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Abstract

In this paper | examine the propagation mechanism of stdichaslatility in a neoclassical
growth model that incorporates labor market search, adjerst cost to investment, variable capital
utilization and a weak short-run wealth effect, but no nashfrictions such as price stickiness. In
this general equilibrium environment, stochastic valgtigenerates business cycle fluctuations
in major macroeconomic aggregates due to the precautignatiye of risk-averse agents, yet it
has no significant effects on these major aggregates assedd®y the numerical analysis of the

model.
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1 Introduction

The propagation mechanism and quantitative importancéochastic volatility in general equi-
librium is still an ongoing discussion. | derive a DSGE modgh stochastic volatility embedded,
incorporating no nominal frictions but only adjustmenttcmsinvestment, and thereby provide a
general equilibrium environment that contains real foo8 only to evaluate the qualitative and
guantitative implications of stochastic volatility.

Often modeled as volatility shock, stochastic volatiligngrates business cycle fluctuations in
macroeconomic aggregates by triggering off the precaatjoreactions of risk-averse households
as it alters the distribution of future risk. In the baselmedel where labor market search and
matching a la Mortensen and Pissarides is embedded, avpagibck in the volatility of produc-
tivity increases the uncertainty in the realization of fetproductivity. In response to this increased
risk, households lower current consumption owing to theguéonary motive, leading to an in-
crease in the marginal utility of consumption. This inceeaauses the marginal cost of vacancy
creation (marginal welfare loss due to vacancy creatiomfptanner’s perspective) in consump-
tion terms to rise, and accordingly firms (planner) creats leacancies. The reduction in current
vacancy then leads to a fall in future employment and outpdeu conventional calibration. In
the extended model that includes investment adjustmenhboosvariable capital utilization in ad-
dition to labor market search, the increased marginakytili consumption also causes the value
of current installed capital in consumption terms to rieing an incentive to households to slow
down the depreciation of current capital stock by lowering titilization rate, resulting in a fall
in current effective capital and investment. In sum and witheak, short-run wealth effect intro-
duced by using the Jaimovich and Rebelo’s (2009) prefesgrmgput, consumption, investment,
employment and capital in service in the extended modeldglkther in response to a positive
shock in the volatility of productivity. The systematic oéian and positive comovemnt among
these aggregates in responses to a positive shock in thidiyolaf investment specific technol-
ogy shock, preferences shock and government spending slancke likewise explained by the
precautionary motive and the chain reaction it will initzal.

Alternative to the propagation mechanism proposed by BasuBundick (2012) which is

based on sticky price and wage setting, neither the basstinthe extended model includes such



nominal rigidities. Moreover, as the Hosios’s (1990) caiodi holds by construction, labor mar-
ket search and matching frictions as a special type of labmstment cost can be internalized.
The extended model therefore only contains as frictionsstjent cost to investment. In this
general equilibrium environment, | find that quantitativehe impact of stochastic volatility on
macroeconomic aggregates is minimal. Even if the size d@tilty shocks are reasonably large,
the responses to these shocks are very small. In additiale sibbchastic volatility significantly
enlarges the conditional standard deviation of the aggesgds contribution to the unconditional
standard deviation is small. This resultis in agreemertt thibse reported by Bachmann and Bayer
(2013), Bachmann et al. (2013) and Born and Pfeifer (2014jthErmore, it provides a potential
explanation to the sizable impact of stochastic volatiléported by Fernandez-Villaverde et al.
(2011a) — as they study stochastic volatility in a monetggneral equilibrium model in which

a certain amount of nominal rigidities are embedded, it &somable to argue that the substan-
tial effect of stochastic volatility they have observed nagpend on the presence of the nominal
rigidities in their model economy.

The paper is organized as follows. The baseline model iepted in sectio. In section3, |
briefly introduce the nonlinear moving average perturlaticat used to solve the model, and lay
out the baseline calibration for numerical analysis of thadel. | present the impulse responses
and moments of the baseline model and explain the propagatehanism in sectich In section
5, the baseline model is extended to incorporate investnjnsenent cost and variable capital
utilization, together with some other features that argdesntly modeled in the study of stochastic
volatility. The propagation mechanism is reexamined whth presence of those new ingredients.

Section6 concludes.

2 TheBasdine Moded

In this section, | derive a neoclassical growth model witithastic volatility in productivity. The
labor market in this model is characterized by search andhirag frictions a la Mortensen and

Pissarides, implemented as in Merz (1995) and Andofatt®q)L9



2.1 TheBasdine Modé€

The economy is populated by infinitely lived, identical helaslds with Jaimovich and Rebelo’s

(2009) preferences (thereinafter JR preferences)
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wherec; is consumptionny; the fraction of employed family membergy is a strictly positive
constant that scales the size of disutility rising from wandkg the risk aversion parameteris
the inverse of the Frisch elasticity of labor supply &pgde [0, 1] governs the size of wealth effect.
Whenkyw = 1, the JR preferenced)(turn into the preferences discussed in King et al. (1988)
(thereinafter KPR preferences), and whgn= 0, it amounts to the class of preferences proposed
by Greenwood et al. (1988) (thereinafter GHH preferences).

Households own the capital in the economy, and maximize thsent discounted value of
their life-time utility by choosing capital investment
(3) MaxE; iB‘Ut
subject to ) and the following budget constratli:nt
4) G+ it = Wik + reke
wherei; is investmentf € (0, 1) the discount ratey wage and; the rental rate of capital. House-

holds accumulate capital according the following law of imiot

) kit1=(1—98)k +it

whered € (0,1) is the capital depreciation rate. Similarly, the aggregatgloyment evolves
according to the following

(6) N1 = (1=X)ne+m

wherex € (0,1) denotes the exogenous constant job separation mteepresents the number

of job matches that are created in pertod~ollowing Merz (1995), Andofatto (1996), Pissarides
(2000), Shimer (2005), Pissarides (2009) and many oth&sanatches are assumed to be gener-



ated by a Cobb-Douglas matching function
() m = mov"(1—ny)"
wheremy is a constant scaling factor amde (0,1) the elasticity of the matching function with
respect to unemployment. The aggregate employment in tkiepeeiod therefore is the sum
of current employment that has not been destroyed, and theengloyment generated by the
matching function.

Competitive firms choose the amount of capital to rent frommgaholds and the number of

vacancies to create in order to maximize the sum of theiodisted, expected profit
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whereA1; denotes the marginal utility of consumption defined in secf.2, ky the constant
vacancy posting cost argd vacancy filling rate that measures the rate at which vacamgeome
filled. Firms employ a labor-augmenting production funietin Cobb-Douglas form to produce

outputy; in periodt

(10) ye = K ()t 0
wherea € (0,1) is the capital share in production andhe productivity level that follows
(11) z = Pz—1+€°%e,, €t ~N(0,1)

wherep; is the persistence parameter aggthe productivity shock. As in Fernandez-Villaverde
et al. (2011b) and Caldara et al. (2018, is scaled by a stochastic volatility leve}t, which

evolves as follows
(12) 0zt = (1— Po,)072+ Po,0z2t -1 + Tz, Wzt ~ A(0,1)
whereay is the unconditional mean level ok, pg, the persistence parameter amgk the in-

novation inoz; that is scaled by a constarit The model is closed by the following resource

constraint
(13) Ct =Yt — it —Kv\
By assuming that households and firms share the job matclus@agcording to firms’ recruit-

ing effort 1— n,the externality induced by labor market search activites be internalized. The



model is thereby frictionless and can be presented as d gtenmer’s problerh

(14) V(k, N, %, 07t) = rQQtX{Ut + BEV (ke+1, nt+1,zt+1,oz,t+1>}
subject to 1), (2), (6), (7), (10), (12), (12) and the following resource constraint
(15) kit1=(1—3)k + ¥t — G — KWk

which states the capital stock in the next period as the suouwént capital after depreciation
and current output, net of consumption and the total cosaoémcy posting. Moreover, since the
model assumes only two states for a family member, employedemployed, the fraction of the
unemployed family members writes
(16) u=1—n

As is usual in labor market search and matching literathieyacancy filling rate, job finding

rate f; and labor market tightne$s are defined as follows

m
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Both the job finding and vacancy filling rate are probab#ifiand should lie between zero
and one. The vacancy filling rate, however, can potentiadeed unity in simulation when the
matching function takes the Cobb-Douglas form (see den Haah (2000, p. 485)). To avoid
introducing nonsmoothness into the policy function sintehiat case the perturbation methods
cannot be applied, | do not restrigtto be less than one. The realizationgpthat exceeds unity
is interpreted as that firms hire more than one worker on easted vacancy, see Den Haan and

De Wind (2012).

LExcept for the time-varying volatility of productivity arttie JR preferences, the baseline model is a special case
of the stationary version of Merz (1995) with zero search,csd therefore her proof of the equivalence between the
market model and the planner’s problem directly applies.



2.2 Characterization

Apart from the constraints, the social planner’s optim@aproblem is characterized by the fol-

lowing set of first order necessary conditions
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whereAt, A2t andAz; are the Lagrange multipliers associated with)( (2) and @) respectively.
Given the production functiorl(), the marginal productivity of capital and labor writes

(25) Vit = ok (&)

(26) Yt = (1-a)kf (€)'

Given the utility function ) and the matching function7), the disutiliy from work and the

marginal contribution from vacancy and employment to joliahes writes

y rlt1+y —KF
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In this set of first order conditions2Q) denotes the marginal utility of consumptio21f char-
acterizes the dynamics & in the JR preferences. From the planner’s perspective, digeange
multiplier Az in (22) represents the marginal welfare loss due to current vgoemngation, mea-
sured in consumption terms. Euler equation for consumg28nequalizes the expected present-
discounted utility value of postponing consumption of oeeiqd to its utility value today. Euler
equation for employmeng#) equalizes the marginal welfare loss induced by vacan@tiomto
its expected present-discounted marginal welfare gais gain is the sum of the marginal labor
productivity, net of the disutility from work, and the its f@mtial continuationmy, 1 corrects the

continuation as the future (un)employment stock has beangdd by current vacancy creation.



3 Solution Method and Baseline Calibration

The baseline model described in sectbdoes not have a known closed form solution and needs
to be approximated with numerical methods. This section iftsoduces the method that will
be used to approximate the solution, and then presents Hadira calibration for the numerical

analysis of the model.

3.1 Perturbation Solution

As shown by Caldara et al. (2012) and Lan (2014), perturbatiethods can solve such a model
quickly with a degree of accuracy comparable to global m#ghbuse the nonlinear moving aver-
age perturbation derived in Lan and Meyer-Gohde (20130 @slivers stable nonlinear impulse
responses and simulations and, as shown in Lan and Meyate32013a), enables analytical cal-
culation of moments. The model is solved to third order agast a third order approximation is
necessary for the analysis of the effect of stochastic Nityat
For the implementation of the nonlinear moving averageupedtion, | collect the equilibrium

conditions, i.e., the constraints of the social plannemt$gfem with the two Euler equations, into a

vector of functions

(30) 0=Et[f(9%+1,9%,91-1,&)]
where9; is the vector of the endogenous variables, anthe vector of the exogenous shocks,
assuming the functiof in (30) is sufficiently smooth and all the momentssgpexist and finite.

The solution to 80) is a time-invariant functio’, taking as its state variable basis the infinite
sequence of realized shocks, past and present, and indgxeel jperturbation parametere [0, 1]

scaling the distribution of future shocks

(31) 9{:9’(0,&,&*1,...)
Assuming normality of all the shocks and settiog= 1 as | am interested in the stochastic

model, the third order approximation—a \olterra expanssae Lan and Meyer-Gohde (2013b)—



of (31), takes the form
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where?” denotes the deterministic steady state of the model, athaddiche partial derivatives
Vo2, 952,95, 971 and g j i are evaluated.3@) is naturally decomposed into order of nonlinearity
and risk adjustment-94, 9j; and 9% ji capture the amplification effects of the realized shocks
(&t,&-1,...) in the policy function 81) at first, second and third order respectively. The two phrti
derivatives with respect to, 952 and2 ; adjust the approximation for future rigkWhile 9, is
a constant adjustment for risk and a linear function of théavee of future shocks g2 varies
over time, interacting the linear response to realized lsheodth the variance of future shocks

essentially adjusting the model for time variation in theditional volatility of future risk.

3.2 Basdine Calibration

The baseline model is quarterly calibrated. Tab&immarizes the parameter values
[Table 1 about here.]

For the value of the Frisch elasticity, Rios-Rull et al. 12D argue that 02 and 1 are the
most credible ones, whereas higher value can also be fouhe iiterature, e.g.,.25 from Merz
(1995). | use (72 as the benchmark and will examine the quantitative irpbas of the model
with higher Frisch elasticity. Likewise, | set the risk asien parametekg to 2 and will evaluate
the effect of higher/lower risk aversion on the numericaf@enance of the model.

For the parameters of the stochastic volatility process)lbdv Caldara et al. (2012) and set
Pg, = 0.90 andt; = 0.06 respectively, to match “the persistence and standarititmv of het-
eroskedastic component of the Solow residual during thdileesdecades.”

In particular, | set the size of wealth effecfy = 0.001 as in Jaimovich and Rebelo (2009),
effectively enforcing the GHH preferences. As preferemtayg a key role in shaping the dynamics

of the baseline model, | will then analyze in detail the moalgh the KPR preferences.

2More generally, a constant termyys, at third order adjusts3@) for the skewness of the shocks. See Andreasen
(2012). As | assume all the shocks are normally distribudéel is zero and not included ir8@) and the rest of the
analysis.

3See, Lan and Meyer-Gohde (2013b) for the derivation of tisit

8



Finally, | set the vacancy posting cas} to 0.256, to match the empirical volatility of labor

market tightness relative to that of labor productivity ahnis 7.56 as reported by Pissarides (2009).

4 Analysisof the Baseline Model

This section presents the impulse responses and thebraticaents of the baseline model. An-
alyzing these numerical implications leads to two obseémnat First, labor market search and
matching, when combined with the class of preferences \itille Wealth effect, can generate
positive comovement among consumption, output and emmayin response to a shock in the
volatility of productivity. Second, the impact of such a sk@n major macroeconomic aggregates
is quantitatively insignificant. Under the baseline caltion, output deviates from its third order
accurate stochastic steady state by abeli? x 107° in response to a positive, one standard de-
viation shock in the volatility of productivity. Moments alysis also supports this observation by
showing that the contribution from stochastic volatilioythe unconditional volatility of macroe-

conomic aggregates is minimal.

4.1 Impulse Response

This section presents the impulse responses of major namromic aggregates to a positive shock
in the volatility of productivity, i.e., inw,¢, then analyzes the role of several parameters and the

preferences in shaping the responses.
[Figure 1 about here.]

Figurel depicts the impulse response and its contributing compgsriencapital to a positive,
one standard deviation shock in volatility of productivitg both Figurel and2, the upper panel
displays the impulse responses at first, second and thiet asideviations from their respective
(non)stochastic steady states (themselves in the midgié panel). In the the middle left panel
and the middle column of panels in the lower half of the figuhes contributions to the total
impulse responses from the first, second and third orderibeoagion channels, that ig);, 9
and?9j;; in the third order approximatior8), are displayed. Notice that there is no response in
these amplification channels. All responses to this vakashock come from the lower left panel

of the figure where the time-varying risk adjustment charygl, is displayed. In other words,

9



for capital, a volatility shock by itself propagates sold#tyough the time-varying risk adjustment
channel.

Capital responds positively to this positive volatilityostk. This captures the planner’s precau-
tionary reaction to the widening of the distribution of frétproductivity shock$.The risk-averse
planner accumulates a buffer stock in capital to insurdfitgginst the increased risk in future

productivity as it will be drawn from a more dispersed dization.
[Figure 2 about here.]

Figure 2 details the impulse response and its contributing compsnien employment to a
positive, one standard deviation volatility shock to protiltity. Like for capital, all responses of
employment to this volatility shock comes from the timeyiag risk adjustment channel and there
is no response in any amplification channels. In the baselmgel where employment is created
by matching unemployed workers with vacancies, the negasigponse of employment is a direct
consequence of the negative response of vacancy to a jgogiliatility shock to productivity, see

Figure3 below
[Figure 3 about here.]

Figure3 displays the responses of consumption, investment, vgaamtoutput as deviations
from their third order accurate stochastic steady statagtsitive, one standard shock in produc-
tivity. The social planner accumulates a buffer stock ofitedyby increasing current investment
on impact of the shock. As the allocation has not changedhainfies this investment through
a decrease in current consumption. With the capital stockgbiexed on impact as it is a state
variable and with the productivity having not changedyrrent output does not change on im-
pact. The instantaneous increase in investment transiadean increase in capital stock in the
next period according to the law of motion of capit8).( Furthermore, the decrease in current
consumption results in an increase in the marginal utilitgansumption, which in turn increases

the marginal loss, in consumption terms, in welfare due tamay creation, se2). Given the

4See also Fernandez-Villaverde and Rubio-Ramirez (2ah@)van Binsbergen et al. (2012) for precautionary
savings behavior in DSGE perturbation.

S5Note that, it is the distribution governing future produitti shocks that is being shocked here, not the level of
productivity itself.
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matching function7) and that employment is a state variable that can not be tadjas impact,
the planner chooses to decrease its vacancy creation &ffodunteract such additional welfare
loss. As a result, less job match is created in current pgriotipictured), translating into a drop
in employment in the subsequent period according to the fanadion of employmentg).

Under the baseline calibration in secti8r2, the boosting effect from this increased capital
stock on output is outweighted by the adverse effect frondgmreased employment in the next
period, resulting in a fall in output immediately after ingpbaThus, the baseline model predicts
a recession following an increase in risk of future produtyti® The volatility shock is persistent
but not permanent. As the shock dies out and productivitglshdail to materialize from their
widened distribution, the planner winds down its buffeic&tof capital by increasing consumption
and vacancy creation, leading to a fall in investment, ameia®e in employment and a quick

rebound followed by an overshoot in outgut.

4.1.1 Roleof Risk Aversion, Frisch Elasticity and Job Separation Rate

To examine the role of risk aversiaq, the Frisch elasticity Ay and the job separation ragein
shaping impulse responses, it is convenient to considebdkeline model with the exact GHH
preferences, i.ekw = 0. In this cas€g becomes a constant and can be normalized t8, el
the marginal utility of consumptions writes
33) VAR S

(o)

As shown in the preceding analysis of impulse responsessiiy@oshock to the volatility of

productivity leads to an increase in the marginal utilit)cohsumption. Note théﬁ% IS increas-
ing in 1/y given thatrny € (0, 1). Holding everything else constant, a fixed amount of drop in
current consumption translates into a larger increase irwhen the Frisch elasticity is high, and
therefore a deeper cutback in vacancy than that with a lowischrelasticity. Consequentially,
employment in the next period is lower, leading to a deepeatraction in output. See Figurk

for the responses of consumption, the marginal utility afissonption and output to a positive,

6 While the impulse responses for the macroeconomic vasadne not pictured with their contributing compo-

nents, responses of these variables to a volatility shoelecsnlely from the time-varying risk adjustment channel.
"This pattern of response of output to a positive volatilltpsk is consistent with that found by Bloom (2009).
8See Jaimovich and Rebelo (2009) for more details.
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one standard deviation shock in volatility of productiwiith 1/y equals to ® and 072 and 125

respectively.
[Figure 4 about here.]

The risk aversion parametgg determines the magnitude of planner’s precautionary raotiv
A highly risk-averse planner is motivated to build up a bufftock of capital larger than that a less
risk-averse planner would build though increasing curigrgstment in response to an increase in
future risk of productivity. Wherg is extremely high, increasing current investment and icgtti
down current consumption is not enough to support the coctstn of the desirable amount of
capital buffer stock. The planner then chooses to furthere#ese vacancy creation so that more
resource can be used for investment. This leads to a deegeimdemployment, and therefore in
output in the next period. See Figusdor the responses of consumption, investment, vacancy and
output to a positive, one standard deviation shock in Mdlatf productivity with kg equals to 2,
10 and 20.

[Figure 5 about here.]

The job separation rate does not play a significant role ierdehing the response of the
marginal utility of consumption to a volatility shock. Yetgan alter the size of the response
of vacancy — as the law of motion of employme®) {mplies, to reach the same amount of
employment stock in the next period, the planner facing & fob separation rate needs to create
more vacancies in current period to produce a larger empoynmflow than that with a low
job separation rate. Therefore, in response to a positigeksin volatility of productivity, the
planner facing a low job separation rate needs to decreasmew further than that with a high
job separation rate, leading to a lower employment stockemiext period and therefore a deeper

drop in output.
[Figure 6 about here.]

Figure 6 depicts the responses of vacancy, employment and outpuptsitive, one stan-
dard deviation volatility shock in productivity with equals to (L, 0.07 and 0036 respectively.
X = 0.07 is used in the baseline calibration and is taken from M#&@8%). x = 0.036 is the

12



monthly separation rate reported by Shimer (2005) and Riesa(2009) uses this value for quar-
terly calibration, assuming separation rate is constatitiwihe quarter. Otherwise it aggregates

to a quarterly separation rate afiQsee Shimer (2005).

4.1.2 TheKPR Preferences and Volatility of Wage

When the baseline model is equipped with the KPR prefereneesky = 1, a positive shock
in the volatility of productivity might lead to an increase output. To understand the reason for
such a counterintuitive result, it is useful to analyze tregppgation mechanism of such a volatility
shock in the market setup of the baseline model. In the masdeip, firms’ recruiting effort is

characterized by the following first order necessary caooast

Kv
34 A3t =A1t—
(34) 3t=Aueg

(35) Azt = BE [)\l,t+l <Yn,t+1 — W1+ %(1—X))]

whereAs; in (34) is the marginal vacancy posting cost measured in consomferms, and con-
ditional on the current vacancy filling ratg. (35) equalizes that cost to its expected, discounted
benefit.w; in (35) denotes the market wage. Under the assumption that hddsedrad firms split

match surplus according to firms’ recruiting effort, the ketirwage takes the following form

_ Vi B Unt
(36) Wt—ﬂ(Yn,t‘f'KVl_nt) +(1 n)( At )
With GHH preferences, the disutility of work writes
nt1+y —Kr
37 UGHH _
@37) o (Ct N 1+y>

Inserting the previous equation and the marginal utilitycohsumption 33) in (36) yields the

market wage with the GHH preferences

(38) WtGHH:r](Yn,t+KVlXtm)+(l_n)KNn¥
With KPR preferences, the marginal utility of consumptiowl @isutility of work writes
- nt1+y 1=k¢
(39) MiR=c" (1 KN +y>
1+y\ ~KF
(40) UKPR= —iknnlct (1 KN T n y)
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Inserting the previous two equations B6f yields the market wage with the KPR preferences

) + (1= n)Knny Ll—ry

1_KN?-ITV

The crucial difference between the two wages above i8R includes current consumption

Vi
(41) wiPR=n (Yn,t +Ky 1_tnt

whereasn®HH does not. In the light of Greenwood et al.’s (1988) interatien, wS M is deter-
mined independently of households’ intertemporal condionmlecision, though such a wage can
be considered as the result from a two-sided (householdrarg) bargaining process. This prop-
erty ofw®HH also enables the following interpretation of the propamathechanism of a positive
volatility shock in productivity — with the GHH preferencdgms can lower down current wage
by creating less vacancies to insure themselves againgbtastial decrease in current profit in re-
sponse to a positive volatility shock in productivity. Ortbther hand, households reduce current
consumption to build up a buffer stock of capital. While tivsuld increase the marginal utility
of consumption and therefore the marginal, conditionat cdsacancy posting in consumption
terms, such an increase has been offset by the decreaseshvaoancy creation behavior which
leads to a lower vacancy filling rate. Finally, the decreaseaicancy creation leads to a drop in
employment in the next period, and a consequential fall ipwiu

With the KPR preferences, firms do not necessarily reducanean order to cut down current
wage and thereby counteract the potential profit loss — tbp gir current consumption driven by
households’ precautionary motive already decreasesrtuwvage, i.e.wiFR is also decreasing
in ¢;. In fact, under the baseline calibration with the KPR preffiees, firms choose to increase
vacancy to partly compensate the excessive drop in curragewesulting from the fall of cur-
rent consumption in response to a positive volatility shoclroductivity, leading to a rise of

employment in the next period, and eventually an increaseiiput, see Figuré.
[Figure 7 about here.]

It is still possible, however, for the baseline model witle tkPR preferences to generate a
decrease in output in response to increased future riskoidygativity. One option is to assume a
low level of risk aversion. As is discussed in sectdbh.], current consumption decreases less with
a lowkg than it would with a highkg, and therefore firms still need to cut down current vacancies

to ensure a sufficiently large drop in current wage. Then egmpént in the next period drops and

14



output decreases. See Fig@&or the impulse responses of macro quantities wighsetting to

one andkg to 1 instead of 2 in the baseline calibratidn.
[Figure 8 about here.]

Note that, when the baseline model is equipped with the GHifepences, the market wage
is determined independently of consumption and thereferoimes less volatile as one source
of its volatility has been removed. In other words, the GHEfprences implicitly posit a wage
which is less volatile than that associated with the KPRgyesfces. This observation provides
an alternative perspective to understand the propagatemihamism of volatility shock proposed
by Basu and Bundick (2012) in a monetary model with sticky eyasgfick price and the KPR

preferences?

4.2 Moment Comparison

This section examines the contribution from stochastiawdly to the conditional and uncondi-
tional volatility of major macroeconomic aggregates resipely. While stochastic volatility can
induce a significant amount of additional variations in dandal volatility, its contribution to the

unconditional volatility is minimal.

4.2.1 Conditional Variance

The conditional variance of endogenous variables can beesged as follows

(42) var (9%41) = E [(911— Et9%41) (91— Ec911)']
whereE:9;.1 denotes the conditional mean. Adding this conditionalarase as an additional
variable to the vector of endogenous variables and solieghodel to third order delivers the

third order accurate conditional variance.
[Figure 9 about here.]

Figure9 depicts the simulated time paths of the third order accu@eitional variance of the

endogenous variables with and without stochastic vaiafiilue and red line respectively). When

1+y
%w = 1 andkg = 1 effectively enforce a special case of the KPR preferendes: logc; — KNT—H.

10They further send the KPR preferences to the recursivéyiiimework a la Epstein and Zin, in order to calibrate
their model with asset pricing data.
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there is no volatility shock, the conditional variance dfvariables exhibit minimal fluctuations
along the simulation path. Adding stochastic volatilitpwever, induces a substantial amount
of variations in the conditional variances. This is coresistwith the interpretation that volatility

shocks are a source of conditional heteroskedasticityAsdesasen (2012).

4.2.2 Unconditional Standard Deviation

As noted by Andreasen (2012), the presence of stochasttitglmay induce additional variation

in endogenous variables when a DSGE model is solved to thadro While it is difficult to
isolate the effect of volatility shock in a nonlinear enviment as noted by Fernandez-Villaverde
and Rubio-Ramirez (2007), the contribution from volgtikhock and from its interaction with
level shock to the total unconditional volatility of macom@momic aggregates can be measured by
computing the unconditional standard deviation with anithaut volatility shock respectively, and

then examining the difference.
[Table 2 about here.]

Table2 documents the unconditional standard deviation of endmgewariables in the absence
and presence of volatility shock in productivity (column 2da3 respectively), and reports the
difference in percentage (last column). Note that the presef stochastic volatility indeed leads
to an increase in the unconditional standard deviation loéraliogenous variables, confirming
Andreasen’s (2012) simulation-based observation. Sumkease, however, is very small across all

the variables.
[Table 3 about here.]

Table 3 repeats the above unconditional volatility comparisont afethe unconditional stan-
dard deviations are computed with a higher risk aversign=€ 5), a higher Frisch elasticity
(1/y = 1.25) and a lower job separation rafe=€ 0.036), as the preceding discussion has shown
that such set of parameter values will enlarge the impacwofatility shock. Under this risk sen-
sitive calibration, stochastic volatility contributes redo the unconditional volatility of variables
than under the baseline calibration (percentage differem¢he last column is uniformly larger
than that in the last column of Tab®). Nevertheless, such contribution is still very small in

levels.
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5 TheExtended M odel

In this section, | extend the baseline model in secBdno include adjustment cost to investment
and variable capital utilization. Jaimovich and RebeloO@0show that a general equilibrium
model with these two features and the class of preferendislittie wealth effect can generate
the positive comovement among major macroeconomic agg®gsuch as output, consumption,
investment and employment in response to a news shock. lhgtiteof their analysis, | show
that the extend model also restores the positive comovepagtitularly between investment and
consumption in response to a volatility shock, as arguethfBasu and Bundick (2012).

To facilitate comparison to the results in the literaturaJdo add consumption habit forma-
tion,** noting that this is not required for the extended model taljotea recession in major
macroeconomic aggregates in response to a positive shale& wolatility of productivity. More-
over, | add preferences shock, investment technology stiodlgovernment spending shock to the

extended modél? The volatility of all these three shocks are allowed to cleaoger time.

5.1 TheExtended M odel

With consumption habit formation, variable capital utiiion and investment adjustment cost in-

corporated, the planner faces the following maximizatiobfem-3

1+y

1k
e (Ct —KcG-1— KNTTVS) -1

43 E t

( ) CtT,et),(Xt tt;B 1—Kr
with

(44) § = (0t —KeG 1) S

11see Bidder and Smith (2012), Christiano et al. (2013) ansBad Pfeifer (2014) for incorporating consumption
habit formation in their analysis of volatility shocks inrggral equilibrium models.

125ee Justiniano and Primiceri (2008), Fernandez-Villdeeast al. (2011a) and Born and Pfeifer (2014) for incor-
porating these three shocks in analyzing the quantitativect of volatility shocks in general equilibirium models.

13As the model is no longer frictionless, households and fipnsblem should be presented and solved separately.
Yet for notational ease, | still present the model as a plespeoblem, with the same set of equilibrium conditions
that would come from the corresponding market model.
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wherekc € (0,1) governs the persistence of consumption habit andenotes the preferences

shock process. The law of motion of capital and productiowcfion now take the following form
(45) ki1 = (1—0)k +€* (1-@)it

(46) Yo = € (k) "

whered; denotes the depreciation functioq, the capital utilization rate angk the investment

adjustment cost functiom; denotes the investment-specific technology shock prodéssdepre-

ciation function takes the following functional form as posed by Baxter and Farr (2005)
01

(47) d=1.5N +d%
wheredy andd; will be chosen such that capital is fully utilized in the detenistic steady state.
0, denotes the elasticity of marginal depreciation with resp@the utilization rate.

As in Justiniano and Primiceri (2008), Fernandez-Villaeeet al. (2011b), Bidder and Smith
(2012), Born and Pfeifer (2014) and many others, the investradjustment cost function takes
the following quadratic form ,

K [ i
o3
wherek is positive and governs the curvature of the function.

In addition, the government purchases goods and serviceadadces its budget in each period.
This government spending is financed by a lump-sum tax andftre the resource constraint of

the extended model writes
(49) Yt = G + it + Ky v + %
whereg; denotes the government spending and is assumed to be amexisgeocess.
Analogous to the productivity procesKl), the preferences shock procégsnvestment shock
procesgk and the government spending procgssare driven by their corresponding exogenous

innovations with stochastic volatility and take the foliog form

(50) br = ppbr—1+ €%teps, €pt ~ A(0,1)
(51) M = Pube—1+ €Meyr, gur ~ N(0,1)
(52) O = (1—Pg)g+ Pg0t—1+ €% egt, gt ~ A(0,1)

where pp, py and pg are persistence parameters, anthe deterministic steady state value of

government spending. Likewise, analogous to the stochasiatility process that scales the pro-
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ductivity shock (2), the stochastic volatility in the above three processgsg, ot andag; are all

assumed to take the following form

(53) Ozt =(1— poz)G_Z‘f‘ Po Oz t—1+TgWyt, Wrt ~ A(0,1)
wherepg, governs the persistence afie {b,u, g}. 07 denotes the respective unconditional mean

level of oy, Oyt @andog;. T; scales the volatility shock.

5.2 Characterization and Calibration

Defining A1t, Aot, Azt and A4t as the Lagrangian multipliers associated with the resococe
straint @9), theS dynamic @4), the law of motion of employmen6j and capital45) respectively,
setting up the associated Lagrangian function and diftextimg with respect to the correspond-
ing control and state variables deliver the following seficdt order necessary conditions that

characterizes the equilibrium of the extended model

1+y —KF
(54) Ay =€P <Ct —KcCt-1—KN ?—H/S> + Aoekw (G — KeGro 1) g W
e\
— BKcE; |t <Ct+1 —KcC — KN 1—ilys(+1>

— BKckwEr [)\z,t+1 (Ct+1— KCQ>KW_1§_KW}

1+y Ity KF
(55) Aot = —KNn‘—y <Ct —KcGt-1— KNnt—St>

1+ 1+y
+B(1— kw)Et [A2gra(Cra —Kea) W Y]
Ky
56 A3t =A1t——
(56) 3t 1t -

(57) A1tYxt = AatkeOx

it it Kj it 2
(58) At :e“‘)\4,t 1—k; (.——1) —— = (.——1)
’ It—1 i1 2 \Ut-1

(59) Aap = BEt [Artr1Yker1 +Aatr1(1—3t11)]

(60) Azt = BEt Untr1+Artrayntra+Azt (1 —X+Mytra)]

With Yy = ayt/%, Sx¢ = 8142, Ykt = 0yt /k andyng = (1—a)yt/ne. Upg, my; andmy, are as
defined by 27), (28) and @9). The four remaining first order conditions with respecthe t a-

19



grangian multipliers are the four constraints with whicé thultipliers are associated.

Among this set of equilibrium condition$4) and 65) define the marginal utility of consump-
tion in the presence of habit formation, and when= 0, they reduce to20) and 1) respectively.
Identical to @2), (56) denotes the marginal loss in welfare due to vacancy creatioonsumption
terms. b67) characterizes the optimal capital utilization rate by amg the marginal benefit in
consumption terms to the marginal cost in terms of additiands of capital being worn out5@)
is the Euler equation for investment in the presence of aujeist cost. As in the baseline model,
(59) and @0) are the Euler equations for consumption and employmepentively.

For numerical analysis of the extended model, in additiotheobaseline calibration in sec-
tion 3.2, the capital utilization elasticity parametés is set to 1, see Basu and Kimball (1997).
Consumption habit persistenee is set to 054 as reported in Born and Pfeifer (2014). Given
the value ofd, andkc, the investment adjustment cost elasticiiyis accordingly chosen to be
10 such that in response to a positive shock to the volatfifgroductivity, investment decreases.
At the deterministic steady state, government spendiisgequal to 20% of output as reported in
Born and Pfeifer (2014). As a starting point, the persistearad volatility of the preferences shock
process, investment shocks process and government sggadicess are assumed to be the same
as those of the productivity process, i@z, = p; = 0.95, pg, = pg, = 0.90, 07 = 0z = In(0.07)
andt; = 1, = 0.06 for { € {b,p,g}. Owing to the presence of these additional shock processes,
the endogenous variables in the extended model are in denera volatile than those in the
baseline model. The vacancy posting cogtis thereby set to @, to keep the volatility of labor
market tightness relative to that of labor productivityl squal to 756. Note that the baseline
model is nested in the extended model — wker- kc = 0, &, — o and all the shocks except the

productivity shock shut down, the extended model reducésataseline model.

5.3 Impulse Responses

This section presents and analyzes the responses of magareic variables to a positive shock in
the volatility of productivity, investment technologygerences and government spending. Except
for the volatility of investment technology where a postshock leads to a boom, an increase in
the volatility of all the other three shocks leads to a relcesonsistent with the pattern reported
by Born and Pfeifer (2014).
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Quantitatively, the impact of a volatility shock on the n@&ronomic aggregates is very small.
For example, under the extended calibration, output desiadbm its third order accurate stochastic
steady state by about1.2 x 10~° in response to a positive, one standard deviation shockein th
volatility of productivity. Its responses to such a shockhe volatility of investment technology,

preferences and government spending are even smallems tdrabsolute value.

5.3.1 Shock tothe Volatility of Productivity

Investment adjustment cost plays an important role in sttgibie impulse responses of endogenous
variables of the extended model, as summarized by the tafiltzation equation %7). Inserting

the functional form ofyx; anddy; in (57) and rearranging yields

61) 1— %th(Héz [6lkt1—a (eztnt)a—l

whereAst /A1 is the value of installed capital in terms of consumption ated in Jaimovich
and Rebelo (2009). Terms inside the bracket are constargtatelvariables and will not change
on impact of volatility shocks. With the presence of adjustincost to investment, building up a
buffer stock of capital in response to a positive volatigihock to productivity by increasing current
investment becomes riskier. Instead, manipulating thialilesl capital on impact is less risky (and
possible since utilization rate is a control variable) asittstalled capital will not respond to the
changes of risk in future productivity, and hence its valuéerms of consumption increases on
impact. This increase in value makes the installed capitaeroostly to replace, giving the planner
an incentive to slow down the depreciation by lowering thization rate and decreasing current
investment. Still, driven by the precautionary motive, pi@nner wants to build up a buffer stock
of capital in response to a positive volatility shock to protivity and now it chooses to cut down
current consumption to achieve that — the saved stock oentuonsumption will build up the
buffer stock of capital through the resource constrad®) @nd @9)(not pictured) in a less risky
manner relative to that through increasing investment aggticonsumption is not involved in the

production process and therefore less sensitive to thegeharthe volatility of future productivity.
[Figure 10 about here.]

Figure10 depicts the impulse responses of macroeconomic variadtesessed as deviations

from their third order accurate stochastic steady stabes positive, one standard deviation shock
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in the volatility of productivity, i.e., inw¢. As in the baseline model, the decrease in current
consumption results in an increase in the marginal utilitygamsumption. Yet this increase A1 ¢

is dominated by the increase in the value of installed chpitaand therefor@ 4 /A1t increases on
impact. The fall in current utilization rate leads to a desein effective capital (the lower panel).
With productivity having not changed (again, it is only tha@atility of the distribution of future
productivity shocks that is being shocked) and current egmpent being fixed, current output in
the extended model decline on impact due to this decreasenent effective capital. The increase
in the marginal utility of consumption also increases thegimal loss in consumption terms in
welfare due to vacancy creation. The planner therefore dmts current vacancy, leading to a
decline in employment in next period. This fall reinforche tlecrease in output in the subsequent
period and therefore the extended model predicts a deedenare prolonged recession than the

baseline model in response to increased future risk in @todty.

5.3.2 Shock tothe Volatility of Investment Technology

To analyze the transmission mechanism of a shock to theiltylaf investment technology, it is
convenient to interpret the investment level shegkas the disturbance to the process by which
current investment is transformed into installed capddle used in production, see Justiniano et al.
(2010) and Justiniano et al. (2011). When a positive shdskime volatility ofe,, the efficiency of
this transformation becomes more uncertain, and theréienglanner increases current investment
to ensure a sufficient amount of investment will be conventéal capital for production purpose.
An increase in current investment leads to a fall in the valumstalled capital in consumption
terms, and as noted by Jaimovich and Rebelo (2009), thisdalirs because adjustment cost to
investment implies that higher levels of current investtmeduce the cost of investment in the next
period. The fall in\4¢ /A1t lowers the value of installed capital, making it less costlyeplace,

so it is efficient to increase current utilization rate toesppeip depreciation.
[Figure 11 about here.]

Figurelldisplays the impulse responses of macroeconomic quaraisieleviations from their
third order accurate stochastic steady state to a posatneestandard deviation shock in the volatil-

ity of investment technology, i.e., iw;. As increasing current investment secures a sufficient
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amount of installed capital for production and of capitgbuhin the next period, the planner
chooses to increase current consumption (followed by ar#gcleading to a fall in the marginal
utility of consumption. This fall il\1¢ is dominated by the decline Xy and therefore the value
of installed capitahst /A1t falls. The increased current utilization rate results inrarease in

effective capital (the lower panel), leading to an increaseutput on impact. The fall iRy also

leads to an increase in current vacancy creation and futapdogment. The latter makes the in-
crease in output even more persistent. In sum, a positiailityl shock to investment technology

leads to a boom.

5.3.3 Shock to the Volatility of Preferences and Government Spending

Since both preferences and government spending shockspi.@ndeg:, are demand shocks, a
positive shock that hits their volatility leads to a futuiggeegate demand with high uncertainty.
The planner thereby increases its precautionary savingsittyng down current consumption to

ensure that future demand can be met.
[Figure 12 about here.]
[Figure 13 about here.]

Figurel2and13depict the impulse responses of macroeconomic variabipsegsed as devi-
ations from their third order accurate stochastic steaagst to a positive, one standard deviation
shock inthe volatility of preferences and government spandle., inuwy: and inwgt, respectively.
Through a market lens, when future aggregate demand beaooresuncertain, firms choose to
rent a smaller amount of effective capital for productiomgmse from households. As capital is
a state variable and being fixed on impact, this decline indédmand of effective capital leads
to a fall in current utilization rate. On the other hand, as@ut consumption has been cut back
on impact owing to precautionary motive, a buffer stock gfita will be built using this saved
consumption stock in the next period. This crowds out thelrdencreasing current investment
in order to build up the buffer stock of capital. As a resulitrent investment drops. The fall in
current utilization rate leads to a decline in output on iotp@he decrease in current consumption

leads to an increase in the marginal utility of consumptsofall in current vacancy and future em-
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ployment, which reinforces the drop in output in the subseqperiod. Put it together, a positive

volatility shock to preferences and government spendiagdeo a recession.

5.34 Sizeof Volatility Shock

In the extended calibration, the standard deviations ofdhe volatility shocks are all set to be
0.06, and the impulse responses reported in se@&i8rl - 5.3.3are generated accordingly. In
the literature, the size of these standard deviations iaoy.example, the standard deviation of
volatility shock in productivity, i.e.1z, ranges from @1 (see Andreasen (2012) and Justiniano
and Primiceri (2008)), t0.Q5 (see Bidder and Smith (2012)), and t81R (see Born and Pfeifer
(2014)). Note that, first, a volatility shock of large sizellwiot qualitatively alter the impulse
responses of macroeconomic aggregates in the extended, tihades, a large, positive shock in
the volatility of productivity still leads to a recessionec®nd, the responses of macroeconomic
aggregates are still small even if the standard deviatioolattility shock is reasonably large. For
example, output deviates from its third order accuratehstsiic steady state by aboul.2 x 10~4

in response to a positive volatility shock with = 0.624 in productivity. 1, = 0.624 mimics the

two-standard deviation volatility shock used in Born andifef (2014) for policy risk study.

5.4 Moments

This section presents the unconditional standard dewiafithe macroeconomic aggregates in the
extended model. Tabk reports the unconditional standard deviations computeétérabsence
and the presence of stochastic volatility from produggighock, investment technology shock,
preferences shock and government spending shock (columd 3 eespectively). The difference

in percentage between these two set of values are shown lastheolumn.
[Table 4 about here.]

Like in the baseline model (see Tal®p the contribution from stochastic volatility to the
unconditional volatility of the macroeconomic aggregatesery small, although the extended
model includes four different sources (instead of one intseline model, i.e., the productivity
shock) of stochastic volatility. Tabl® reports the approximate portion of the total contribution

from the four sources of stochastic volatility to the unctindal standard deviation.
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[Table 5 about here.]

The second column of the table repeats the unconditionadatd deviations with the presence
of all the four sources of stochastic volatility for refecen The third column documents the
unconditional standard deviations when the volatilityra productivity shock is hold constant but
that of the other three shocks are still allowed to vary oweet Column 4 reports the percentage
difference between the previous two columns, and therefanebe considered as the contribution
from the stochastic volatility in productivity to the unatiional standard deviation. Analogously,
column 5, 7 and 9 documents the unconditional standard @@viaithout stochastic volatility in
investment technology, government spending and prefesamspectively, and column 6, 8 and 10
reports the contribution in percentage from the three ssuof stochastic volatility respectively.

There are two important observations. First, stochastiatMby in productivity and invest-
ment technology contributes most to the unconditionaldsiesh deviation, yet that in government
spending and preferences contributes almost nothing.ig b@nsistent with the observation made
in Justiniano and Primiceri (2008) and Fernandez-Viltdeeet al. (2011b). Second, the percent-
age contributions shown in column 4, 6, 8 and 10 only appraxenthe individual contribution
from the four sources of stochastic volatility respectyahd thereby not necessarily add up to the
percentage contribution reported in the last column of @4blThe remaining contribution comes

from the interplay among the volatility shocks and betwdenlével and volatility shocks.

6 Conclusion

| have presented a business cycle model that includes Jaimand Rebelo’s (2009) preferences,
search and matching frictions in labor market, investmeljisiment cost and variable capital
utilization as its key ingredients that are used to explaegropagation mechanism of stochas-
tic volatility in general equilibrium. By construction, éiHosios’s (1990) condition holds in the
model economy and the frictions induced by search and mgdtivities in labor market can
be internalized. The model thereby encompasses no fricttrer than adjustment cost on invest-
ment, providing an environment to observe the structurdlsatistical implications of stochastic
volatility almost in isolation.

The model is solved to third order using the nonlinear mowawngrage perturbation, and ana-
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lyzed under conventional, quarterly calibration. The itspuesponses shows that the model pre-
dicts a recession in response to a positive shock in theiMylaf productivity, government spend-
ing and preferences, and envisions a boom if such a poshtoekshits the volatility of investment
technology, consistent with the pattern reported by BodhRiieifer (2014) and many other studies
in this literature. On the quantitative side, both the inggulesponses and unconditional standard
deviations suggest that the impact of stochastic volatiit the major macroeconomics aggregates
is very small, though stochastic volatility largely incsea the conditional volatility of those ag-
gregates. Since the model incorporates no nominal rig&lguch as sticky wage and price, the
numerical analysis of the model supports the argumenthiedatge impact of stochastic volatility
found in Fernandez-Villaverde et al. (2011a) and otheirsgus general equilibrium model with the
above rigidities embedded may come from the interactiowéen stochastic volatility and those

nominal frictions.
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Table 1:Baseline Calibration

Symbol Description Value Source

B Discount rate 0.99 Standard value

a Capital share 0.34 Rios-Rull et al. (2012)

0 Capital depreciation rate 0.019 Rios-Rull et al. (2012)

% Inverse of Frisch elasticity 1/0.72 Rios-Rull et al. (2p12

Kg Risk aversion 2 Standard value

X Job separation rate 0.07 Merz (1995)

n Matching elasticity w.r.t. unemployment 0.5 Pissaride30@)

Nss Steady state employment 0.94 Pissarides (2009)

Bss Steady state labor market tightness 0.72 Shimer (2005)

Mo Job match scaling factor 0.36 Deduced

Pz Persistence of productivity process 0.95 Caldara et al.Zp0

Poz Persistence of volatility shock 0.90 Caldara et al. (2012)

07 Unconditional mean of productivity shock (0.007) Caldara et al. (2012)

1 Standard deviation of volatility shock 0.06 Caldara et2012)

Kw Wealth effect scaling factor 0.001 Enforcing GHH prefersc
Kv Vacancy posting cost 0.257 Chosen to mai¢h) /o(p) = 7.56
KN Disutility scaling factor 0.888 Deduced

Table 2:Unconditional standard deviation comparison under Basdlialibration

variable constantvol. stoch. vol. diff. in %

k 1.1976 1.2202 1.89
y 0.0825 0.0840 1.82
c 0.0456 0.0465 1.97
[ 0.0404 0.0411 1.73
n 0.0044 0.0045 2.27
v 0.0037 0.0037 0.00
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Table 3:Unconditional Standard deviation comparison under higk aiversion, higher Frisch elasticity

Table 4:Unconditional standard deviation comparison of the ex¢éenuodel

and lower job separation rate

variable constantvol. stoch. vol.

diff. in %

3.7962
0.1430
0.0603
0.0828
0.0075
0.0061

< ST oK X

3.8698
0.1459
0.0616
0.0844
0.0077
0.0062

1.94
2.03
2.16
1.93
2.67
1.64

variable constantvol. stoch. vol.

diff. in %

1.9689
0.0800
0.0473
0.0432
0.0032
0.0027

< ST oK X

2.0060
0.0815
0.0482
0.0440
0.0033
0.0027

1.88
1.88
1.90
1.85
3.12
0.00

Table 5: Unconditional standard deviation decompositiothe extended model

. w,=0 w=0 =0 wp=0
variable | stoch. Vol = 5iios TValue  Diffin% Valug)g Diff.in%| Value Diff.i%
K 2.0060 | 1.9824 1.19 1.9962 0.49 2.0041 0.09 2.0045 0.07
y 0.0815 | 0.0803 1.49 0.0814 0.12 0.0815 0.00 0.0815 0.00
c 0.0482 | 0.0475 1.47 0.0480 0.42 0.0481 0.21 0.0481 0.21
i 0.0440 | 0.0434 1.38 0.0439 0.23 0.0440 0.00 0.0440 0.00)
n 0.0033 | 0.0033 0.00 0.0033 0.00 0.0033 0.00 0.0033 0.00
v 0.0027 | 0.0027 0.00 0.0027 0.00 0.0027 0.00 0.0027 0.0Q
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Figure 10: Macro IRFs: Volatility Shock to Productivity, &xnded Model of Sectioh.1
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6 Impulse Responses to a 1 Std. Dev. Shock in Omegell
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Figure 11: Macro IRFs: Volatility Shock to Investment, Extied Model of Sectiob.1
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6 Impulse Responses to a 1 Std. Dev. Shock in Omega}J
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