
Econometric Analysis of Financial Market Data

Exam Summer Semester, October 8th 2007

Prof. Dr. Nikolaus Hautsch
Institute of Statistics and Econometrics
Humboldt-Universität zu Berlin

You have to answer 2 out of 3 problems within 90 minutes (plus 10 minutes
”reading time”). If you answer all questions, only the first 2 problems will
be taken into account.

You may answer in English or in German. But please stick to one language.

Some problems contain several small sub-questions. Please give short but
nevertheless precise answers.

Do your best to write legibly. Exams or parts of exams which cannot be read
with reasonable effort will not be graded.

Good luck!
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Problem 1: Properties of Asset Returns

a) Assume the following process for log returns rt:

rt = zt(ω + αr2
t−1)

1/2, |α| < 1, t = 1, . . . , T, (1)

where zt is i.i.d. with E[zt] = 0 and V[zt] = 1. How do we call such a
process?

b) Compute the unconditional mean and the unconditional variance of rt.

c) Show that the returns rt are uncorrelated.

Hint: Use the law of iterated expectations.

d) Compute Corr[r2
t , r

2
t−k], k > 0.

e) Show that the parameters ω and α can be estimated by OLS and give
the corresponding estimators. Justify why your estimators are unbi-
ased.

f) Tables 1 and 2 show the autocorrelation functions of ẑt and ẑ2
t based

on residuals ε̂t arising from an estimation of (1).

(i) What can you conclude regarding the goodness-of-fit?

(ii) In which direction would you eventually extend your model?

g) How could process (1) be modified such that it corresponds to a white
noise process but not necessarily to a martingale difference sequence?
Give an example.
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Problem 2: Value-at-Risk

a) Let Vt be the value of an asset position at time period t. Give the
formal definition of the Value-at-Risk (VaR) with respect to a change
in value of Vt from t to t + l for a long position and risk probability p,
denoted by V aRt(p, l).

b) Assume that the one-period log returns of the underlying asset, rt, are
normally distributed, i.e. rt ∼ i.i.d. N(µt, σ

2
t ) and denote the cumu-

lated l-period log return by rt[l] :=
∑l

i=1 rt−l+i. Show that in this
context the VaR defined as in a) is given by

V aRt(p, l) = Vt

(
exp(Φ−1(p)

√
V[rt+l[l]|Ft] + E[rt+l[l]|Ft])− 1

)
,

where Φ−1(p) denotes the p-th quantile of the standard normal distri-
bution and Ft is the information set up to period t.

c) Table 3 gives the estimation results of a Gaussian AR(1)-GARCH(1,1)
model for daily log returns rt of the form

rt = c + φrt−1 + εt,

εt = ztσt, zt ∼ i.i.d. N(0, 1),

σ2
t = ω + g(εt−1) + βσ2

t−1, (2)

g(εt) = αε2
t + γε2

t 1l {εt<0}. (3)

How do we call the GARCH specification defined by (2) and (3) and
what is the underlying economic motivation?

d) Use the parameter estimates shown in Table 3 and compute the VaR
for day t + 1 for a risk probability of p = 0.01 and a long position of
100,000 Euro assuming you are at the end of day t and

(i) rt = rt−1 = 0.01 and V[rt|Ft−1] = 0.3 · 10−4,

(ii) rt = rt−1 = −0.01 and V[rt|Ft−1] = 0.3 · 10−4.

Hint: The 0.01-quantile of the N(0, 1)-distribution is given by Φ−1(0.01) =
−2.3263.

e) Now assume that the log returns follow the process

rt = ztσt, zt ∼ i.i.d. N(0, 1),

σ2
t = ασ2

t−1 + (1− α)r2
t−1, 0 < α < 1.

(i) How do we call such a process?

(ii) Compute the VaR for a period of l = 20 days for a risk probability
p = 0.01 if V[rt+1|Ft] = 0.3 · 10−4.
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Problem 3: Asset Pricing Models

a) Tables 4 and 5 show the results of two capital asset pricing model
(CAPM) regressions for portfolios built on stocks with small market
capitalization (Table 4) and portfolios built on stocks with large market
capitalization (Table 5).

(i) Write down the underlying CAPM regression equation.

(ii) How would you test the CAPM based on these regressions? What
can you conclude from the estimation results regarding the validity
of the CAPM?

(iii) Give a possible economic explanation why the CAPM does hold
or does not hold.

b) Give an economic interpretation of the R2’s shown in Tables 4 and 5.
Give a possible economic explanation why the numbers substantially
differ.

c) Tables 6 and 7 show the results of an unrestricted and a restricted esti-
mation of a system of CAPM equations for 10 size portfolios. Suggest a
simple (asymptotic) test for the joint significance of the intercept terms.
Give the test statistic and its asymptotic distribution.

d) You run T individual cross-sectional regressions (for t = 1, . . . , T ), each
based on N portfolios built on market capitalization,

Zit = γ0,t + γ1,tβ̂i + εit, i = 1, . . . , N,

where Zit denotes the excess return of portfolio i at t, β̂i denotes the
corresponding (pre-estimated) market beta, and εit is a white noise
error term.

(i) How would you test for the validity of the CAPM in this context?

(ii) You find a strong and significantly positive relationship between
Zit and β̂i. What could be a possible effect driving this result and
how could you test for it?

e) How would you test whether not only systematic risk but also idiosyn-
cratic risk is priced? Suggest an appropriate econometric specification.
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Appendix

Table 1: Autocorrelogram of ẑt.

Table 2: Autocorrelogram of ẑ2
t .
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Table 3: AR-GARCH regression
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Table 4: CAPM regression for a portfolio of small stocks

Table 5: CAPM regression for a portfolio of large stocks
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Table 6: Unrestricted estimation of a system of CAPM equations of 10 size
portfolios.
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Table 7: Restricted estimation of a restricted system of CAPM equations
of 10 size portfolios.
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