Exercises

Optimization with side constraints — Solutions

Exercise 1.

1. The Lagrange function is

1
L(x1,%2,A) = 2% + %3 + 2x5 4+ 1000 4 A(x; + %2 — 80)

2
and thus the partial derivatives are
iL—x +A ill—Zx +2+A iL—x +x; — 80
T T AT T
Solving V£ = 0 yields the following equations
X1 = —A
A X1
Xy = —1 - E =1 + ?
X1 +x, =80

Combining all equations gives

3
x1—1+%:80(:)2x1=81(:)x1:54

and thus
Xy = 26 and A = —54.

Thus (54, 26) is a (possible) extreme point.
2. The Lagrange function is
L(x,y,z,A) =x+y +z+A(xyz —8)

and thus the partial derivatives are

0x
Solving VL = 0 yields the following equations

0 0 0 0
—L=14+Ayz @L—1+7\xz a—ZL—1+7\xy ﬁﬁ—xyz—S

Ayz =1
Axz =1
Axy =1

xyz =38



Thus in particular yz = xz = xy from which we can infer x =y = z
(since x,Y,z # O by the last equation). With the last equality we thus get
x}>=8andthusx =y =z = 2.

The point (2, 2,2) is the only (possible) extreme point in this case.

3. The Lagrange function is
L(x,y,A) =5x + 8y + Alxy — 100)
and thus the partial derivatives are

0

—L=5+A
ox MY
0
—L =8+ A
oy
iL =xy — 1000
TN
Solving VL = 0 yields the following equations
-
Y
_ 8
X
xy = 1000
The first two equations yields
5 8 vy oy 5x
y x 5 8 Y=g

and this we get with the last equation
S5x )
x-§:1000<:>x = 1600 & x = +40

and we gety = %" = 425. So (40,25) and (—40,—25) are the possible

extreme points.

Exercise 2.

1. We want to solve the optimization problem

max f(x1,%2) = 120/x7 + 1604/x;
st.x;+x =4-10°



The Lagrange function is
L(x1,%2,A) = 1204/x7 4+ 160/x2 + A(x; +x2 —4 - 10°)

and thus the partial derivatives are

0 1 0 1 0
—L=60——+A —L=80——+A —L = —4.10°
aX1 v/ X1 + aXZ \/ X2 + oA X1+ %2

Solving VL = 0 yields the following equations
1

A=—60——
VX1

1
A=—-80——
\V X2

X1 +x =4-10°

The first two equations yield

1 1 3 9
60\/—X_]_so\/—x_2<:>\/><_1—1\/><_2<:>x1—ﬁ><2

Thus we get

9
EX2+X224~106:>xz:2.56-106¢/x1 —1.44.10°

_ 1 _
and A = —60 - Vol —0.05.

. If the capital changes by Ax = —100000. Thus the profit approximatively
changed by

AP ~ —AAx = —(—0.05)(—10°) = —5000.



