.81 1.68 0.79 1.68 0.79 1.69 0.78 1.69 0.78

0.01  0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

030 | 1.57 0.76 1.55 0.72 1.55 0.72 1.63 0.72 1.63 0.72

0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.40 | 1.67 0.84 1.69 0.83 1.67 0.83 1.74 0.84 1.74 0.84

0.01  0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.50 | 2.10 1.33 2.07 1.36 2.08 1.35 221 1.36 221 1.36

0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

P> 0.10 | 093 0.37 1.10 0.39 1.10 0.39 1.11 0.40 1.11 0.40
0.01  0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

020 | 0.69 0.27 0.86 0.26 0.86 0.26 0.86 0.25 0.86 0.25

0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

030 | 0.74 0.24 0.75 0.22 0.75 0.22 0.83 0.22 0.83 0.22

0.01  0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

040 | 0.78 0.31 0.90 0.31 0.87 0.31 0.94 0.32 0.94 0.32

0.01  0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

050 | 1.05 0.72 1.13 0.75 1.14 0.71 1.29 0.73 1.29 0.73

0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
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TABLE 7
n =400,p=0.5,p9 =0.6,p1 =0.45,%1,

Criteria 7 cqr.l cqr.a weqr0.l  weqrO.a | weqrl.l  wegrl.a | weqr2.d  weqr2.a | weqr3.l  weqr3.a
TP 0.10 | 4.00 3.98 4.00 3.98 4.00 3.98 4.00 3.98 4.00 3.98
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.20 | 4.00 3.98 4.00 3.98 4.00 3.98 4.00 3.98 4.00 3.98

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.30 | 2.99 2.97 2.98 2.94 2.98 2.94 2.99 2.94 2.99 2.94

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.40 | 3.37 3.57 3.36 3.45 3.33 3.44 3.63 3.68 3.63 3.68

0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

FP 0.10 | 5.10 0.52 4.72 0.44 4.72 0.44 4.85 0.39 4.85 0.39
0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.20 | 5.21 0.84 4.57 0.57 4.57 0.57 4.58 0.59 4.58 0.59

0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.30 | 6.33 2.02 5.83 1.83 5.68 1.88 5.94 1.86 5.94 1.86

0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.40 | 5.35 2.10 5.04 1.77 5.08 1.83 5.36 1.48 5.36 1.48

0.03 0.02 0.03 0.01 0.03 0.01 0.03 0.01 0.03 0.01

P 0.10 | 1.86 0.97 1.90 1.00 1.90 1.00 1.87 0.99 1.87 0.99
0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.20 | 1.87 1.00 1.91 0.98 1.91 0.98 1.93 0.97 1.93 0.97

0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.01 0.01 0.01

0.30 | 2.07 1.19 2.07 1.16 2.10 1.18 2.06 1.18 2.06 1.18

0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

0.40 | 3.53 47.28 3.38 2.59 3.46 2.59 3.12 2.10 3.12 2.10

0.01 1.91 0.01 0.02 0.01 0.02 0.01 0.01 0.01 0.01

Py 0.10 | 091 0.39 0.99 0.43 1.00 0.43 0.96 0.42 0.96 0.42
0.01 0.00 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

0.20 | 0.87 0.37 1.00 0.39 1.00 0.38 1.01 0.38 1.01 0.38

0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.30 | 1.04 0.56 1.12 0.59 1.17 0.60 1.07 0.55 1.07 0.55

0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

0.40 | 3.25 21806.45 3.09 3.16 3.17 3.35 2.53 1.53 2.53 1.53

0.03 876.37 0.03 0.10 0.03 0.11 0.03 0.02 0.03 0.02
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TABLE 8
n =400, p=0.5,pg =0.8,p1 = 0.6,X9,¢(3),

Criteria 7 cqr.l cqr.a weqr0.l  weqrO.a | weqrl.l  weqrl.a | weqr2d  weqr2.a | weqr3.l  weqr3.a
TP 0.10 | 3.89 3.89 3.84 3.90 3.84 3.90 3.83 391 3.83 391
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.20 | 3.98 4.00 3.98 4.00 3.98 4.00 3.98 4.00 3.98 4.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.30 | 3.95 4.00 3.97 3.99 3.97 3.99 3.96 3.99 3.96 3.99

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.40 | 2.99 3.00 2.98 3.00 2.98 3.00 2.96 2.99 2.96 2.99

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.50 | 3.75 3.80 3.66 3.74 3.64 3.74 3.73 3.82 3.73 3.82

0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.00 0.01 0.00

FP 0.10 | 5.04 0.81 4.67 0.86 4.61 0.86 4.69 0.88 4.69 0.88
0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.20 | 4.63 0.51 4.25 0.32 4.33 0.30 4.18 0.35 4.18 0.35

0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.30 | 3.77 0.25 3.51 0.18 3.54 0.20 3.56 0.16 3.56 0.16

0.02 0.00 0.02 0.00 0.02 0.00 0.02 0.00 0.02 0.00

0.40 | 5.61 1.59 5.23 1.45 5.13 1.48 5.10 1.42 5.10 1.42

0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.50 | 5.92 1.52 5.18 1.03 5.11 1.13 541 1.03 541 1.03

0.03 0.01 0.02 0.01 0.03 0.01 0.03 0.01 0.03 0.01

P 0.10 | 2.64 1.61 2.75 1.62 2.77 1.64 2.76 1.64 2.76 1.64
0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

0.20 | 2.03 1.03 2.08 1.05 2.07 1.06 2.07 1.06 2.07 1.06

0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.30 | 1.95 0.90 1.97 0.88 1.97 0.89 2.00 0.91 2.00 0.91

0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.40 | 2.01 1.05 1.99 1.02 2.03 1.04 2.12 1.04 2.12 1.04

0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

0.50 | 2.73 6.96 2.66 1.71 2.78 1.71 2.80 1.75 2.80 1.75

0.01 0.52 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

Py 0.10 | 2.20 1.12 2.51 1.13 2.53 1.15 2.52 1.16 2.52 1.16
0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01

0.20 | 1.22 0.42 1.34 0.45 1.29 0.46 1.33 0.45 1.33 0.45

0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.30 | 1.27 0.35 1.29 0.34 1.29 0.35 1.31 0.37 1.31 0.37

0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.40 | 1.16 0.44 1.20 0.44 1.28 0.46 1.40 0.45 1.40 0.45

0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00

0.50 | 2.01 2685.65 2.07 1.29 2.28 1.27 2.19 1.21 2.19 1.21

0.02  268.44 0.02 0.02 0.03 0.02 0.02 0.01 0.02 0.01
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