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Introduction Introduction 

Difference Equations  (Prof. Dr. K. Helmes)

Part 1.1Part 1.1

An An ExampleExample

ExampleExample 1 (1 (Part 1Part 1))

Dagobert-

Example

cf. compound interest

StartingStarting Point:Point:

Given:

K0 initial capital ( in Euro )

r

p interest rate ( in % )

interest factor
100

pr =
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ObjectiveObjective::

1. The amount of capital after 1 year.

2. The amount of capital after 2 years.

n. The amount of capital after n years.

Find ....Find ....

001 KrKK ⋅+= ( ) 01 Kr+=

Solution:Solution:

How much capital do we have after 2 years?

After one year the amount of capital is:

Solution:Solution:

After two years the amount of capital is:

( ) 1112 1 KrKrKK +=⋅+=

( )( ) 011 Krr ++=

( ) 0
2

2 1 KrK +=

001 KrKK ⋅+= ( ) 01 Kr+=

After one year the amount of capital is:

Solution:Solution:

( ) 0
2

2 1 KrK +=

After two years the amount of capital is:

001 KrKK ⋅+= ( ) 01 Kr+=

After one year the amount of capital is:

Solution:Solution:

After n years the amount of capital is:

( ) 0
2

2 1 KrK +=

( ) 01 KrK n
n +=

( ) 0
1

1 1 KrK +=

2
2

1
1

( ) 11 −+= nn KrK

The solution formula                            can 

be rewritten in the following way:
( ) 01 KrK n

n +=

recursion formula
special        
difference equation 

11 −− =− nnn rKKK

0K is given, 1≥n

Observation:Observation:

0K is given, 1≥n



Difference Equations

Page 3

Prof. Dr. Kurt Helmes

Difference Equations  (Prof. Dr. K. Helmes)

Part 1.2Part 1.2

Difference Equations Difference Equations 

Illustration:Illustration:

A difference equation is a special system of 

equations, with

(countably) infinite many equations,

(countably) infinite many unknowns.

The solution of a  difference equation

is a sequence

(countably infinite many numbers).

HintHint::

How do we recognize a 
difference equation?

An equation, that relates for any the

nth term of a sequence to the (up to k)
preceding terms, is called a (nonlinear)  

difference equation of order k.

kn ≥

ExplicitExplicit form:

ImplicitImplicit form:

( ),,,,, 21 knnnn xxxnFx −−−= …

( )knnn xxxnG −−= ...,,,,0 1

kn ≥

Definition: Definition: Difference EquationDifference Equation

Difference Equations  (Prof. Dr. K. Helmes)

22
FirstFirst--Order Order 

Difference EquationsDifference Equations
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Difference Equations  (Prof. Dr. K. Helmes)

Part 2.1Part 2.1

A Model A Model for thefor the
„„Hog CycleHog Cycle““

ExampleExample 22

„Hog Cycle“

(Example)

cf. Microeconomic Theory

StartingStarting Point:Point:

year

8

12

16

Avg

ratio

Given: Hog-corn price ratio in Chicago in the 
period 1901-1935:

StartingStarting Point:Point:

Stylized: 

time

price ratio

StartingStarting Point:Point:

Find:

A (first) model, which „explains“ / 

describes the cyclical fluctuations of the 

prices (ratio of prices).

Model (Part 1): Model (Part 1): Supply Supply and and DemandDemand

The suppply of hogs:

( )ts in units at time t

( )1+ts in units at time 1+t

The demand of hogs:

( )td in units at time t

( )1+td in units at time 1+t
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Model (Part 2): Model (Part 2): Supply Supply and Priceand Price

The supplysupply at time           depends on the  

hog priceprice at time    .( )tp
( )1+t

t

Assumption:

( ) ( ) β−α=+ tpts 1

( )0s is given ,0, >βα

The supply function is linear:

Model (Part 2):Model (Part 2):

Assumption:

Nature of Nature of the dependancethe dependance

i.e. it is determined by     and    , and p(t).α β

FigureFigure 1:1: Graphical representation of the
supply function

( )tp

( )1+ts

For the demand we assume: If the hog price 

increases, the demand will decrease, thus:

( ) ( ) δ+γ−= tptd

parameter 0, >δγ

Model (Part 3): Model (Part 3): DemandDemand and Priceand Price

Assumption:

FigureFigure 2:2: Graphical representation of the
demand function

( )tp

( )td

Postulate:

( ) ( )11 +=+ tdts

for all 0≥t

Model (Part 4): Model (Part 4): EquilibriumEquilibrium

Supply equals demand at any time: 
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The equilibrium relation yields a defining 

equation for the price function:

( ) ( ) δ++γ−=β−α 1tptp

Model (Part 4):Model (Part 4): EquilibriumEquilibrium

( )1+ts ( )1+td

( ) ( )
γ
β+δ

+
γ
α

−=+ tptp 1

Thus we obtain the following difference 

equation:

Solution (Part 4): Solution (Part 4): EquilibriumEquilibrium

( ) ,0 0pp = is given0p,,2,1,0 …=t

This difference equation is:

Model (Part 4): Model (Part 4): EquilibriumEquilibrium

first-order

linear

inhomogeneous

( ) ( )
γ
βδ

γ
α +

+−=+ tptp 1

ModelModel

0<= m ξ=

solution formula: ( ) 00;,2,1,0 ppt == …

1≠m

( ) ( )
γ
βδ

γ
α +

+−=+ tptp 1

(Part 5): (Part 5): AnalysisAnalysis

( )
mm

pmtp
−
ξ

+⎟
⎠
⎞

⎜
⎝
⎛

−
ξ

−=
110

tt

DerivingDeriving the the Solution Solution FormulaFormula::

ξ+=+ tt mpp 1

ξξ     )( 1 ++= −tmpm

                m   2
2

3 ξξξ +++= − mpm t

ξξξ    m    )( 2
2 +++= −tmpm

ξξ   m  1
2 ++= −tpm

                                                          
                                                       
                                                          
                m   2

2
3 ξξξ +++= − mpm t

....

  )1...( 1
0

1 ++++= −+ ttt mm ξ pm

     

1

1
1

m
mt

−
− +

 
m-1

 
1

 0
1 ξξ

+⎟
⎠
⎞

⎜
⎝
⎛

−
= +  

m
-pmt

1+tp FigureFigure 2:2: ( ) ( ) 421 +−= ppFIteration rule

5
2
3
1:

=δ
=γ
=β
=αe.g.

4
2
1

=ξ

−=m

p

( )pF

)( 01 pFp =

)( 12 pFp =

)( 23 pFp =

3p1p 2p
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1−≤m

01 <<− m

Model (Part 5): Model (Part 5): AnalysisAnalysis

The equation / solution is

unstable.

The equation / solution is stable.

ResultsResults::

„stable“:  The values          converge to 

the equilibrium state when .

( )tp
∞→t

FigureFigure 3:3: Price development for:
;9,0−=m 6,0=ξ;10 =p

-0,4

-0,2

0

0,2

0,4

0,6

0,8

1

0 10 20 30 405 15 25 35

( )tp

t

FigureFigure 4:4: Price development for:
;1−=m

-0,4

-0,2

0

0,2

0,4

0,6

0,8

1

0 4 10 14 202 8 12 18 t

( )tp

6 16

;10 =p 6,0=ξ

-30

-20

-10

0

10

20

30

40

0 10 20 30 405 15 25 35 t

( )tp

FigureFigure 5:5: Price development for:
;10 =p 6,0=ξ1,1;m = −

The price is the sum of a constant and a 

power function. 

SummarySummary::

The term                       has an 

alternating sign,            .

( )
t

t
t

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
γ
α

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
γ
α

− 1

0>γα

The given difference equation has a 

unique solution;

it can be solved explicitly. 

CONCLUSION:CONCLUSION:

We can model and analyze dynamic 
processes with difference equations.
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Multivariable Calculus: The Implicit Function Theorem (Prof. Dr. K. Helmes)

Part 2.2Part 2.2

DefinitionsDefinitions undund Concepts Concepts 
for for FirstFirst--Order Order 

Difference EquationsDifference Equations ( ) …,2,1,0,1 ==+ txtFx tt

(F is defined for all values of the variables.)

A (general) first-order nonlinear difference 

equation has the form :

Definition:Definition:

Important Important QuestionsQuestions::

Is there a unique solution? 

How many solutions do exist?

How does the solution change, if 

„parameters“ of the system of equations 

are changed (sensitivity analysis)?

Does at least one solution exist?

Does the system of equations has a 

special structure ? 

Important  Important  QuestionsQuestions::

How do we calculate the solution?

Do explicit formulae for the solution exist?

b) one- or multidimensional ?

e.g.: a) linear or nonlinear,

RemarkRemark::

If the initial value of the solution (sequence) 

of a difference equation is given, i.e.

=0x ”fixed number”, 

then we call our problem an

related to a first-order difference equation.

” initial value problem ”

RemarkRemark::

The initial value problem of a first-order 

difference equation has a unique solution. 

If     is an arbitrary fixed number, then 

there exists a uniquely determined 

function/sequence , that is a 

solution of the equation and has the given 

value for .

0, ≥txt

0x

0=t0x
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RemarkRemark::

In general there exists for each choice 

of a different (corresponding) 

unique solution sequence.

0x

For time homogeneous nonlinear difference

equations                         we call points which 

satisfy the equation
( )tt xFx =+1

( )xFx =

F ”right-hand side”.
invariant points.

Definition: Definition: Invariant Invariant Points Points 

For time homogeneous linear difference

equations 

an invariant pointinvariant point is characterized by: 
( ),1,1 ≠ξ+=+ aaxx tt

a
xaxx

−
ξ

=⇔ξ+=
1

Invariant Invariant PointsPoints::

( )xF …=== 210 xxx

InvariantInvariant PointsPoints::

ATTENTION:ATTENTION:
If the solution of a difference equation

”starts” at an invariant point, it stays there, 

i.e. if      is an invariant point then0x
⇒

ChaoticChaotic Systems (an Systems (an ExampleExample))

2
1

11
ttt xxx

α
−

α
=+

α<
4
1is given,0x

ChaoticChaotic Systems (anSystems (an ExampleExample))

( ) ( )xxxtF −
α

= 1,

Iteration rule:

α<
4
1is given,0x
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0 50 100 150 200
-0.5

0

0.5

1

1.5

FigureFigure 6:6: Solution for 5,0=α( )tx

2
1

0 =x(1 )xx x
α

−

0 50 100 150 200
0.50

0.52

0.54

0.56

0.58

0.60

0.62

0.64

FigureFigure 7:7: Solution         for 4,0=α( )tx

2
1

0 =x(1 )xx x
α

−

0.50

0.55

0.60

0.65

0.70

0.75

0.80

0.85

0 50 100 150 200

FigureFigure 8 :8 : Solution         for 33,0=α( )tx

2
1

0 =x(1 )xx x
α

−

0 50 100 150 200
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90

FigureFigure 9:9: Solution          for 3,0=α( )tx

2
1

0 =x(1 )xx x
α

−

0 50 100 150 200
0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

FigureFigure 10:10: Solution for 251,0=α( )tx

2
1

0 =x

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0

0.5
x 10284

0 50 100 150 200

FigureFigure 11a:11a: Solution for 2499,0=α( )tx

2
1

0 =x
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-3.0

-2.0
-1.5
-1.0
-0.5

0.5
0

1.5

0 1 3 4 7

1.0

-2.5

2 5 6

FigureFigure 11b:11b: Solution for 2499,0=α( )tx

2
1

0 =x ExampleExample 33

„Newton´s-Method “

(Example)

StartingStarting Point:Point:

Finding the roots of a nonlinear 

function „analytically“ is rarely possible.

Therefore we have to use numerical 
methods.

StartingStarting Point:Point:

For differentiable functions a numerical 

root-finding algorithm exists. It goes back 

to Isaac Newton (1643 – 1727).

GoalGoal::

x

( )xf

*x

Find  an with                   .   *x ( ) 0* =xf

IdeaIdea::

Choose an initial value reasonably

„close to“ the true root.
0x

x

( )xf

0x
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IdeaIdea::

x

( )xf

0x

( )0xf

Determine the tangent to the graph of 

the function at the point .         ( )( )00 , xfxf

IdeaIdea::

x

( )xf

0x

( )0xf

Determine the intersection of the 

tangent with the x-axis.

1x

IdeaIdea::

x

( )xf

0x1x

Take this intersection      as a new 

approximation to the function's root.
1x

( )0xf

IdeaIdea::

x

( )xf

0x1x

Repeat this operation „many times“. 

( )0xf

FigureFigure 12:12: Schematic representation of 
Newton‘s – Method  

x

( )xf

( )2xf
( )1xf

( )0xf

2x 0x

( )0xf

1x

root

Solution:Solution:

( ) ( )0
10

0 0 xf
xx

xf ′=
−
−

( ) ( )( )1000 xxxfxf −′= ( )
( ) ( )10

0

0 xx
xf
xf

−=
′

⇔

Let x1 denote the root of the tangent and f´(x0)

the slope of f  at  x0. Then, if the        

following formula holds: 

,0)(' 0 ≠xf
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Solution:Solution:

( )
( )0

0
01 xf

xfxx
′

−=
( )
( ) ( )10

0

0 xx
xf
xf

−=
′

( ) ( )0
10

0 0 xf
xx

xf ′=
−
−

⇔

Let x1 denote the root of the tangent and f´(x0)

the slope of f  at  x0. Then, if the        

following formula holds: 

,0)(' 0 ≠xf

Solution:Solution:

By the same idea we compute  x2, x3, ... as

(difference equation):

( )
( )t

t
tt xf

xfxx
′

−=+1

fixed initial value== 0,,2,1,0 xt …

Solution:Solution:

This is a (nonlinear) 

first-order difference equation, and:

( ) ( )
( )xf
xfxxF
′

−=

NumericalNumerical ExampleExample::

Consider the problem of finding the root of

( ) 32 −= xxf

( )
( )t

t
tt xf

xfxx
′

−=+1
t

t
t x

xx
2

32 −
−=

0x chosen initial value

t

t

x
x

2
3

2
+=

The difference equation according to Newton´s 

Method is:

t

t

x
x

2
3

2
+==+1tx

.

Difference Equations  (Prof. Dr. K. Helmes)

33

FirstFirst--Order Order LinearLinear
Difference EquationsDifference Equations

Difference Equations  (Prof. Dr. K. Helmes)

Part 3.1Part 3.1

FirstFirst--Order Linear Order Linear 
Difference Equations Difference Equations 

with with a a 
„„ConstantConstant aa--TermTerm““
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Time-dependent, inhomogeneous linear
difference equations of first order with
constant ”a-term” take the form :

ttt axx ξ+= −1

(is given)( ),,2,1 …=t 0x

Equation:

Definition:Definition:

( ) taxxtF ξ+=,
(is given)( ),,2,1 …=t 0x

Equation: Iteration Rule:

Definition:Definition:

Time-dependent, inhomogeneous linear
difference equations of first order with
constant ”a-term” take the form :

Lösungsformel:Lösungsformel:

( )…,2,1,0=t

∑
=

− ξ+=
t

s
s

stt
t axax

1
0

Solution 
formula:

Time-dependent, inhomogeneous linear
difference equations of first order with
constant ”a-term”  have the solution :

Deriving the Deriving the Solution Solution FormulaFormula::

ttt axx ξ+= −1

tttxaa ξξ ++= −− ) ( 12

ttt ξ  a  xa ++= −− 12
2 ξ

....

 ... 12
2

1
1

0 tt
ttt ξ aξ ξ aξ a xa +++++= −
−−

  
1

0 s

t

s

stt ξa  xa ∑
=

−+=tx

For first-order linear difference equations with
constant coefficients it holds:

…,3,2,1,0,,1 0 =≠ txa (is given)

aa
xax t

t −
ξ

+⎟
⎠
⎞

⎜
⎝
⎛

−
ξ

−=
110

Special Special CaseCase::

+= −1tt xx a ξ

∑
=

− ξ+=
t

s
s

stt
t axax

1
0 ExampleExample of anof an Exam ExerciseExam Exercise::

Backwards iteration yields:Solution:

Solve the difference equation:

1,3
2
1

1 ≥+= − nxx nn
1

3
2
1

1 += −nn xx
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Inserting the predecessor of        :1−nx

ExampleExample of anof an Exam ExerciseExam Exercise::

33
2
1

2
1

2 +⎥⎦
⎤

⎢⎣
⎡ += −nx3

2
1

1 += −nn xx

1
Solve the difference equation:

1,3
2
1

1 ≥+= − nxx nn

Solution:

ExampleExample of anof an Exam ExerciseExam Exercise::

333
2
1

2
1

2
1

3 +⎥
⎦

⎤
⎢
⎣

⎡
+⎥⎦

⎤
⎢⎣
⎡ +−nx

1

=+⎥⎦
⎤

⎢⎣
⎡ +− 33
2
1

2
1

2nx

Solve the difference equation:

1,3
2
1

1 ≥+= − nxx nn

Solution: 2−nxInserting the predecessor of            
etc. yields: 

ExampleExample of anof an Exam ExerciseExam Exercise::

Expanding the
equation:

333
2
1

2
1

2
1

3 +⎥
⎦

⎤
⎢
⎣

⎡
+⎥⎦

⎤
⎢⎣
⎡ += −nn xx

1

Intermediate Calculation:

Solve the difference equation:

1,3
2
1

1 ≥+= − nxx nn

ExampleExample of anof an Exam ExerciseExam Exercise::

3
2
13

2
13

2
1

233 ⋅+⋅++= −nn xx

1

Expanding the equationSolution:

Solve the difference equation:

1,3
2
1

1 ≥+= − nxx nn

ExampleExample of anof an Exam ExerciseExam Exercise::

∑
−

=
⎟
⎠
⎞

⎜
⎝
⎛+=

1

0
0 2

13
2
1 n

k

k

nn xx

1

General condensation of the terms:Solution:

Solve the difference equation:

1,3
2
1

1 ≥+= − nxx nn

ExampleExample of anof an Exam ExerciseExam Exercise::

Solve the associated initial value 
problem  with 60 =x2
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ExampleExample of anof an Exam ExerciseExam Exercise::

1,3
2
1

1 ≥+= − nxx nn

i.e., find a solution ( )…210 ,, xxxx =

60 =xwith

according to the formula

2 Solve the associated initial value 
problem  with 60 =x

ExampleExample of anof an Exam ExerciseExam Exercise::

The initial value problem can be solved either

directly by using the solution formula, i.e. 

∑
−

=
⎟
⎠
⎞

⎜
⎝
⎛+=

1

0 2
13

2
6 n

k

k

nnx

2 Solve the associated initial value 
problem  with 60 =x

ExampleExample of anof an Exam ExerciseExam Exercise::

∑
−

=
⎟
⎠
⎞

⎜
⎝
⎛+=

1

0 2
13

2
6 n

k

k

nnx

2

( )
( ) ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

−

−
+=

2
11
2

11
3

2
6

n

n

⎟
⎠
⎞

⎜
⎝
⎛ −+= nn 2

116
2
66=nx

Solve the associated initial value 
problem  with 60 =x

ExampleExample of anof an Exam ExerciseExam Exercise::

3
2
1

01 += xx

2

60 =x ⇒

or by forward iteration:

63
2
6

=+=

Solve the associated initial value 
problem  with 60 =x

ExampleExample of anof an Exam ExerciseExam Exercise::

61 =x

63
2
1

1 =+= −nn xx

Continuing with forward iteration :

2

⇒ 63
2
1

12 =+= xx

and in general :

Solve the associated initial value 
problem  with 60 =x

ExampleExample of anof an Exam ExerciseExam Exercise::

The simplest way to solve this special initial 

value problem is to identify as an 

invariant point of the function                         , 

i.e.

60 =x
( ) 3

2
1

+= xxF
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ExampleExample of anof an Exam ExerciseExam Exercise::

( ) 66 =F

and it holds:

Does the system starts at an invariant point, 

i.e. , it stays there, i.e. for

all . 

6=nx
0≥n
( ) xxF =

ExampleExample 1 (1 (Part 2Part 2))

Dagobert-

Example

((with depositswith deposits andand paymentspayments))

StartingStarting Point:Point:

interest factor

Moreover, we know the capital stock      . 0ω

( ) ( )tttt cyr −+ω+=ω −11

deposits
at time tt

Consider the following dynamic of Trick‘s  

account balance     ;  at time    it holds:   tω t

payments
at time tt

( ) +ω+=ω 01 t
t r

Find: Find: Formula for theFormula for the account balanceaccount balance

…,2,1=t

( ) ( )tttt cyr −+ω+=ω −11

Solution formula:

( ) ( )∑
=

− −+
t

s
ss

st cyr
1

1

FormulaFormula forfor thethe accountaccount balancebalance::

…,2,1=t

The discounted capital flow is:

( ) ( )tttt cyr −+ω+=ω −11

( ) ( )∑
=

− −+
t

s
ss

s cyr
1

1+ω= 0( ) t
tr ω+ −1

The discounted capital stock at time t

equals the capital stock at time t=0 plus 

the sum of the discounted deposits

minus the sum of the discounted

payments up to time t .

SummarySummary::
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Difference Equations  (Prof. Dr. K. Helmes)

Part 3.2Part 3.2

FirstFirst--Order Order LinearLinear
Difference Equations with Difference Equations with 

VariableVariable CoefficientsCoefficients

First-order linear difference equations with
variable coefficients take the form:

(is given)( ),,2,1 …=t 0x

tttt xax ξ+= −1 tt

Definition:Definition:

Solution Solution formulaformula::

( )…,2,1=t

=tx

The solution of first-order linear difference 
equations with variable coefficients is given by:

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛∏
=

0
1

xa
t

s
s∏

=

t

s
sa

1
∑ ∏
= +=

ξ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛t

s
s

t

sk
ka

1 1
∏

+=

t

sk
ka

1

ExampleExample 1 (1 (Part 3Part 3))

Dagobert-
Example

withwith variablevariable interest interest rate andrate and
proportional proportional depositsdeposits and and paymentspayments

StartingStarting Point:Point:

interest factor

( ) ( )ttttt cyr −+ω+=ω −11

Consider a capital model with 

time-dependent interest factor:

deposits paymentsat time t
at time t at time t

Moreover, we know the capital stock      . 0ω

StartingStarting Point:Point:

( ) ( )ttttt cyr −+ω+=ω −11

Special Case: Capital model with

proportional proportional deposits and payments: 

1−ωα= ttty 1−ωβ= tttc

1,0 <βα< tt



Difference Equations

Page 19

Prof. Dr. Kurt Helmes

Proportional InProportional In-- and and OutpaymentsOutpayments::

( ) ,1 1−ωβ−α++=ω ttttt r

( ) 0
1

1 ω⎥
⎦

⎤
⎢
⎣

⎡
β−α++=ω ∏

=

t

s
ssst r

0ω givengiven

…,2,1=t

NumericalNumerical ExampleExample::

Capital stock:Capital stock: =ω0 1000 Euro1000 Euro

Numerical ExampleNumerical Example::

Capital stock:Capital stock:

InterestInterest factorfactor::

=ω0 1000 Euro1000 Euro

⎟
⎠
⎞

⎜
⎝
⎛+=

3
sin02,005,0 trt

t

tr

Numerical ExampleNumerical Example::

Capital stock :Capital stock :

InterestInterest factorfactor::

Rate of Rate of depositsdeposits::

=ω0 1000 Euro1000 Euro

⎟
⎠
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⎜
⎝
⎛+=

3
sin02,005,0 trt

⎩
⎨
⎧ ≤≤

=α
else

6426
,0
,1.0 t

t

Numerical ExampleNumerical Example::

=ω0 1000 Euro1000 EuroCapital stock :Capital stock :

InterestInterest factorfactor::

Rate of Rate of depositsdeposits::

Rate of Rate of paymentspayments::
⎩
⎨
⎧

≤≤
<

=β
7465

65
,07.0
,0

t
t

t

⎩
⎨
⎧ ≤≤

=α
else

6426
,0
,1.0 t

t

⎟
⎠
⎞

⎜
⎝
⎛+=

3
sin02,005,0 trt

Numerical ExampleNumerical Example::
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⎪
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Numerical ExampleNumerical Example::

19,527.120

58,700.3

000.1

50

25

0

=ω

=ω

=ω

00,803.635

88,374.820
23,889.842
44,246.860
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=ω

=ω
=ω
=ω

Numerical ExampleNumerical Example::
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Difference Equations  (Prof. Dr. K. Helmes)

Part 3.3Part 3.3

StabilityStability of Firstof First--Order Linear Order Linear 
Difference EquationsDifference Equations the solution of the homogeneous equation 

converges for any initial value to zero.

A first-order difference equation is called 

stable, if

cfcf.... 1) 1) unstableunstable

2) 2) chaoticchaotic

Definition: Definition: StabilityStability

StabilityStability ConditionsConditions::

a
xxt −

ξ
=→

1
*

A linear difference equation xt with 

constant coefficient is a stable, iff
1<a

Stability ConditionsStability Conditions::

If

a
xs −

ξ
=

1

holds for one time point s, 

a
xxx st −

ξ
===

1
*

RemarkRemark 11

then for all          :st ≥
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Stability comes along in different forms:

*
0,10 xxa ><<

Stability ConditionsStability Conditions::

1

converges monotonically decreasing
to the equilibrium state     .*x

tx

Example

RemarkRemark 22 tx

t

FigureFigure 13:13: Schematic representaion of
stability - Case A

0x

∗x

Stability ConditionsStability Conditions::

2 *
0,01 xxa ><<−

tx shows decreasing “fluctuations”
around the equilibrium state      

(damped oscillations)

*x

Stability comes along in different forms:

Example

RemarkRemark 22 tx

t

FigureFigure 14:14: Schematic representaion of
stability - Case B

0x

∗x

If , then the equation      is not stable, 

i.e. moves farther and farther away from 

the equilibrium state     .

tx1>a

tx
*x

Exception: *
0 1

x
a

x =
−
ξ

=

Stability ConditionsStability Conditions:: RemarkRemark 33

FigureFigure 15:15: Schematic representaion of
stability - Case C

tx

t

0x
∗x


