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Abstract

We provide a unified approach to imperfect (monopolistic, Bertrand and Cournot)
competition equilibria with demand functions derived from symmetric preferences over
a large but finite number of goods. The equilibrium markups depend on the Mor-
ishima Elasticity of Substitution/Complementarity between goods, and can be de-
rived directly from the utility functions and ranked unambiguously. We characterize
the endogenous market structures, their dependence on market size, income and firms’
productivity and compare them with the optimal allocations. Finally, we apply our
results to the case of preferences such as Generalized Leontief, Generalized linear and
Generalized quadratic that we introduce in the literature on imperfect competition.
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Most of the modern theory of imperfect competition in markets with prod-
uct differentiation is based on a few specific microfoundations of the demand
side. Models of monopolistic competition are typically based on an additively
separable direct utility as in Dixit and Stiglitz (1977) or on quasilinear pref-
erences as in Spence (1976) and more recently Melitz and Ottaviano (2008).
As well known, strategic interactions & la Cournot or Bertrand add a competi-
tive element to the equilibrium of monopolistic competition, but their analysis
too has been usually limited to few microfounded examples. The case of addi-
tively separable preferences have been recently reconsidered by Zhelobodko et
al. (2012) and Bertoletti and Epifani (2014), and many results are known for
the quasi-linear case: see Vives (1999, Ch. 6) for a comprehensive treatment.
Other cases analyzed in the literature include those of homothetic preferences
(Benassy, 1996, and Feenstra, 2003) and separable indirect utilities (Bertoletti
and Etro, 2013). Beyond these cases, little is known about how general pref-
erences shape competition and the incentives to enter/exit the market, that is
the endogenous market structures. This is important not only for the partial
equilibrium analysis of markets in industrial organization, but also for general
equilibrium applications to trade and macroeconomics, most of which have been
traditionally based on CES preferences.?

The purpose of this paper is to provide a unified approach to the analysis
of imperfect competition, in its three main forms of monopolistic, Bertrand and
Cournot competition, when consumers are endowed with general preferences
that are symmetric over a large but finite number of differentiated goods. We
first propose a generalized definition of monopolistic competition, and show that
the alleged perceived demand elasticity coincides with the Morishima Elasticity
of Substitution/Complementarity (as defined in Blackorby and Russell, 1981 and
1989), and can be derived directly from the utility function. We then show how
the markups relevant in Bertrand and Cournot symmetric equilibria depend just
on the same elasticities and on the number of varieties actually provided. On
this basis, we characterize the implications of endogenous entry of firms and the
comparative statics of the endogenous market structure in general. To illustrate
our results we discuss the equilibria for a number of preferences, namely the
case of separable direct or indirect utility, Translog preferences and quadratic
direct utility, which have been already used in the literature on monopolistic
or imperfect competition. Moreover, we present preferences that are so far
unexplored in this literature, namely the Generalized Leontief preferences and
the Generalized linear preferences from the homothetic class (see Diewert, 1971),
and the Generalized quadratic preferences based on a quadratic indirect utility.

Our investigation allows us to shed some light on a number of key issues in
the theory of imperfect competition. In the analysis of monopolistic competition
we emphasize the role of the elasticity of substitution in shaping competition,

2There is a wide empirical literature pointing out that markups are affected by the number
of consumers, their income and productivity shocks. For recent examples, see Campbell and
Hopenhayn (2005) on competition effects in industrial organization, Simonovska (2013) on
pricing to market in trade, and Nekarda and Ramey (2013) on the cyclicality of markups in
macroeconomics.



and we also provide a new example of (homothetic) preferences that deliver
constant markups for any number of goods, and independently from income,
market population and productivity (because the Morishima elasticity of sub-
stitution is constant as in the CES case). In the analysis of strategic interactions
we show that Bertrand and Cournot markups are always higher than under mo-
nopolistic competition, and can be either decreasing or increasing in the number
of firms competing in the market; as far as we know, we also provide the first
computable example of Bertrand and Cournot equilibria with prices increasing
in the number of competitors. As a consequence, endogenous market structures
are characterized by a number of firms and an equilibrium markup that are in-
creasing while moving from monopolistic competition to Bertrand and Cournot
competition.

We fully characterize the comparative statics of the markups under endoge-
nous market structures, stating the conditions on preferences under which there
is neutrality or there are competitive effects with respect to changes in three key
parameters: 1) the number of consumers, which represents market size in trade
models or labor force in macroeconomics, 2) the individual income of consumers,
whose changes correspond to cross-country income differences in trade and de-
mand shocks in macroeconomics, and 3) the marginal cost, whose reduction
corresponds to globalization in trade and a productivity boost in macroeco-
nomics. The results are simple under monopolistic competition: the neutral-
ity of population on markups holds not only with CES preferences (Krugman,
1980) but also under any additive indirect utility (Bertoletti and Etro, 2013);
the neutrality of income holds under any additive direct utility (see Zhelobodko
et al., 2012 and Bertoletti and Etro, 2014) and even with Generalized quadratic
preferences; and the neutrality of the marginal cost holds under homothetic pref-
erences, so that changes in productivity are translated proportionally on prices
and do not affect the number of firms (see Bilbiie et al., 2012, for macroeco-
nomic applications). Additional competitive effect emerge under Bertrand and
Cournot competition. Finally, we characterize the optimal allocations and com-
pare them with the endogenous market structures. For instance, excess entry
occurs always with Translog, Generalized Leontief preferences and in the case
of Generalized quadratic preferences. However, with Generalized linear prefer-
ences monopolistic competition generates insufficient (excess) entry if and only
if markups are increasing (decreasing) in the number of firms, and efficiency
when they are independent from the number of firms.

The paper is organized as follows: Section 1 describes the general model
for a given number of firms and Section 2 illustrates it in examples, Section 3
endogenizes the number of firms, Section 4 discusses optimality and Section 5
concludes. Technical details are left to the Appendix.

1 A General Model

Consider a market populated by L identical consumers with income/endowment
E > 0 to be spent on a number of differentiated goods, with price p; for variety



j whose individual consumption is given by z;. We assume that the potential
(arbitrarily large) number of varieties, N, is given, and that preferences over
them are symmetric. However, only a number n < N of varieties are actually
provided in the market, and preferences can be represented equivalently by
symmetric direct or indirect utility functions as:

Ur=U"(x) or V"=V"(s), (1)

where s; = p;/E, i = 1,..n are the normalized prices. Notice that, as in
an example by Feenstra (2003), utility functions (1) are naturally indexed by
the number n, and can be endogenously derived from the underlying preferences
(kept fixed) imposing that N —n varieties have a price so high that their demands
are nil.3> To satisfy standard conditions, it is assumed that U™ () is increasing
and concave, that V" (-) is decreasing and convex for any n, and that both are
(at least twice-) differentiable.

The inverse and direct (Marshallian) demand systems are immediately pro-
vided by the following FOCs for utility maximization and Roy identities:*
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is (minus) the marginal utility of income times E, and suffices denote partial
derivatives. In Appendix A we show that symmetry of preferences implies that
the derivatives:

Uit (%) = b (zi,x) and V" (s) = g"(si,s) (4)

are also symmetric with respect to x and s, respectively for given x; and s;.
It follows that p™ is symmetric too and that the inverse and direct demand
functions:

h™(z;, %) 9" (si,8)
T el (5)
(%) i (s)
i =1,...,n, are symmetric with respect to their second (vector) arguments.
Suppose now that each variety is sold by a firm producing with constant
marginal cost ¢ > 0 and fixed cost F' > 0. Accordingly, the profits of firm 4 can
be written as:

S'L(xwx) = ) CL'Z‘(S»L‘,S) =

T, = (pi—c)xiL—F. (6)

3Formally, let U and V to represent the preferences over the N varieties, and suppose that
N — n of them are not available because the corresponding producers have not entered the
market. Then U” (x) = U (x,0¢) and V"(s) = V(s,s, (s)t), where ¢ is the unit vector of
dimension N — n and s, (s) is the choke-off price of the unavailable varieties, which possibly
depends on the price of those actually provided. See the Appendix for examples of these
derivations.

4Throughout this paper we assume that x(s) as well as s (x) behave well, and in particular
are unique. For the sake of simplicity, we omit the index n.



The equilibrium market structure depends on the form of competition, and we
will examine (generalized) monopolistic competition, Bertrand competition and
Cournot competition. First we will focus on equilibrium pricing and production
decisions for a given number of varieties/firms, and then we will characterize
the endogenous market structures.

1.1 Generalized monopolistic competition

According to (5), the direct impact of a firm choice on its demand is captured
by the partial derivatives of demand with respect to its first argument:

hi(z;,x) and g7(ss,s),

while the indirect impact operates through the symmetric component of de-
mand, and is analogous to the impact of competitors’ choices. This suggests
the following general definition of monopolistic competition, which extends the
proposal by Dixit and Stiglitz (1977) of neglecting strategic interactions:®

Definition 1: Monopolistic competition characterizes a market structure in
which each firm sets its choice ignoring the indirect impact on demand.

Notice that in many applications this is equivalent to say that each firm
takes as given both the number of competitors n and the value of some sym-
metric choice aggregators (this assumption would be trivially satisfied in any
setting with a continuum of varieties).® For example, this happens under direct
additivity of preferences (Dixit and Stiglitz, 1977) or indirect additivity (Berto-
letti and Etro, 2013), in which either A™ or g™ are constant with respect to the
symmetric component, and monopolistic competition can be studied simply by
taking the aggregator u™ as given. Also notice that:

zi=h""" (—sip"(x(s)),x(s)) = x; (s,8) ,

that is, the partial inverse of A" with respect to its first argument gives the
value of z;, implying that the demand function perceived under monopolistic
competition do not depend on the variable chosen to express the firm’s choice.
According to our definition, the perceived inverse demand elasticity and the
perceived direct demand elasticity in monopolistic competition are given by:
() = LT T g gy 510 (508) (7)
h (i, %) 9" (si,s)
which are of course one the reciprocal of the other when evaluated at x (s). Stan-
dard profit maximization shows that € and €™ determine the optimal pricing
rules under monopolistic competition:

5Notice that h™ or g™ might be independent respectively from z; and s; (given respectively
x and s). This is what happens in the case of homogeneous goods, where h"(zyzl x;) depends
only on the total quantity consumed. Throughout this paper we assume on the contrary that
h™ and g™ are monotonic with respect to their first arguments.

6This perspective suggests a possible way of generalizing our definition to the case of
asymmetric preferences: see the cases of Generalized Additivity (Pollak, 1972) and Implicit
Additivity (Hanoch, 1974).



Proposition 1 In any equilibrium of Generalized monopolistic competition:

Pt ()= !
i B ( ) S”(S)' (8)

Remarkably, the markup rules (8) would hold even in the case of marginal
costs different across firms: accordingly, this analysis can be directly extended
to the case of firm heterogeneity & la Melitz (2003).” The explicit solution for
the symmetric equilibrium price in which €” () = €™ (z¢) and €™(s) = ™ (st),
where ¢ is the relevant unit vector, can be obtained using the budget constraint
nxzs = 1. Notice that (p — ¢) /p is a continuous, increasing function from [¢, c0)
onto [0,1): thus, a monopolistic competition equilibrium exists if 0 < €"(z) < 1
or g"(s) > 1.8

1.2 Perceived demand elasticity: a suggested interpreta-
tion

The interpretations of the monopolistic competition markup and the elastici-
ties in (7) are not immediate. We provide an interpretation in terms of the
(Morishima) Elasticity of Substitution, ¢;; (s), and of the (Morishima) Elastic-
ity of Complementarity, €;;(x), of the demand systems (2). These correspond
to the elasticities of the price (quantity) ratios s;/s; (x;/x;) with respect to the
quantity (price) of good i, j = 1,...,n, i # j (Blackorby and Russell, 1981):

ey = 20ils) @iy 2 Ow) s
Oz;  (si/s;) Osi  (wi/;)

and can be directly computed from s;/s; = U/ (x) /U} (x) and from z;/z; =
Vi (s) /V]* (s). These elasticities capture economically relevant aspects of the
substitutability between goods (see Blackorby and Russell, 1989), which shapes
the demand function of each firm. In our setting, the role of these measures
emerges after rewriting the perceived demand elasticity. By symmetry of pref-
erences, whenever s; = s; and z; = x;, we have:

hi (zi,x) = Ujj(x) = Ujj(x) and g7 (s;,8) = Vii(s) — Vij(s),
Therefore, it follows that:
_ nili  zUf

ooy

7

n
Vi sV
n  yn U
7T

n

=¢; and " =

where we used symmetry again to replace U;" with Uj" and V" with V*. Ac-
cordingly, the perceived demand elasticity that is relevant for firms active under
monopolistic competition corresponds to the elasticity of the relative demand
of two goods when their relative price changes (starting from identical prices).

"See Bertoletti and Etro (2013) for an example.
8 Sufficient conditions for uniqueness of the equilibrium are obvioulsy 9e™(s)/ds > 0 and
O€™ (z) /Ox < 0 for any x,s.



Our result generalizes the role of the constant elasticity of substitution under
CES preferences in shaping monopolistic markups. It also provides a rationale
for the well-known fact that, under direct additivity of preferences (Dixit and
Stiglitz, 1977), the perceived demand elasticity only depends on the individ-
ual consumption of each variety and, in particular, on the (reciprocal of the)
elasticity of its own marginal utility of consumption, which Zhelobodko et al.
(2012) refer to as a “relative love for variety.” The general result also explains
why under indirect additivity (Bertoletti and Etro, 2013) the perceived demand
elasticity of each firm depends only on the price-income ratio of its own good.
In addition, the result that with homothetic preferences the symmetric demand
elasticity only depends on n (Benassy, 1996) follows from the homogeneity prop-
erties of the previous expressions under homotheticity. Of course, the formulas
apply in the more general case of non-additive and non-homothetic preferences,
opening up new scenarios for analysis. Our perspective will also illuminate the
relationship between the elasticities perceived under monopolistic competition
and the demand elasticities relevant under strategic interaction, as shown in
next sections.’

1.3 Cournot competition

Consider a Cournotian equilibrium in our market:

Definition 2: Cournot competition characterizes a market structure in
which each firm sets its production level taking in consideration its total im-
pact on the inverse demand.

The relevant “individual marginal revenue” of firm ¢, M R; = 9 {p;x;} /Ox;,
can be written as:

(U7 (6) + U ()] " () + U7 ()i [ U7 (30) + Sy U ()

MR; = >
- (x)°/E

=pi(x) {1 —s;(x)x; + U — UJ”(X) si(x)z;

Jj=1

n

=pi(x){ 1 —s;(x)z; — Z

J#i

Ui(x)ri  UR(x)z;

e W@J%&m

J

=pi(x) ¢ 1—s;(x)z; — Z €ij(x)s;(x)z;

i#i
=pi(x) Y [1 = €ij(x)] 55 (x);, (9)
i

9An exploration of this relationship in the case of direct additivity of preferences is in
Bertoletti and Epifani (2014).



where €;;(x) is again the elasticity of complementarity between varieties ¢ and
Jj. Notice that positive marginal revenues require that “on average” €;;(x) < 1.
Accordingly, in a Cournot equilibrium we have:

P =€ NS s (e
pi(X) - z( ) z+§ zj( )J( ) j (10)

which provides a general markup rule.
Focusing on the case of a symmetric equilibrium, the markup becomes:

p—c_1 n-1,

e @),

which exhibits a simple relationship with the pricing rule of the monopolistic
competition equilibrium. Using €” (z) = 1/&™(s°) we can express the same rule
in terms of the elasticity of substitution drawn from the indirect utility. This
proves the following result:

Proposition 2 In any symmetric Cournot equilibrium:

n—1, . 1 n—1
n (x)inJrna"(sC)'

(11)

In Appendix B we also provide a constructive proof of the second equal-
ity appearing in (11). Notice that 1 > L 4+ 2=Le" () > € (z) if €® < 1.
Accordingly, the assumption €” < 1 allows to rank the equilibrium markups
in Cournot and monopolistic competition. This ranking depends on the fact
that Cournotian firms internalize the indirect impact of their production level
on marginal revenues, which is the same as the increase of production by any
competitor: since goods are substitutes, this impact is negative and internaliz-
ing it amounts to reduce production and increase markups. More formally, let
us differentiate Y7, s;(x)z; = 1 with respect to z; making use of (5). In a
symmetric equilibrium (i # 7) this gives:

Z@sj e asj
ox; s 8351

€" < 1 implies that Js;/0z; < 0, i.e., that varieties are gross, g-substitutes
(see e.g. Bertoletti, 2005 on this terminology) in a symmetric equilibrium.
Accordingly, Cournotian firms face an elasticity of the inverse demand €™ — g—;ff
which is larger than the one perceived by firms in monopolistic competition, and
actually price higher.

1.4 Bertrand competition

In a Bertrand version of our setting firms choose prices:



Definition 3: Bertrand competition characterizes a market structure in
which each firm sets its price taking in consideration its total impact on the
direct demand.

Firms correctly perceive the true elasticity of Marshallian direct demands
(5), that is:

s VO (8) = V() [V (s) + X Vii(s)s;
i (s) [ (s))?

‘%& _
81%‘ Z;

szV” (S) S;
=——+ Vi"(s) + Vii(s)si +
e tee |7 >

JFi
n ’Lvn
= SlV}f (s) [1—s;x; (s)] + six; (s) + Z i ijj (s)
Vi'(s) <V
n slV"(s) SV"(S)
— a.p. J A ) .
= s;x; (s) + ; Vi) V7 (s) s;xj ()

= 57 ( +E gij(s)s;z; (s
J#i

=1 +Z gij(s) — 1] sjz; (s), (12)
J#i

where €;;(s) is the elasticity of substitution between varieties 7 and j. Notice
that to satisfy the FOCs for profit maximization it is necessary that “on average”
gij(s) > 1. In a symmetric Bertrand equilibrium:

p—c _ n
P 14+ (n—=1)e"(s)

Again using €” (z) = 1/e™(s°), or inverting the inverse demand system (5) under
symmetry (see Appendix B), we prove the following result:

Proposition 3 In any symmetric Bertrand equilibrium:

pP—c n  ne'(a?)
pb 14+ (n—1)en(st)  e(zb) +n—-1"

(13)

Notice that [1 4 (n—1)e™(s)] /n > ™(s) if e® > 1. Thus, the assumption
€™ > 1 allows us to rank the equilibrium markups in Bertrand and monopolistic
competition. The intuition is again simple and relies on the internalization of
the indirect impact of a price increase on demand under Bertrand competition.
Differentiating >, s;jz; (s) = 1 with respect to s; and making use of (5) yields
that, in a symmetric equilibrium (7 # j):



f _ n a‘TJ
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€™ > 1 implies that > 0, i.e. that varieties are gross, p-substitutes (again
see e.g. Bertoletti, 2005) Accordingly, Bertrand firms perceive the true Mar-
shallian elasticity " — %l £ which is smaller than the one perceived by firms in
monopolistic competition, and actually price higher.

Notice also that the Bertrand markup is always below the Cournotian one,
in line with the general result due to Vives (1985). Therefore, we can summarize
the ranking of markups as follows:

Corollary 4 Assume e™ > 1 (€™ < 1) everywhere: then for any Cournot equi-
librium markup there exists a lower Bertrand equilibrium markup which in turn
is larger than a generalized monopolistic competition equilibrium markup.

2 Old and New Examples

In this section we review known particular cases of our general model, and
propose some new applications.!’

2.1 Dixit-Stiglitz preferences
Dixit and Stigliz (1977) adopted direct additivity, that is:

> ula)) (14)

with v/(z) < 0 < u/(z) for z > 0. Such a functional form does not actually
change with n (provided that u (0) = 0), and implies that UJ; = 0: the elasticity
of complementarity is then €;; = —z;u” (z;) /u'(z;) = €(x;), which does not
depend on the number of competitors. The imperfect competition symmetric
equilibria can be derived as:

c p_ L@ +n—1)c c ne
pP=T— 7, P = and  p° = N
1—e(x) (n—1)(1—e(z")) (n—1)(1 —€(z))
(15)
The monopolistic competition markup can be decreasing or increasing in the
number of firms, and in the latter case also the Cournot and Bertrand markups
can be increasing for a large enough number of firms (see Bertoletti et al., 2008).

10Extending our definition of generalized monopolistic competition to settings with outside
commodity (that is with indirect utility function as \7(50,V”(s))7 where sg is the price-
income ratio of the outside good) is straightforward: for an example with indirect additivity
see Bertoletti and Etro (2013). On quasilinear preferences see Vives (1999) and Anderson et
al. (2012).

10



2.2 Indirectly additive preferences

Bertoletti and Etro (2013) have assumed indirect additivity, that is:
=3 ulsy), (16)
j=1
with v”(s) > 0 > v’(s). Such a functional form again does not change with n (if
v = 0 for the varieties that are not available) and implies Vit = 0: the elasticity
of substitution is €;; = —s;v”(s;)/v'(s;) = €(s;), which again does not depend
on the number of firms. The three symmetric equilibria can be derived as:

p= _e(s)e = (14 (n—1)e(s")] e and p° = ne(s®)c

e(s) =1 (n=1)(e(s") = 1) (n—=1)(e(s?) = 1)
(17)

Markups are independent from the number of firms under monopolistic compe-
tition and decreasing with respect to n under strategic interactions.

2.3 Homothetic preferences

Benassy (1996) discussed some instances of homothetic preferences: in that
case, since €;; and €;; are homogeneous of degree zero under homotheticity, the
symmetric equilibrium markups must be a function of the number of varieties
alone.!!

2.3.1 Translog preferences

Feenstra (2003) has shown that symmetric Translog preferences imply:

n

1 n n
V™(s) = exp —ap — — - . .
(s) = exp —ag - Zlog s; ZZakj log si, log s, (18)
Jj=1 k=1j=1
where ag = a9 +1/(2yn) — 1/ (2yN), ax; =v/n > 0for k,j =1,..,n, k#j
and aj; = —y(n —1)/n, with v > 0. Applying the Roy identity we can express
the individual demand of good i as:

N —

L, Ingz Zlong
np; j 1 Di

T; =

In a symmetric equilibrium we have €™ = 1 4+ yn, and the three equilibria can
be derived as follows:

1 1 1+n
p= 1+—>c, pb<1+7>c and p°=——c. 19
(15, 1) m-ne 1

Markups are decreasing in the number of goods and would become negligible
when n — N if the number of potential varieties N is large.

117t is worth noticing that the classes of directly additive, indirectly additive or homothetic
preferences have only a common member, given by the CES preferences.

11



2.3.2 Generalized Leontief preferences

Another member of the class of so-called flexible functional forms (see Varian,
1992, Ch. 12.10) is given by the (homothetic) Generalized Leontief preferences,
originally presented in Diewert (1971) and unexplored in the analysis of imper-
fect competition. Over a set of N potential goods, these preferences can be
represented by the following indirect utility function:

V= |[V5BVS| o (20)

where /s is the vector of the square roots of the normalized prices, and B is a
N x N matrix whose elements, to achieve symmetry (and to satisfy regularity
assumptions), are by; = b > 0 and bj; = b < 0 for k,j = 1,...,N, k # j.
It can be shown (see Appendix C) that, under the normalizations b = 1 and
b=— (N —2), we have:

-1

V=SS e vE | @)

k=1 j=1
where
o -(N-1)(n-2) o N-1
Qi = 4 = n—1 , az]—a—nil'

Accordingly, we obtain the following demand for good i:
a—a+a)ig /%
a > k=1 ?:1 Okj+/SkSj .

Since the perceived demand elasticity is:

a N\ Sk

2 2ik=11/"s;
n s’
a—ata) i,/ &

in a symmetric equilibrium we have:

Ly

e =

na n
ne__ ™M % 22
c 2(a—a+na) 2 (22)

This allows us to directly compute the three symmetric equilibria:

ne »  (2+n?—n)c d o n?c
= =————— an =\
P=n—2 P 2+n2—3n P T 3n 12

(23)

Again, the markups decrease with the number of varieties and would become
negligible when n — N if N is large.

12



2.3.3 Generalized linear preferences

We now consider another type of homothetic preferences that has not been ex-
ploited in the analysis of imperfect competition. This is represented by the
following utility function (see Diewert, 1971, who associated it with Allen, Mc-

Fadden and Samuelson):
U = X By, (24)

where the elements of the N x N matrix B are b;; = b > 0 and b;; = b,
i, = 1,...,n, ¢ # j . Without loss of generality, we normalize b = 1. Notice
that U is concave, homogeneous of degree 1, and strictly monotonic if also b > 0.
If only n < N varieties are actually available it reduces to:

n n

U™(x) =D  bijy /T, (25)

i=1 j=1

whose functional form once again does not depend on n. Notice that utility
becomes U = nxz(n — 1+ b) in the case of a symmetric consumption, which
requires n—1 > —b. Computation shows that u™ (x) = —U™ (x) by homogeneity,
and:

—-3/2 n
Z,; /

1 n
hn(ll'i,X):b*lﬁ’—Z\/l'_j, and Ay (x;,x) = — Z\/x_J
\/x_ij:1 2 j=1

Restricting attention to the case in which A > 0 (which always holds if b > 0),

we obtain: n
€' (x5, %) = —Zj:l Vi .
230 1 bijyT;

Notice that in a symmetric equilibrium:

n n

C T 2m-1+10) (26)
which satisfies de"/On < 0 iff 1 > b.!? An increase of n produces an anti-
competitive effect if 1 < b, and in any case we have lim,,_,., €* = 1/2, i.e. the
markup would never become negligible even if n were very large.

In the specification with b = 1 the markup becomes independent from the
number of goods under monopolistic competition, because the Morishima elas-
ticity of substitution is constant for a symmetric consumption. While CES
preferences are the only separable preferences that induce constant markups,
our result shows that there are other non-separable preferences that induce the
same result.!®> As usual, we can also derive the full set of imperfect competition
equilibria:

y (2n—1)c

2
p=2, p = =

d p°= .
n—1 me P EnT

(27)

12Here €™ < 1 requires that n > 2(1 — b).
13 A generalization of (25) as U™ = St =1 (T -xim)l/m with m < n would
lead, under monopolistic competition, to the constant markup (p —¢)/c=1—1/m.
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The general case provides interesting results, with markups that can increase

in the number of firms not only under monopolistic competition, but also with

strategic interactions. Under monopolistic competition the general markup is:
p—c n

y T 2m-17D) (28)

which is increasing in the number of firms if and only if b > 1. Strategic inter-
actions add a competition effect, that however does not necessarily compensate
the anti-competitive effect inheritated through €. Indeed, under Cournot and
Bertrand competition we can compute:

p°—c n?P4+n-—2+2b P’ —e¢ n?
= and =

pe 2n? — 2n + n2b pb 2n?2 —3n+2+2(n—1)0

(29)

which might be both increasing in the number of firms if this is large enough.'*
As far as we know, this is the first computable example of Bertrand and Cournot
equilibria with prices increasing with the number of firms. Notice, however, that
profits remain decreasing in the number of firms, which will allow us to analyze
endogenous market structures later on.

2.4 Quadratic direct utility

We now move to the general field of non-homothetic preferences that are also
non-separable. Let us consider the following utility function:

2
n

n n
2 n
U"(x):aij—§Zx?—§ ij ) (30)
i=1 i=1

j=1 =

where «, v, n > 0: this corresponds to the non-linear part of the utility function
used in Ottaviano and Thisse (1999) and later popularized by Melitz and Otta-
viano (2008).1% The functional form of U™ (x) does not change with changes in
the number n of available varieties, and its derivatives are given by A" (z;,x) =
o — yx; — 772?:1 xj. Accordingly, the demand function perceived under mo-
nopolistic competition is the usual linear demand with A (z;,x) = —v. It is
easy to show that U™ (x) is concave, and we restrict our attention to the case
in which A" (z;,x) > 0 for any ¢ = 1, ...,n, and so it is also strictly monotonic.

M Under Cournot competition the markup is increasing if and only if:
2n+1) [n2 —n-+nb| > [n2+n72+2b] [n—1+419,
which simplifies to (b — 2) n? > 4n (b — 1) + 2b%> — 4b+ 2. Under Bertrand competition if:
2n [2n? —3n+2+42(n—1)b] >n?[dn — 3+ 28],

that is n (2b — 3) > 4 (b — 1). For instance, for b = 3 the price is increasing in the number of
firms if » > 4 + v/24 under Cournot competition and n > 8/3 under Bertrand competition.
15Gee also Vives (1999, Ch. 6).
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The inverse demand function for variety ¢ is given by:

B a =z =N T

= =
a X =yt = (S o)

with perceived demand elasticity:

54

Vi
hn (Zl'z', X) '

In the symmetric equilibrium we obtain:

€ (z;,x) =

n T
=™~ 31
)= — (31)
with 9™ /On, de™ [0z > 0, lim, o "(x) = 0 and lim,_o/(2y4ny) €"(z) = 1.16

Therefore we have: c

T1- €™ (x)

where m = h" (z) /(a—2yz—nnz), m(0,n) = land dlnm/dInz > dlnm/Jdlnn >
0. Since a monopolistic competition equilibrium is then characterized by:

D =m(z,n)c, (32)

% = m(z,n)xc, (33)

we can be sure that such an equilibrium does exist and it is unique. Notice

that (33) implies dx/OE > 0 and dz/0n < 0, and accordingly dp/0E > 0

and Op/On < 0: a seemingly competitive effect emerges even in the absence of

strategic interactions (and in spite of the fact that dm/dn > 0).}7 Similarly, we

get:

[nm(z®,n) —1] ¢
(= 1)

. nm(z,n)c
(n—1)

under Cournot and Bertrand competition.

and pb = (34)

2.5 Generalized quadratic preferences

We finally introduce a last class of preferences that has not been fully explored
(as far as we know) in the literature on imperfect competition, characterized by
a quadratic indirect utility:

V(s) =s'Bs — a's, (35)

16 Accordingly, €® < 1 requires < «/(2y + nn). Incidentally, notice that v — 0 leads to
marginal cost pricing (as goods tend to become perfect substitutes and monopolistic compe-
tition tends to perfect competition).

171t is easily proved that:
dm Om  Om Oz

iff dlnm/dIlnz > dlnm/dInn.
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where 3 is a N x N matrix and a« a N vector, and N is as usual the given total
number of potential varieties. To achieve symmetry we assume that o; = o > 0,
Bi; =—b<0and B;; =B, i,j =1,..,n, i # j. Normalizing 8 =b(N —1) >0,
Appendix D shows that V' is convex (3 is a positive semidefinite matrix), and
monotonic decreasing in the case ae >28s, to which we restrict our attention.
Moreover, preferences over the n available varieties can be expressed as:

2
N-na? e aN & N—-n -
Vi(s) = PRI ZZ%&SJ - Zsj t+——0 ZSJ (36)
i=1 j=1 J=1 J=1
2
n n n
- (10+Z l_)s?—bstsk—asj —d Zsj , (37)
=1 Py =1

where ag = — Nn_b”"‘TQ, a= % and d = %b. The individual demand function

has thus the linear form:
— 2bN
P = a4 un((ssz) 5) with a = —,

where s = Z;;l sj/n is the average price. It is remarkable that, when we
properly take into account the prices of the unavailable varieties, the direct
demand is perceived as linear in the difference between the own price and the
average price of the available varieties, so reproducing the typical form adopted
in textbook examples of monopolistic competition (see e.g. Vives, 1999, Ch. 6).

Since ¢g"(s;,8) = 2bN (s; — 8) — a, the demand elasticity perceived in mo-
nopolistic competition is given by:

on (S) - 2bNSZ
~ a—2bN (s; —8)’

which becomes
~ 2bns

e (s) = =2, (39)

in a symmetric equilibrium, after using a = aN/n.'® Notice that " increases
with ns,'” and we can obtain the three equilibrium markups. Solving for the
symmetric equilibrium prices we have:

8ncbaFE
® + \2/ P2 + n—1 nc aF (39)

d p=——+—.
4nb and-p (n71)+2bn

+OZ
= C _— e
p obn’ p

where ® = aF + 2ncb. Prices increases in income and decrease in the number
of goods in all cases.

18 Note that a comparison with (31) shows that preferences (36) and (30) are actually dif-
ferent.
9 Under our assumptions, €™ > 1 then requires ns > «/2b.

16



3 Endogenous Market Structures

We now consider the impact of free entry of firms. The symmetric equilibrium
price is implicitly defined as a function of the number of firms by:

p—c 1
p  O(p/En)’

where the function 6(s,n) > 1 depends on the form of competition. In particu-
lar, we have,

1
O(s,n) =e"(s) = —————
(s:m) = £48) = G
under monopolistic competition,
ne™(s) n

0(s,n) =

en(s)+n—1 1+e(1/sn)(n—1)
under Cournot competition, and

9 1+ (m—=1)e"(s) € (1/sn)+(n—1)
(s,m) = n N ne™ (1/sn)

under Bertrand competition. The total differentiation of the markup rule pro-

vides:
dlns -,

dlnn 0 -1+,

where we defined ¢, = 9In6/01ns and ¢,, = 91Inf/Jd1Inn as the elasticities of
0(s,n) with respect to price and number of firms.

In what follows we make two “regularity assumptions”. The first one is that
A=06—-1+1, >0, which implies that the impact of the number of firms on
prices has a sign opposite to that of its impact on the relevant price elasticity.?’
Since the equilibrium profit of each firm, # = EL/nf(s(n),n) — F, decreases
with respect to n if and only if:

dlnnf(s(n),n) _ 1Jr1/]nersdlns 50
dn dlnn
= D= [0-1(1+,) +v, >0, (40)

our second “regularity assumption” is that D > 0.2! The endogenous-entry
equilibrium conditions can then be expressed as:

p—c 1 EL

= and n=——-+.
p  0p/E,n) Fo(p/E,n)
20Notice that A > 0 will be certainly satisfied if 1, > 0.
21Qur assumptions are not independent: given A > 0, D will be positive unless v,, is
negative and “large” (in absolute value).

(41)
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Notice that these conditions (41) can be re-arranged to show a positive and
convex relation between the price and the number of firms:

cEL

~ EL—nF’ (42)

p

Let us assume that the free-entry equilibrium is unique and well-defined.

The first result we can obtain is a complete ranking of the number of firms

and equilibrium markups emerging in the three forms of competition, as an

immediate consequence of Corollary 4 and the positive relation between price
and number of firms just stated:

Proposition 5 Ife™ > 1 (" < 1) everywhere, under endogenous market struc-
tures the equilibrium number of firms and markup under Cournot competition
are higher than those under Bertrand competition, which are higher than those
under generalized monopolistic competition.

The total differentiation of the equilibrium system (41) provides the following
elasticities of the equilibrium variables with respect to income F, market size L
and marginal cost c:

dlnp -1, dlnn 0 —1+0y,
dnE D and N E T D (43)
dinp _ —t, dlan -1+,
dinL D and T =D (44)
dlnp (I dlnn  —(0 — 1),
dne 17D and dlnc D (45)

Let us define neutrality on the market structure of income E, of the market
size L and of the marginal cost ¢ as the property for which a change in one
of these parameters does not affect the equilibrium markup. The comparative
statics in (43)-(45) implies that the market size is neutral on the endogenous
market structure if and only if ¢, = 0, income is neutral if and only if ¢, = 1,,
and the marginal cost is neutral if and only if v, = 0. The implications for
our examples are immediate under monopolistic competition: 1) the neutrality
of the market size holds not only with CES preferences (Krugman, 1980) but
under any case of indirect additivity (Bertoletti and Etro, 2013): in these cases
a market that is twice as large attracts a double number of firms selling the
same quantity at the same price and generating pure gains from variety; 2)
the neutrality of income holds under direct additivity (see Zhelobodko et al.,
2012 and Bertoletti and Etro, 2014) and even in the case of the Generalized
quadratic preferences: in these cases a double income attracts a double number
of firms; and 3) the neutrality of the marginal cost holds under any homothetic
preferences, so that changes in productivity are translated proportionally on
prices and do not affect the number of firms. The three neutralities hold at the
same time under CES preferences and also in our example of Generalized linear
preferences with equal coefficients (b;; = 1).
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Similarly, let us say that an increase of income, market size or productivity
exerts a competition effect if it reduces the markups. Notice that such an effect
is associated in the first two cases with an increase less than proportional of the
number of firms, and in the third case with a reduction of it (a case of so-called
“business destruction”). The next result summarizes the general comparative
statics of the free-entry equilibrium:

Proposition 6 Under endogenous market structures: 1) an increase in the
market size exerts a competition effect if and only if 1, > 0; 2) an increase
in income exerts a competition effect if and only if ¥, < ,,; 8) an increase in
productivity exerts a competition effect if and only if Y, > 0.

The implications for the case of monopolistic competition are again particu-
larly tranchant. To exemplify our result, let us consider the case of a quadratic
direct utility, in which none of the mentioned three neutralities holds. From
(31) we can obtain § = (as — n)n/vy — 1, which implies:?

asn asn —mnn
1/}3 = > wn = > 0.

asn—nn — v asn—mn—ry
Accordingly, under free entry an increase in market size or in productivity re-
duces markups, but an increase in income increases prices (and expands the
number of firms more than proportionally).

Similar applications of the first result of Proposition 6 can be done to our
other examples. In particular, market size exerts a competition effect under di-
rect additivity when the elasticity of substitution decreases with consumption,
while an anti-competitive effect arises if the elasticity of substitution is increas-
ing in consumption (see Bertoletti et al., 2008 and Zhelobodko et al., 2012).
A competition effect shows up also in the Translog case, under the General-
ized Leontief preferences and in the case of Generalized quadratic preferences.
Finally, Generalized linear preferences can generate either a competitive or an
anti-competitive effect of the market size.

The second result of Proposition 6 shows that the competitive effect due to
an increase in income arises only if ¢, — ¥, > 0: clearly, this is a condition
which can be satisfied under several cases. Bertoletti and Etro (2013) obtain
a competition effect of income under indirect additivity with demand elasticity
decreasing with respect to prices (¢,, = 0, 1, < 0), but the same happens
under homotheticity (¢, = 0) as long as 1,, > 0, which holds in the Translog
and Generalized Leontief preferences cases. Nevertheless, markups increasing in
income are much more in line with the trade evidence on pricing to market (for
instance see Simonovska, 2013) or some macroeconomic evidence on procyclical
markups (Nekarda and Ramey, 2013): a positive relation between income and
markups emerges under indirect additivity with demand elasticity increasing in
the price-income ratio (¢,, =0, ¥, > 0).

22Notice that 6 > 1 implies as > 7.
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The third result of Proposition 6 shows that the price sensitivity of demand
elasticity is what matters to determine the translation of marginal costs (includ-
ing taxes or any other cost wedge) on prices: in the (arguably) more realistic
case in which demand is perceived as more rigid when income increases (¢, > 0),
changes in productivity are translated less than proportionally on prices, and
additional costs are undershifted. This is for instance what happens in both of
our quadratic examples.

Moving to the case of oligopolistic competition increases the value of ¢,,, thus
raising the chances of getting competition effects due to market size or income.
Consider for instance an increase in the market size: even when a larger market
size raises markups under monopolistic competition, strategic interactions may
give rise to a competition effect on the markups, at least when the number of
firms is small. A case in which we can state unambiguous results is the one of
homothetic preferences, since markups depend only on the number of goods:

Corollary 7 Under homotheticity, endogenous market structures generate neu-

trality of productivity, while income and market size exert a competition effect
if and only if ¢,, > 0.

The case of homothetic preferences is particularly relevant in dynamic (macro-
economic) applications where homotheticity of the consumption index is crucial
for two-stage budgeting. Bilbiie et al. (2012) have indeed adopted homothetic
preferences in a monopolistic competition model with endogenous entry to study
the impact of aggregate shocks. These shocks can be magnified through com-
petition effects in case of demand elasticity increasing with entry, as with the
Translog preferences adopted by Bilbiie et al. (2012) or with the introduction of
strategic interactions ¢ la Bertrand or Cournot as in Etro and Colciago (2010).

To conclude this section with a few examples, let us return to the Feenstra
(2003) example of Translog preferences. Under monopolistic competition we can
solve for the free entry number of goods as:

EL 1\? 1
() e 1o

This implies that both income and market size affect the market structure:
an increase in FL/F attracts more firms, which reduces markups. Moreover,
an increase of v reduces product differentiation, thereby decreasing markups
and the equilibrium number of firms. The same happens under Bertrand and
Cournot competition, which yield:

. |ELO+~) 1 1, [EL [(1-7\" 1-~
n\/ +F +472 27>n— 7F+ 2 2 > n.

Similar competition effects are associated to the case of the Generalized Leontief

preferences for which we obtain:
2FL
===, 47
=1/ (47)
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The case of Generalized linear preferences delivers the following equilibrium
under monopolistic competition:

EL
n=on +1-p, (48)
which is exactly linear in EL/F only if b =1 and thus ¢, = 0.

Finally, let us consider our examples of non-homothetic and non-separable
preferences. In case of quadratic direct utility the closed form solution is complex
but we have already discussed its comparative statics. Under the Generalized
quadratic preferences the equilibrium number of firm with monopolistic compe-

tition is given by:
/ 8bcL
aF < 1+ oF 1)

= 4
n yT : (49)

which shows a linear relation with income and a concave one in population.

4 Optimal Market Structures

The optimal organization of production can be reached by a social planner
controlling number of firms, production and prices.?> Such an optimal market
structure can be identified maximizing utility under the resource constraint
EL =ncxL+nF. This is equivalent to the use of the budget and the zero profit
constraints, which can be combined to obtain (42). Let us define U (z;n) =
U™ (z¢) and equivalently V (s;n) = V™ (s).2* We can now state the social
planner problem as the maximization of:

E F cL

W(n)ULn cL’n} or W(n)V{EL_Fn,n]. (50)
Let us define ¢ (z;n) = Uy (z;n) /U (x;n) > 0 as the elasticity of the direct
utility with respect to the consumption level and ¢ (x;n) = Uy, (x;n) n/U (x;n) >
0 as the elasticity of the direct utility with respect to the number of vari-
eties. Notice that ¢ (z;n) is just the so-called “scale elasticity” of U™ at xt.
Differentiating the equality U (E/pn;n) = V (p/E;n) we obtain that ¢ =
—Vs (s;m) s/V (s;m) is also the elasticity of the “corresponding” indirect util-
ity with respect to the price of each good, and @ = ¢ — ¢ =V, (s;n)n/V (s;n)
is the elasticity of the “corresponding” indirect utility with respect to the num-
ber of available varieties. We can now express the conditions for the optimal

provision of goods in the following result:

230n the optimal market structures see the original contribution by Dixit and Stiglitz (1977)
and the extensions in Kuhn and Vives (1999) and more recently Nocco et al. (2014) and
Mrézové and Neary (2014).

24 As usual in this literature, we treat m as a continuous variable, and we assume the differ-
entiability of V (s;n) with respect to n.

21



Proposition 8 The optimal market structure requires

wr = BLU-0/0)

*

pt = £ and (51)
¢

where ¢ is the elasticity of direct utility with respect to the consumption of each

good and ¢ the elasticity of direct utility with respect to the number of varieties.

The rule (51) implies that prices and number of goods provided should be
increasing in ¢, due to larger benefits from variety, and decreasing in ¢, due to
larger benefits of higher consumption of each good. The optimal market struc-
tures under additivity have been characterized by Dixit and Stiglitz (1977) for
direct additivity (¢ = 1) and Bertoletti and Etro (2013) for indirect additivity
( = 1). Under monopolistic competition and additivity free entry is optimal
only under CES preferences (p/¢ =60/(6 — 1)).

Benassy (1996) has suggested that homotheticity can generate both excess
and insufficient free entry. Indeed, notice that under homotheticity the scale of
consumption does not matter for the optimal choice, and normalizing the direct
utility to be homogenous of degree 1 we get ¢ = 1 and U (z;n) = 2U"(¢) =
nt (n) z, with ¢ (n) = 1+ x(n), where x(n) = dIlnt¢(n)/dInn it is what Benassy
(1996) called the “taste for variety” embedded into preferences. It follows from
(51), (42) and (41) that a sufficient condition for excess (insufficient) entry under
homothetic preferences is x(n) < (>)1/(0(n) — 1).2> Analogously, we can write
V(s;n) = V™(1)/s = v(n) /s, with ¢ (n) = dlnv(n)/dInn, and the sufficient
condition for excess (insufficient) entry becomes @ (n) < (>)1/(0(n) — 1).

In the case of Translog preferences we actually have:

1 1 1
V(s;n) = S oxp "N faon’y—n ,

with
1 1 1

=—<—= .
2y7n  yn e —1

¢ (n)

This shows that the free-entry equilibrium number of firms under monopolistic
competition (46) is characterized by excess entry, as can be verified comparing
it with the optimal one:

EL 1\? 1
ey =4 (=) - —. 2
! 2 (47) 4y (52)

A fortiori the number of firms is further away from the optimal one moving to
Bertrand competition and even more when moving to Cournot competition.
In case of Generalized Leontief preferences we obtain the following expression
(see Appendix C):
n—1

Vi(sin) = S (N=T1)’

25Tn addition, it can be shown that €™ takes a particular simple expression in the case of
homothetic preferences, given by nUZ (¢)/U (¢).
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with

~ 1 21

) = n—1 "n—2 -1
showing that again excess entry occurs with imperfect competition. The optimal
number can be computed as:

n' = — (53)

where n is given by (47).
Let us move to the Generalized linear preferences, which imply:

U(z;n) =nz(n—1+D).

Since n
n €

j— n —

x(n) = n—1+b < n—24+2 1—e’
excess entry occurs under monopolistic competition when the markup is de-
creasing in the number of firms (b < 1) and insufficient entry arises otherwise
(b > 1). Indeed, the optimal number of firms can be computed as:

n=n- =, (54)

where n is given by (48).
In the case of quadratic direct utility we have:

U(z;n) =nz [a—g(’wrnn)}

and entry is generally inefficient.?® Finally, under Generalized quadratic prefer-
ences we can derive (see Appendix D):

N — 2
nbn% — alNs.

whose maximization implies that excess entry arises always under free entry.2”

V(s;n) =—

5 Conclusion

We have characterized imperfect competition with demand functions derived
from symmetric preferences, discussing some general results and new exam-
ples. The symmetric equilibrium markups depend on the elasticity of substitu-
tion/complementarity between goods, which corresponds to the demand elas-
ticity perceived by firms under monopolistic competition, and can be derived

26See Ottaviano and Thisse (1999) and Nocco et al. (2014) on a related analysis with
quasilinear preferences.
2TIndeed, the free entry equilibrium implies (p — 0)2 = %p, while using the zero profit
constraint n = (p — ¢)EL/pF, the optimum solves:
—apF
x— 0
4(p — ¢)bL

Since p > ¢/2 it must be that p > p*.

ma p,

with FOC (p* — ¢)? = %%

23



directly from the direct or indirect utility function. Our examples show that
a rich set of competitive/anticompetitive effects can arise when the number of
varieties changes, or there is endogenous entry. Notably, in the latter case,
three well-known classes of preferences (namely, directly and indirectly addi-
tive preferences, and homothetic preferences) partially neutralize the impact of
individual income, market size and marginal cost on the equilibrium markups.
In the general case, on the contrary, all these do affect the equilibrium values.
Finally, the free-entry equilibrium can exhibit either excess or insufficient entry
with respect to the optimal market allocation.

Future research could apply this setting to reconsider a number of industrial
organization issues, such as the welfare properties of the different equilibria,
the impact of mergers or the role of market leaders and strategic commitments
with endogenous market structures (see for instance Etro, 2011). It would also
be interesting to introduce endogenous sunk costs to generalize the result by
Sutton (1991) on the non-monotone relation between market size and number
of firms (see also Vives, 2008). Finally, in terms of applications, the framework
we propose could be used to investigate the robustness of the results generated
in trade and macroeconomic models by the standard monopolistic competition
cum CES preferences.?8
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Appendix

A: Properties of Symmetric Functions

Let us consider a twice-differentiable function y = f(x):
f:RY —R.
We say that f is symmetric with respect to its arguments x if

fx)=f(Px), VxVP, (55)

where P is a permutation matrix. The symmetry of f imposes some symmetry
also on its derivatives. Define:

0 0?
fix) = gi:() and fi; (x) = 8:6{8(;?’

i,7 = 1,...,n. Differentiation of (55) with respect to x yields, in matrix notation:

Df(x) = P'Df(Px).
Since P is orthogonal, i.e., P’ = P!, we obtain:

PDf(x) = Df(Px), VxVP, (56)

which shows that the gradient of a symmetric scalar function is itself a sym-
metric vector function. Similarly, differentiating (56) with respect to x yields:

PD?f(x) = D*f(Px)P,

ie.,
PD?f(x)P' = D*f(Px), Vx,VP. (57)
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(56) and (57) imply that:

fi(x) =g (@i, x—i),

where ¢, which does not depend on i, is symmetric with respect to x_;.
Indeed, it can be also proved that

fi(x) = g (2i,x), (58)

where g is symmetric with respect to x. The formal argument for this additional
result was kindly provided by Giuseppe Savaré, of the Department of Mathe-
matics of the University of Pavia. A skecth of the proof follows. First, for each
symmetric function f(x) it holds that

f(x) = f(S™ (%)), (59)

where f is unique and well defined and

m

Sh (x) = Z H Lig, (60)

0<iy <... iy <m k=1

with m = 1,...,n. Notice that each of the n functions S}, is symmetric, and
that any x is associated to a specific 8™ up to a permutation. Second, since:

k
Syt (x—i) =Y _(-1)2!Sp; (%),
=0

J

where S{ = 1, it follows that:

g (i, x_) =7 (2,87 (x24)) = g (25,%), (61)
where ¢ is symmetric with respect to x.
B: Cournot and Bertrand symmetric equilibria

Let us consider the “primal approach”, based on the inverse demand system
s(x). The Cournot equilibrium is found by direct calculation. To find the
equilibrium under Bertrand competition we must obtain the elasticity of the
direct demand from the inversion of the inverse demand system, which in matrix
notation is implicitly defined by pA (x) — f (x) =0, where f; =U",i=1,...,n
and A (x) = —p™ (x). By the Implicit Function Theorem we have:

BDpx(p) = —A(x)1, (62)

where I is the relevant identity matrix and

oA %) (oD 0,
, P~ Gn e Pigh, o
B =pDy\ (x) — Dif (x) = ,
ON _ Ofn O\ _ Ofn
Pn oz oz < Pn oz, oz,
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9y Oz, |

Op1 ' Opn
Dpx(p) = and —A(x)I=| ... .. ..
dzp Ozn 0 —-A
I
Consider now the symmetric equilibrium where p; = p, ©; = =x; apl = A\,
g@% = fu, 53:—' = fm, p = z; and 8—“ = xz;; are all the same (i # j).
Assuming pA; — fi; # 0, matrix B snnphﬁes to:
Xi — fii o PN — fij Fii— for
B= = (p)\z — fl]) |:LLI— fJ :|
pXi — fij o pp — fu K

where ¢ is the relevant unit vector. Applying the Sherman-Morrison formula®®
to invert it, we have:

i phi—fij 1, 1 pNi—fi
o1 i = fijy Fum s T i

pAi — fij f — fij 1—ybcliy,

L i fid

[ [P)\i*fij:|2

— 1 f’L_]I fm f’»]
pAi — fij f —fii 1 nbslu
i% ij

1 fzJ :|
- I+
fiiffij |: fiiiflj ( flj)
(which requires 0 # fi; — fi; # n (pAi — fi;)), where 1 is the relevant unit matrix.
Since:

 mil A [ pAi — fij }
Dpx(pt) AB fii = fij I+fii*fij*”(p)‘i*fm)1 ’

we get immediately:
Ori A Ni — i ]
Opi  fii— [ij fii = fij —n (PN — fi5) ]
where A = nfiz/E, ph; = E (n— 1)f1]z+f”z+f1 _ (n— l)f”x+f”z+f1, phi — fij =

nxT

M, fii— fij—n (p)\ — f”) L. This proves the second equality
in (13).

{1 + (63)

29The Sherman-Morrison formula says that:
A-lxy’A-1

N1 _ A—-1__
(AJer) =A 1+yIA71X7

if A is invertible and 1 +y’A~1x # 0: see Sherman and Morrison (1950).
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Let us consider the “dual approach”, based on the direct Mashallian demand
system x(s). The Bertrand equilibrium can be found by direct calculation. To
find the Cournot equilibrium we must obtain the elasticity of the inverse demand
from the inversion of the direct demand system, which in matrix notation is
implicitly defined by xu (s) —g (s) = 0, where we simplify notation with u (s) =

p" (s). By the Implicit Function Theorem we have:

ADys(x) = —pu(s) L,

with
xl% — %‘% I‘lgs‘u: - gé%
I
A =xDgu(s) — Dsg(s) = .
x, 21 _ Ogn x, 28 _ Odn
”Dsl 651 ”Dsn asn
0. 0.
o g ue 0
Dys(x)=| ... .. .. and —p(s)I=
Osp Osn. _
ors v o 0 H
Consider now the symmetric equilibrium. Assuming zp; — ¢;; # 0 we g
THi = Gii - T — Gij Gii — Gij <]
A= = (CL‘/LZ- — gij) [Lbl—x%{]: .
Ty — Gij - Tl — Gis Fi = 9ij |
Using the Sherman-Morrison formula we get:
A-l— _ 1 {IJF T — Gij 1]
9ii = Gij 9ii = 9ij — 1 (xp; — gij)

which requires g;; — gi; # 0 and gi; — gij # n (xp; — gij). Since:

e Al w(s) T — Gij
Dys(x) = —p(s) A [I+gii _gij)1:| 7

9ii — Gij — gij —n(zp;

we get immediately:
9si(x) __p(s) [1 N Thi = Gij ]
Oxi  Gii — Yij 9ii — 9ij — n(xp; — gij) |’
which delivers the second equality in (11).

C: Generalized Leontief preferences

(64)

The so-called Generalized Leontief (Diewert, 1971) homothetic expenditure

function corresponding to (20) is given by:

E(p,U)=UY "> bi;ypip; =U/PByP

i=1 j=1
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where to achieve symmetry it is assumed that b;; = b > 0 and b;; = b, ¢,5 =
1,...,n, 1 # j, and N is the total number of conceivable varieties, to be kept
constant. Without loss of generality, we can further normalize b = 1. Then:

x(p.U) = DpB(p,U) = U (V5) BB, (67)

N
=V

where z;(p, U) is the compensated (Hicksian) demand of variety 7 and the sym-
bol ~ denotes vector diagonalization. Notice that b does not enter the Jaco-
bian Dpz(p,U), and thus the regularity conditions it has to satisfy (negative-
semidefiniteness). However, if all prices are the same x;(pe, U) = U b+ (N — 1)],
which suggests the condition (N —1)b > —b.

Finally, the value of b may be crucial to account for some variety not being
available for consumption, because not offered within the market. Notice that
using (67) one can write (in matrix form):

E(p,U) =U\p'Byp = p'x, (68)

as it has to be by homogeneity and Shephard’s Lemma. Now, let us partition

the varieties into the set I of varieties actually consumed, i = 1,2,...,n, and

the set J of varieties not available, j =n + 1,n+2,..., N , with p! = [p1,...p,],
BII BIJ

p?! = [pp+y1,.--pN], B = [ BT B }, and similarly. By (67):

xJU(J/?)I[ B/ B | /5=,

requiring
VP/ = - (B) T B/p! (69)

if B’ is invertible. However, B’/ can be written as

1
BJJ = (1 7@) [man,Nn - INn,Nn:|

where I is the relevant identity matrix. Since 1nx_,, n—, has eigenvalues (N —n)
and zero, B’ has eigenvalues (N —n — 1) +b and b — 1, and it will then be
invertible if (N —n — 1) # —b # —1. Since

(@) [
U(ﬁ)l[BH B/ |

. (BJJ)_l BJI\/I?

B
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we obtain

—

—1
En(p’ Un) _ pI/XI _ U'npll (\/?) [ BII BIJ }

2
— (B7) B /pl

= Un\/?/[ BT B! ] _ (BJJ)\/{)_;JI\/I? ]

_yn [\/IFIBII\/Ei \/Ij’BJJ (BJJ)*l BJI\/IF}
By ge \/IVI [BH _Bl (BJJ)—l BJI} Vp!
—U"/pT AP,

where A = |B/! — B!/ (B‘”)_1 B‘”} is a simmetric matrix and n is the num-

ber of available varieties.

Notice that B!/ = B/Y = 1,, y_,,, where 1, y_,, is a (n, N —n) matrix
with unit entries, and B”” is a (N —n, N — n) square matrix whose diagonal
elements are equal to b and extradiagonal elements are equal to 1. Since:

B/ 1y _, =[(N—=n) = 1+Db1y_n =ANy_,

has the obvious solution A = (N —n — 1) + b, then B’ has a unit eigenvector
associated to the eigenvalue N —n — 1+ b. Accordingly, its inverse has a unit
cigenvector associated to an eigenvalue given by [(N —n — 1) + 5] ", From this
we can compute:

1

JNtpnsr_ L
(B™) B - (N—-n—-1)+b

1N—n,n
and

BIJ (BJJ)*l BJI — Nj\;:q+b1n,n

Since B! = 1, — (1 —-0)1,,], it follows that:

A — BI_BU (BJJ)—l B/ — Lom — (1= b) L] — %Lw
- #}1%1% — (=BT,
Accordingly,
gy—g= QDN -—n+l G —a— _b-t
N—-n—-1+0b N—-n—-1+0b
Notice that the final normalization b = —(NN — 2) satisfies all our assumptions.

In particular, b < 0, (N — 1) > —b and B”” is a negative definite matrix.
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D: Generalized quadratic preferences

Consider the following indirect utility function:

N N N
V:ZZﬁUSzSJ —ZOZJ’SJ', (70)
j=1

i=1 j=1

where to achieve symmetry it is assumed that o = «, 38;; = 8 and 3, = §,
i,j = 1,..,mn, i # j, and N is always the total number of potential varieties.
Accordingly, V(s) = s’3s—as, where s = Zjvzl sj. Notice that:

B=B1non — (B—B) Inan = (B— ) ﬁlNzN —Inen

since 1y,n has eigenvalues N and 0, the eigenvalues of 3 are then given by

(N —1)3+ B and 8 —p3. Since:

DV(s) = 2Bs—ar DZ2V(s) =283,
oV l
aSL) = Q;Bijs—a:% [ﬁ—i—(N—l)ﬁ] —a,

where ¢ = 1y, to satisfy the conditions of monotonicity and (quasi-)convexity
of V we assume that o > 0, and that 3 is a positive semidefinite matrix. In
particular, we assume that (N — 1) > — 3, 8 > 3, 8 > 0 and restrict attention
to the case in which at >23s. We obtain:

DV (s) aL—20s

x(s) = DsV(s)'s - _25’,857011/5 (71)

with
V(st)=Ns{s[(N-1)8+p] —a} <O0.
Let us partition the varieties into the set I of varieties actually consumed,
i =1,2,...,n, and the set J of varieties not available, j =n+1,n+2,.... N |

I glJ
with s/ = [$1,-.-8n], st = [Snt1,..Sn], B = [ ﬁJI IBJJ
that, by (71), x?/ = [0] requires aL:2[ g’ g’ ]s =2 (Q‘HSI +,@JJSJ>,
implying:

] , and similarly. Notice

s — % <ﬁJJ>_1 " — <ﬁJJ>_1511517

since 877 = (Bfé) [(_5%)1(1\’—“)%(1\’—@ I(N_n)x(N_n)} is invertible (and

positive definite) under our assumptions. Moreover:

B = (5-5) [ﬁ (Nn)l] .

32



and thus 877 has a unit eigenvector associated to the positive eigenvalue /3 (N—n-1)+
-1

. This implies that (BJ‘]> has a unit eigenvector associated to the positive

eigenvalue 1/ [5 (N—-n-1) +ﬂ. Since 71 = BL(N—n)an We get:

o [% - o] (ﬂJJ)*lb - 6(N%nﬁi 50 (72)

which identifies the choke-off (normalized) prices of the N — n unproduced va-
rieties as functions of the (normalized) prices of the n varieties actually offered
in market. Using (72) yields:

I 1J I I
o = spncnet 1[0 8 )[5 ][ 2]
I 1 1J J I
= [s" 7] { g}[:[j:gJJSSJ } —av { :j ]

:SI/,BIISI+SI/,61JSJ+SJ/,6JISI+SJ/,6JJSJ—QSI—OZSJ

Ly
BN=-n-1)+0

= s"B"s'—asl +2(N —n) s’

(3-5)
B(N-n—-1)+8

3 - 051

+ (N =n) BN-n-1)+5

a(N —n)

(n—N) (3 6T)

gl I T
s'B s —as! + 5(N*n*1)+ﬁ

or:
(n—N) (& +52§2) —as! (8- B)
B(N-n—-1)+p8 '

Let us normalize § = —b < 0, § = b(N —1). Then all our assumptions are
satisfied and we reach the indirect utility:

V(s) =s!'Bs! + (73)

n n

N-nao?2 N-n —2 aNs!
_ o - I~ _
Vhs) = Y03 Bugsisy St ST ST ()

i=1 j=1

which endogenously depends on the number of provided varieties and their
prices.
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