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1 Introduction

In an influential paper, Rothschild and Stiglitz (1976) (henceforth, RS) analyze a competitive in-
surance model with private risk information. Their most important conclusions are: (i) competitive
equilibrium need not exist and (ii) when it does, there is a unique set of separating contracts that
arise.

The goal of this paper is to provide an exhaustive game-theoretic analysis of their model. We
follow Dasgupta and Maskin (1986) in modeling competition as a simultaneous offers game with
finitely many firms. The agent has private information about having high or low risk of accident. For
this game, Dasgupta and Maskin (86, Theorem 5) established existence of (at least) one symmetric
equilibrium, possibly in mixed strategies. However, little is known about the properties and potential
multiplicity of equilibria.

The findings of this paper are threefold: (i) it establishes uniqueness of the symmetric equilib-
rium, (ii) it solves explicitly for this equilibrium and (iii) using the characterization result, it derives
properties and comparative statics of the equilibrium.

The first part of the paper focuses on pure strategy equilibria. We characterize the conditions
under which the RS separating contracts are an equilibrium outcome of the game. It is shown that
the most attractive deviation by a firm is always a new pair of separating contracts. Instead of
considering all potential menu offers, one can focus on a critical set of separating contracts that
generate zero expected profits in the market as a whole. The RS separating contracts fail to be an
equilibrium if and only if there is a pair of contracts in this critical set that strictly attracts both
types of agents. This requirement reduces to a local condition at the RS pair of contracts, which
states that the prior probability of low-risk agents cannot be too high. This condition is new, as
well as the characterization of the critical set of deviating pairs of contracts.

The competitive equilibrium concept considered in RS is different from the (game-theoretic)
equilibrium concept considered here. Nevertheless, the RS pair of contracts is an equilibrium out-
come of our game if and only if it is an equilibrium of the RS original model, provided that entering
firms are allowed to propose pair of contracts.! Therefore, we provide exact characterization of
equilibrium existence in the RS model. This condition is not related to pooling deviating contracts,
as usually described in the literature.

We show that the RS pair of contracts is the unique equilibrium outcome, when firms play pure
strategies. Therefore, any equilibrium involves mixed strategies whenever the RS pair of contracts

cannot be sustained.

'In the definition of competitive equilibrium used in RS (Section 1.4), outside firms are only allowed to offer a
single contract. RS acknowledge that it might be profitable for an entering firm to offer a new pair of contracts that
generates positive total profits in the market (Section II.3). However, their equilibrium concept does not take this
into account (allowing a deviating firm to offer several contracts). This is a problem, since we show that the most
profitable deviation is always a pair of contracts. We believe that the competitive equilibrium definition should take
these deviations into account.



Even though equilibrium necessarily exists (Dasgupta and Maskin (1986)), there is no explicit
construction of equilibrium valid for any prior distribution over types. In Section 4, we explicitly
describe the strategy profile that constitutes the unique symmetric equilibrium, for any prior distri-
bution over types. Naturally, if the RS separating contracts are an equilibrium outcome, equilibrium
dictates that all firms offer these contracts.

If the RS separating contracts fail to be an equilibrium outcome, the equilibrium involves each
firm randomizing over the set of critical contract pairs mentioned before. Offers in the support
of equilibrium strategies have the following properties: (i) high-risk agents always receive a full
insurance contract; (ii) low-risk agents always receive partial insurance, which leaves the high-risk
agent indifferent between this contract and his own; (iii) all the menus of contracts in the support
of the equilibrium strategy are ranked by attractiveness. The firm that delivers the most attractive
menu of contracts will attract the customer, no matter what his type is. Equilibrium offers present
cross-subsidization: they make a loss if the agent is high-risk and a positive profit if he is low risk.
Moreover, firms always earn zero expected profits. In fact, each firm earns zero expected profits for
any realization of its opponents’ randomization. (The expectation is over the agent’s type.)

The characterization of the equilibrium distribution of offers comes from a local condition that
guarantees that, for any menu offer in the support of the equilibrium strategy, there is no local
profitable deviation. We show that this condition implies there is no global profitable deviation by
any single firm.

The equilibrium described is the unique symmetric one. Our uniqueness result hinges on showing
that any symmetric mixed equilibrium features offers distributed in the same support. We do this
by showing that an offer that delivers higher utility to high-risk agent also delivers higher utility
to a low-risk agent. This result, coupled with a zero profits result, implies that equilibrium offers
have to lie in the critical region of zero expected profits separating contracts analyzed before. These
results reduce the region of possible equilibrium offers to a one-dimensional object. On a technical
note, this uniqueness proof strategy is non-standard in the literature.

Exploiting our explicit characterization of the equilibrium, we analyze two relevant comparative
statics exercises: with respect to the prior distribution and the number of firms. With respect
to the prior probability over types, equilibrium offers have monotone comparative statics. If the
probability of low-risk agents increases, firms make more attractive offers, in the sense of first order
stochastic dominance (FOSD). Both agent types are better off. This means that, in a large market,
a better composition is beneficial to all agents.

Equilibrium strategies also feature monotone comparative statics with respect to the number of
firms, N > 2. The support of the equilibrium strategies does not change with the number of firms,
but the distribution does. Welfare of both types decreases with the number of firms, a surprising
result. The reason for this finding is: the distribution of the best offer among N — 1 firms does

not depend on N, which implies that every single firm makes worse offers as N increases. Hence



the distribution of the best offer in the market decreases (FOSD) with N. However, it converges,
as N — oo, to the equilibrium offer of a single firm in a duopoly. Each firm’s offers converge to
the worst pair of offers in the support, namely the pair of RS separating contracts. This result
clarifies the impossibility of construction of mixed equilibrium when there are infinitely many firms
and sheds light on the non-existence results for the competitive equilibrium concept considered in
RS. All comparative statics are strict whenever the equilibrium involves mixed strategies.

Finally, equilibrium strategies are continuous with respect to the prior belief. More specifically,
equilibrium outcome converges to the complete information outcome as the prior converges to the
extreme points. When the probability of low risk agents converges to one, offers converge to mass
point at actuarially fair full insurance allocation of the low risk agent. When the probability of
low risk agent is sufficiently small, the RS pair of contracts are an equilibrium and almost all types
consume the actuarially fair full insurance allocation of the high-risk agent.

Several papers have considered alternative models/equilibrium concepts that deal with non-
existence problem in the RS model. Maskin and Tirole (1992) consider two alternative models:
the model of an informed principal and a competitive model in which many uninformed firms offer
mechanisms to the agent. In the informed principal model, the agent proposes a mechanism to
the (uninformed) firm. The set of possible equilibrium outcomes always includes the RS pair of
contracts. The equilibrium set consists of all incentive compatible allocations that Pareto dominate
the RS allocation. This means that the unique equilibrium outcome distribution in our model is
always contained in the equilibrium set of the informed principal model.

Maskin and Tirole (1992) also consider a competitive screening model in which finitely many
firms simultaneously offer mechanisms to a privately informed agent. A mechanism is a game form,
in which both the chosen firm and the agent choose actions. The equilibrium set of this model
is always large: it contains any allocations that are incentive compatible and satisfy individual
rationality for the agent and firms. Hence the equilibrium set always contains the unique equilibrium
outcome distribution of our model. The distinguishing feature of their model is the richness of the
strategy set. A firm might react to moves by its opponents by offering a mechanism that contains
a subsequent move by it. In equilibrium, a firm can respond to a “cream skimming” attempt by
an opponent by choosing to offer no insurance, if the mechanism allows for such move by the
firm. In essence, their model does not contain a single simultaneous offer by the firms. The sharp
contrast of their equilibrium set characterization to our uniqueness result illustrates the relevance
richness assumptions regarding the mechanisms considered. In our model, firms are allowed to
simultaneously offer menus of consumption contracts, that cannot be subsequently modified.

More recently, two more alternative models have been proposed. Dubey and Geanakoplos (2002)
and Dubey, Geanakoplos, and Shubik (2005) consider a general equilibrium model in which agents
trade shares of pools that combine the endowment of many agents. In their model, equilibrium

always exists and it coincides with the separating contracts presented in RS. Guerrieri, Shimer, and



Wright (2010) consider a competitive search model, in which the chance of an agent getting a given
insurance contract depends on the ratio of insurance firms offering and agents demanding it. They
also show that equilibrium always exists and reduces to the Rothschild and Stiglitz pair of contracts
in the two-types case. Both models have uniqueness results that depend on different sets of belief
refinements (on pools that are never traded or contract options that are not offered in equilibrium,
respectively).

An older literature deals with notions of reactive equilibrium that ‘solve’ the problem of existence
of equilibrium. For example, Wilson (1977) restricts deviating contracts to be attractive, even after
the incumbent firms are allowed to remove some of their contracts from the market. Riley (1979)
allows incumbent firms to propose new contracts after a deviation. In these papers, equilibrium
contracts might present cross-subsidization, as in our equilibrium.

Rosenthal and Weiss (1984) present an analysis of a competitive version of the Spence model
that shares several common feature with ours. They characterize a mixed equilibrium of the model,
whenever a pure equilibrium does not exist. They analyze comparative statics with respect to the
number of firms as well, which are similar to ours.?

An important feature of the equilibrium characterized here is that the distribution of offers
and the agent’s welfare depend on the prior probability of types. Offers get strictly better as the
probability of the good type becomes large. In other words, the market composition of types matters
for offers and welfare. In case different types have different outside options, this model allows for
interesting adverse selection effects.

This phenomenon is absent in most of the literature. In Rothschild and Stiglitz (1976), the
equilibrium is prior independent whenever it exists. We show that the restriction to prior probabil-
ities for which competitive equilibrium exists is meaningful, since it is also the region for which the
prior is not important for outcomes. Dubey and Geanakoplos (2002) and Guerrieri, Shimer, and
Wright (2010) obtain equilibrium existence results that generate the RS separating contracts as an
equilibrium outcome for any prior. This leads to a discontinuity of the equilibrium at the perfect
information case in which all agents have low risk and there is efficient provision of insurance.

The paper is organized as follows. Section 2 formally describes the model. Section 3 discusses
existence and uniqueness of pure strategy equilibria of the game. Section 4 describes a specific
symmetric strategy profile and shows that it is an equilibrium. Section 5 shows that the constructed
equilibrium is the unique symmetric one. Section 6 presents the comparative static results discussed

above. Finally, Section 7 concludes and the Appendix contains the more technical proofs.

2They mention the existence of similar results for a special case of the Rothschild and Stiglitz model in a working
paper that is not available.



2 Model

A single agent faces uncertainty regarding his future income. There are two possible states {0,1}
and his income in state 0 (1) is yo = 0 (y1 = 1). The agent has private information regarding his risk
type, which determines the probability of each state. For an agent of type ¢t € {h, [}, the probability
of state 1is p;. Assume that 0 < p; < pp < 1. This means that the h-type agent has higher expected
income (and lower risk). The prior probability of type ¢ is denoted u;. Define p = yp; + pnph-
There are N identical firms ¢ = 1,..., N which compete in offering menus of contracts.

We assume that the realization of the state is contractible. A contract is a vector ¢ = (cg, ¢1) €
Ri that denotes the final consumption available to the agent in case any of the states is realized.
Contracts are exclusive, as in Rothschild and Stiglitz. A menu of contracts is a compact subset of
Ri denoted M. The set of all compact subsets of Ri is defined as M C oRL A special case of a
menu of contracts is a pair of contracts. We will show later that we can focus without loss on pairs
of contracts, with each one of them targeted for one specific type.

Timing is as follows. All firms simultaneously offer menus of contracts M? € M. Nature draws
the agent’s type according to probabilities y; and up. After observing his own type ¢ and the
complete set of contracts M, ..., MY the agent announces a choice a € |J; (M* x {i}) U {0}. A
choice a = (c,i) indicates that contract ¢ € M? is chosen from firm 4, while choice a = () means
that the agent chooses to get no contract (and will maintain his own income).

A final outcome of the game is (./\/ll, oy MYt a) (everything is evaluated before the income
realization is revealed). Given outcome (Ml, e MYVt (e, z)), the realized profit by firm j is zero,
if 7 # ¢, and otherwise is

H(c|t)=p(1—c1)—(1—pt)co.

The agents have instantaneous utility function w (-), which is strictly concave, increasing and

continuously differentiable. Finally, the utility achieved by the agent is
Ule|t)=pu(er) + (1 —pe)u(co).

Given outcome (/\/ll, oy MYt (Z)) the realized profit by all firms is zero and the utility achieved
by the agent is U (y | ).

A (pure) strategy profile is a menu of contracts for each firm (/\/l’)Z and a choice strategy for
the agent, which is a measurable function s : {h,l} x (x;M) — (R% x {1,..,N}) U0 such that
s (t, (M7),) € U; (M x {i}) U {0},

A mixed acceptance rule is a Markov kernel?

s:{h,1} x (x;M) = A[(RL x {1,...,N}) U 0]

3The Markov kernel definition includes the requirement that, for any measurable set A C Ri x {1,...,N}, the
functions (t,/\/ll, .A.,MN) — s (A | t, M*, ...,MN) is measurable.



with the restriction s (¢, (M"),) [U; (M* x {i}) U{0}] =1 (with abuse of notation)

A mixed strategy profile is a probability measure over menus of contracts ®; for each firm i
and a mixed acceptance rule s.* A mixed strategy profile defines a probability distribution over
outcomes in the natural way, expected profits are defined by integrating realized profits across
outcomes according to this probability distribution.

° This means that (i) each firm i

The equilibrium concept is subgame perfect equilibrium.
maximizes expected profits, given the strategies used by its opponents and the acceptance rule by

the agent and (ii) the agent only chooses contracts that maximize his (interim) utility, i.e.,

j t, (M), Ulcl|t
(c,i) € supp (s (¢, (M )Z)) = c € arg cEUfn/\?l%(U{y} (c|t),
and

0 € supp (s (t, (/\/ll)l)) =U(yl|t)> CEIS?.}/\(/liU(C | ).

The optimization problem faced by the agent always has a solution because the set of available

contracts, |J; M U {y}, is compact.

3 Pure Strategy Equilibrium

In this section, we analyze existence and uniqueness of pure strategy equilibrium of the game. First,
we introduce some notation that is important in the subsequent analysis.

First of all, since firms, as it turns out, “compete away” all profit opportunities, they offer a
set of contracts that break even in the market as a whole. Also, the [-type will always receive a
full insurance allocation (i.e., ¢; = ¢p) while the h-type will receive a partial insurance allocation
(i.e., 1 > ¢p) that provides some insurance while screening for h-types. This implies that the set of
contracts that arise in equilibrium lies in a restricted locus, which we characterize now.

For any k € [p;,p], we define v (k) = (71 (k), 7 (k)) to be the partial insurance contracts that
could be offered to the h-type together with full insurance offer (k, k) to the I-type. These offers leave
the [-type indifferent between the two contracts (otherwise the firm could offer a more profitable

contract to the h-type) and generate zero total profits, if these are the most attractive contracts

*We endow M with the Borel sigma algebra induced by the open balls in the Hausdorff metric. We will only use
two properties from this sigma algebra: (i) it contains any single contract and (ii) the function that leads to the best
available utility to a I-type (h-type) agent must be measurable.

°In this game, perfect Bayesian equilibrium is outcome equivalent to subgame perfection. Considering a game
tree in which the firms act sequentially, each subgame perfect equilibrium has a corresponding PBE with the same
strategy profiles and firms’ beliefs, about the earlier firms’ play, given directly by equilibrium strategies. Notice that
the agent, moving last, sustains perfect information because he knows all the offers and his type as well.

In this game, the concept of Nash equilibrium allows the agent to behave “irrationally” to sets of offers off the
equilibrium path. This enables many additional “collusive” equilibria. In fact, we can sustain any individually
rational allocation as a Nash equilibrium outcome.



available to both types. Formally, we define the following (set-valued) function v : [p;,p] — oR% by

Ule|l)=u(k);
v (k)= qee R, | upll(c| h) + m (p— k) = 0;
c1 2 ¢p.

Lemma 1. For any k € [p;,p|, v (k) is a singleton, that is, there exists a unique ¢ € R% such that
cev(k).

Proof. Let us define ¢ = sup {c1|3cp such that U (¢ | 1) = u (p;)}. The strict concavity of w implies
that ¢ > 1 (¢ = oo is possible). Consider the path ¢ : I = [0,w] — R? that starts at (k, k) and
moves along the indifference curve of U (- | I) by increasing cy, i.e., 11 (t) = k+t (w = o0 if { = 00).
Let total profit generated by point ¢ in the path, when the I-type consumes (k, k) and the h-type
consumes ¢ (t), be denoted as 7 (t). We know that 7 (0) > 0 because k < p. If ( < oo, continuity
implies that

7 (w) < pppp (1 —¢) < 0.

If ¢ = oo, it follows that lim; o m (t) = —o0. Therefore in both cases continuity of m (¢) implies
that there is ¢y such that 7 (t9) = 0. It also follows from concavity of u (-) that 7’ (¢) > 0 for all
t > 0, which means that 7 (tg) = 0 for at most one point . O

From now on, we will refer to 7 (-) as a single-valued function. The locus of {~ (k) | k € [p;,P]}
is illustrated in Figure 1.

RS characterize a unique pair of contracts that can arise in a competitive environment. This
pair of contracts is separating, provides actuarially fair full insurance allocation to the I-type and
partial insurance to the h-type. Since this pair of contracts generates zero total profits, they can be

described through the v function. We define them formally.

Definition 1. The Rothschild-Stiglitz (RS) contracts are the pair

(CRS’Z, CRS’h) = ((pr,p0) sy (m)) -

First, notice that the key condition for the existence of pure strategy equilibria in this model
relates to . Assume that all firms offer the RS pair of contracts. The best possible deviation from
the separating RS equilibrium is not a pooling contract, but another separating pair of contracts.
The reason is that whatever utility is being obtained by the [-type individual can be provided with
lower cost by also offering a contract with the certainty equivalent consumption for this type. This
second contract does not interfere with the choice of the h-type agent, since he has a preference
leaned towards partial insurance contracts (compared to the I-type). The condition under which
there is no profitable deviation is that there is no profitable separating deviation that offers a “no

risk” contract to the [-type. This is equivalent to the statement that there is no pair of contracts



that contains a risk free contract for the low type and partial insurance contract (to be used by the

high type) that breaks even and attracts the high type with strictly higher utility.

¥ RS Contracts

Indifference |

0\-\‘\2'
o N

kel

C1
Figure 1: The v (+) locus and the RS contracts

We say that the RS contracts are an equilibrium outcome if there is an equilibrium such that

all possible equilibrium outcomes involve type [ choosing contract ¢

or type h choosing contract
cBSh - The next lemma shows that the RS are an equilibrium outcome if and only if there is no

k € [p;,p] such that the menu offer {(k, k),~ (k)} attracts both types of agents.

Lemma 2. The RS contracts are an equilibrium outcome if, and only if
Uy (k) | ) U ("5 | h),

for all k € [p;,p].

Proof. (if) Consider the following equilibrium: (i) all firms offer pair of contracts (¢!, ¢5h) | (i)

type ¢ accepts contract chSt (

from any firm) whenever it leads to the highest attainable continuation
payoff (we are making a restriction on the indifference points) and (iii) otherwise, t-type agent’s
choice s is any arbitrary selection from his best response set. First notice that all firms make zero
profits.

Given that utility level U (p; | 1) is always available to the I-type, there is no offer that generates

profit from this type. Now consider an alternative offer of single contract ¢ that attracts and makes



profit out of the h-type, i.e., U (¢ | h) > U (¢/®" | ) and I (¢| k) > 0. By construction of the RS

contracts, this means that U (¢ | 1) > U (c#5! | 1) and the I-type accepts the new offer for sure.
The most profitable overall offer that offers ¢ also includes u=! (U (€| 1)) = k, the certainty

equivalent of ¢ to the [-type. By offering {E, (E, %) }, the firm attracts the h-type (who accepts

¢) and minimizes the loss from the acceptance of the I-type (who accepts (7.5 %)). But then both
¢ and 7 (E) - <71 (E) 0 (E)) are on the l-indifference curve containing (7.5 75) and U (€| h) >
U (B0 | h) > U (7 (E) | h). This means that & > 7 (?%) and & < 70 (75) which implies that
TI(¢| h) < TI (v () | k). Therefore the total profit obtained by offer {E, (75 7.5)} is

1 (pz—E>+uhH(5!h)<m (pz—E)+uhH<7<75> \h) =0,

by definition of ~y ().

(only if) Consider k € (p;, p) such that U (v (k) | h) > U (c¢/*" | ). Notice that, U (y (k) | 1) =
u(k) = U(y(k)|h) > wu(k). Therefore, we can find ¢ > 0 so that U (v (k) — (e,e) | h) >
max {U (™" | h) ,u (k)}. Now consider offering the pair of contracts ((k, k) (v (k) — (¢,))). This

contract is accepted by the A-type for sure and generates strictly positive profits. O

This deviation is illustrated in the shaded area in Figure 2. Notice that in the plotted example,
there is no pooling deviation, but the RS contracts still cannot be sustained as equilibrium outcome.
The inexistence of a pooling deviation follows from the fact that any contract that generates higher
utility to the h-type than ¢ to the right of the h-type indifference curve, generates a loss when
offered to both types since it pays more than contracts on the zero expected profits line.

Understanding equilibria in the competitive insurance model depends on the properties of 7 ().
More specifically, we must understand for what region of [p;, p| the function U (y () | k) is increasing,
since this is the region of potentially profitable deviations (in the case of pure equilibria) and is crucial
to the analysis of mixed equilibria as well. The next lemma implies that this function increases in

an interval. In the case where the RS contracts can be sustained, this interval reduces to the point

bi.
Lemma 3. U (v (+) | h) is strictly quasi-concave on the range [py, D). In particular, it is single-peaked.
Proof. In the Appendix. O

Define k to be the peak of U (y(-) | h) on [p;,p]. Lemma 3 establishes the existence of a well
defined peak. Notice that the RS contracts are an equilibrium outcome iff & = p;. We shall define

the set R to be the relevant range, i.e.,

R = [pl,ﬂ .

10
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Figure 2: Deviating offers to h-type

Lemma 3 implies that finding improvements in utility along the 7 (-) curve amounts to the
existence of local utility improvements around k& = p;. This yields a necessary and sufficient condition
for the existence of pure equilibria that depends on local variation around ¢f*9.

As k increases, the allocation provided to the I-type agent, namely (k, k), is more attractive and
generates a higher loss. Therefore, by definition, the profit generated by allocation ~y (k) increases
with k. However, the utility obtained by the h-type from 7 (k) might increase with k because the

RS,h

allocation ¢ is inefficient.

Corollary 1. The RS contracts are an equilibrium outcome if, and only if,

u/<cRS,l> 1 N 1 <Ml[1—pz _pl] (1)
! (cf”s’h) ! (C(I)%S,h> T pn L 1=pn  Dn
U (y(k)|h)

<0. O

Proof. Follows directly from 5% ’k
=pi

This result gives us an exact characterization, in terms of primitives under which the RS pair of
contracts can arise as an equilibrium outcome in our model. This characterization, as well as the
focus on the set of contracts defined by the « function, are not present in the literature.

It is worth mentioning that the competitive equilibrium concept considered by Rothschild and

Stiglitz (1976) is different from ours. They define a competitive equilibrium to be a pair of contracts

11



that generate nonnegative profits and leave no possibility of profits by an outside firm (Section
[.4). It is easy to check that the primitive condition under which the RS pair of contracts is a
competitive equilibrium coincides with the condition under which it is an equilibrium outcome in the
game considered here. Therefore our paper presents an exact condition for competitive equilibrium
existence in the competitive insurance model of Rothschild and Stiglitz. This condition complements
the classical analysis of the model, and demonstrates that the focus on pooling deviating contracts
to illustrate the equilibrium existence problem (as in RS) is misleading.

We have characterized necessary and sufficient conditions for the implementation of the RS
pair of contracts as equilibrium outcome. Therefore, we know that equilibrium leads to different
equilibrium outcomes whenever condition (1) fails. The equilibrium existence result of Dasgupta
and Maskin (86, Theorem 5) implies that there always is a symmetric equilibrium of this game,
potentially involving mixed strategies by the firms. We show that mixed strategies are also neces-
sary to equilibrium whenever RS contracts cannot be sustained as an equilibrium outcome. This
follows since any equilibrium that involves pure strategies by the firms generates as outcome the

RS contracts.

Proposition 1. In any equilibrium in which firms play pure strategies, the agent of type t € {l,h}

RSt

accepts contract c with probability one.

This result allows for (potentially) mixed acceptance rule by the agent and asymmetric strategies.
This result implies that, whenever (1) fails, any equilibrium will necessarily involve mixed strategies
by the firms. Indeed the equilibrium constructed in Section 4 is mixed whenever (1) does not hold,
and in Section 5 we show that it is the unique symmetric equilibrium of the game.

Proposition 1 differs in two dimensions from the uniqueness of competitive equilibrium in Roth-
schild and Stiglitz (1976). First, this paper considers as potential menu offers any compact set
of contracts, while Rothschild and Stiglitz consider fixed contract consumed by each agent type.
Second, the assumption of a finite number of firms seems to leave open the possibility for collusive
equilibria with positive profits. An outside firm would offer a new contract as soon as there is a
chance to earn positive profits in the market. In the example of a duopoly, the existence of a profit
opportunity does not mean that one of the firms can profitably deviate: they have to consider the
effect of a deviation on consumers already attracted to their menu. Proposition 1 deals with these

issues.

4 Complete Equilibrium Characterization

The goal of this section is to characterize a (potentially) mixed symmetric equilibrium of the game.
Whenever condition (1) is satisfied, which means that the RS contracts are an equilibrium outcome,
the equilibrium constructed coincides with the standard pure strategy equilibrium characterized in

the literature. However, whenever condition (1) fails, and there is no pure strategy equilibrium of

12



the game, our equilibrium features mixing among a continuum of pairs of contracts that generate
zero expected profits.

In the first part of this section we assume that N = 2. We show, in the end of this section, how
to adjust the equilibrium to the case N > 2.

The equilibrium has the following feature: every firm mixes over menu offers
M" = {{(k, k), (k)} | k € R}.

We define the menu offer M* = {(k,k),~ (k)} as k-offer, since the offers in the strategy support
are parametrized by k € R. The distribution over k-offers is smooth with distribution given by
k — F (k) (and density f(:)). Call any equilibrium in this class a smooth equilibrium. The
equilibrium structure is illustrated in Figure 3, where the support of contract pairs is shown, as well
as the region R of possible I-type consumption.

We complete the description of equilibria as follows: the distribution F' has to be such that there
is no local gain from making an offer around the offer M*, for any k € R. This is the local condition
established in Definition 2. Below, we will consider a special kind of deviations: alternative pairs of
contracts that generate the same utility for the [-types, but change the utility delivered to h-types.

This first order condition determines the complete distribution of offers.

X RS Contracts
== Support of mixed strategy
M Possible pair of contracts

Indifference |

Figure 3: Mixed equilibrium
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However, we still need to check that there are no global profitable deviations. This is done by
checking that the marginal loss of moving away from the prescribed contract is increasing. This
completes the proof that the strategy profile proposed is (part of) an equilibrium.

The intuition behind the local deviation we will consider is as follows. Since both types have
different preferences, we can construct a perturbation around offer {(k, k),~ (k)} altering the con-
tract targeted to the h-type such that (i) the new offer is not more attractive to the I-type and
(ii) it increases the utility offered to the h-type. The trade-off between the original offer and the
considered perturbation is that the new offer, delivering higher utility the h-type agent, is accepted
with higher probability while generating less profits whenever accepted. The following equation

implies that, at the optimal contracts, these two margins are balanced:

-1

b Pn

p () prn ' (70)

for any k € R.

The gain from higher acceptance depends on the mass around point k and the profit obtained
at this point, so that f (k)II(v (k) | h) is present in the LHS of the ODE. The cost of offering a
lower profit contract depends on the total probability of the offer being accepted, H" (k), which is
represented in the RHS of the equation. The remaining terms are the distortion factors that pin
down by how much h-type utility and profits change, since the perturbed offers have to leave the
[-type indifferent.

Definition 2. Define F : [p;, k] — [0,1] as as a smooth equilibrium distribution if it is a solution
to the ODE (2) with condition F' (k) = 1.

After rearranging, the ODE becomes

f(k) _
W_¢(k)’ (3>

where we define

[3U(7(k’)|h)} [(17271) 1 (=pu) 1 }
_ ok o u (1) prn ' (70)

¢ (k) =
|

(5 — Loma [ 11y (k) | )

Y2 Ph

Lemma 4. The ODE (3) has a unique solution. Moreover, F' is given by

k
F (k) = exp [_/k ¢ (2)dz
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F' puts no mass at point py, i.e.,

F(p) = 0.

Proof. Integration of (3) implies that

1="F (k) =F (k)exp

/:gb(z) dz] .

Finally notice that II (v (k) | h) = 5—2 (k —p;). This means that ¢ (z) is of the order of k%pz

around p;. Then we know that

k
lim ¢ (2)dz = oc.
k—>pl+ k
This implies that F' (p;) = limkﬁp? F (k) =0. O

We extend the definition of the distribution function F (-) as follows. Whenever R = {p;}, it has
total mass probability at the point {p;}; and whenever R = [pl, ﬂ is a nondegenerate interval, it is
the solution to the ODE (3) in the interval R, extended as F' (k) = 0, for any k < p;, and F' (k) =1,
for any £ > k. Now we are in a position to state the main result of this section, characterizing

equilibrium in this model. The proof of this proposition constitutes the rest of the section.

Proposition 2. There exists a symmetric equilibrium such that: (i) every firm randomizes over
MPE with distribution over offers M¥ given by F (-), (ii) after observing menu offers (Mkl,/\/lk2)

with k; > k; the agent chooses according to

s(l, (/\/lkl,/\/l’”)) = (ki ki),
s (hy (M M=) =y ().

After observing offers that are not of the form (./\/lk1 ) ./\/lk?), the agent chooses any arbitrary selection

from his best response set.b

Clearly, in the strategy profile described above, the agent is always choosing a contract in his
best response set. Now we need to check that there does not exist a profitable deviation by a single
firm.

We only need to consider menu deviations of the form {{u=' [U (¢ | )], ¢} | (c| h) > 0 and ¢; > cp}.
As argued before, any offer that attracts the h-type with positive probability (which means it de-

chSh | h)) and makes positive profits will necessarily attract [-types with

RS, ‘ l)

livers utility at least U (
positive probability (they receive utility as low as U (c in equilibrium). This means that
the cheapest offer that menu offer ¢ to the h-type involves offering the certainty equivalent of ¢ to

the I-type, i.e., u= [U (¢ | 1)]. This pair of contracts minimizes the loss from the I-type potentially

SWith the restriction that s is still a mixed strategy, as defined in Section 2.
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accepting a contract offer from the menu. From now on, we denote deviating menu offers by ¢, the
consumption level that targets the h-type agents.

We proceed as follows: (i) characterize, for each utility u;, the h-type allocation ¢ that maxi-
mizes revenue within {c | U (¢ | 1) = w;}; (ii) show that any offer that delivers consumption k& € R
to the I type is worse than the equilibrium offer M¥, and (iii) show that offers that involve offering
k ¢ R are not optimal.

Fix a consumption c for the high type, and let w = U (c | [). We will consider the marginal rev-
enue gain from moving along the l-indifference curve {¢’ | U (¢’ | I) = u} by increasing consumption
of good 1 by € and reducing consumption of good 0 by £ (¢). This amounts to increasing the utility
offered to the h-type, so that he accepts the new offer with higher probability, but in case this offer
is accepted it generates less profits.

This function & (+) satisfies

Ullco=€(e),crte) | L) =Ulc| L) =, (4)

which implies o
where ¢© = (¢g — € (¢),c1 + €).
Let us define H" () to be the distribution function of highest equilibrium utility delivered to
the h-type, i.e.,
H" (U (v (k) | b)) = F (k).

The profit from offering such an allocation is

Profit from 14 pp Pr[U (¢ | h) < U (¢ | h)]II(c¢° | h),

HMU (cf[R)]

where ¢ is the random h-type offer drawn according to equilibrium strategy F'.
Notice that whenever U (¢ | h) € (U (v(p) | h),U (v (k) | h)] = U%, the expected profit func-

tion is smooth and differentiable. The derivative of this function by € at e =0 is
[0 1 10) [+ 21— )
(1 —pi) v’ (co)

/ b uf (C ) /
+ k™ [U (e | h)] [phu (c1) — m (1—pp)u (co)] I (c|h)

pr 1 _ __DPh 1
€ 1— u’ (e 1— u (¢
= (1= )l (ex) HP U )] +hw£éhi”[ o (31 w0
HA[O(c[n)] |T-pn) — (-pr)| - \€
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We will denote this function as M (c¢). This function describes the marginal gain from a firm
offering a new consumption that increases the utility of ~A-types, while maintaining the same expected

profits from the [-type agents.
Remark. The ODE (3) is defined so that M (y(k)) = 0, for any £k € R. This means that, by

construction, there are no local from deviating offer ¢°.

The following lemma shows that the local condition implies global conditions. For example, if
an offer ¢ delivers utility U (c | 1) € U to the I-type and utility U (c| h) < U (v (k) | h) to the
h-type. This implies that 71 (k) > ¢;. Lemma 5 implies that M (¢) > 0, which means that offers
that deliver higher utility to the h-type are more profitable. Since this is true for any offer that
generates utility lower than U (v (k) | h) to the h-type agent, offer ~ (k) is better than any such

offer.

Lemma 5. Consider consumption allocations ¢, cP such that U (cA | h) =U (CB | h) cUE, 0’14 >
C{B and M (CA) > 0, then we have that
M (cB) > 0.

Similarly, if we find ¢4, cP such that U (CA | h) =U (CB | h) c UR, 0‘14 < 0119 and M (CA) <0,
then we have that
M (CB) < 0.

Proof. Follows directly from equation (5) defining M (c). O

Lemma 5 shows that the local conditions imposed by the definition of distribution F' are enough
to guarantee that no global deviation exists. Therefore, we have shown that no firm has a profitable

deviation.
Lemma 6. At the strategy profile described in Proposition 2, no firm has a profitable deviation.

Proof. We index offers by the consumption level it generates to the I-type and the level of utility it
generates to h-type. An offer (k,u) is an offer that includes (k, k) for the I-type as well as another
offer ¢" to the h-type such that U (¢" | h) = w and U (c" | 1) = u (k).

1) First, consider k € R.

1.a) Offering (k,u) with u < U® is not attractive because it generates a loss by the I-type and
generates zero out of the h-type (he never accepts this offer).

1.b) Offering (k,u) with u > U* is less attractive then offering (k:, max UR) (also accepted with
probability 1 by the h-type and generates more profit).

1.c) Offering (k,u) with u € UR but u > U (y (k) | h). Call the corresponding offer to the high
type ¢*. In that case there is an on-path offer <l§:, Eh) with E}f < c?. Then from Lemma 5 we know
that

M (&) =0= M () <o.
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This means that there is a strict gain from reducing wu.

1.d) Offering (k,u) with u € U® but w < U (v (k) | ). By a symmetric argument from (1.c) we
can see that M (ch) > 0, and therefore it is optimal to increase wu.

This means that for & € R, the best offers are indeed of the form (&, (k)).

2) Now let us consider offering k£ < R. In this case the only offers that attract the h-type with
positive probability generate a loss (view graph).

3) Consider offers with £ > R.

3.a) Offering (k,u) with v < U®. In this case all the I-types accept the offer and none of the
h-types accept it, so a loss is made for sure.

3.b) Offering (k,u) with u > U®. The I-types accept this offer for sure, as well as the h types.
However, we know that U (v (k) | h) < u. So this offers generates an ex-ante expected loss.

3.c) Offering (k,u) with u € UR. Call the implied offer to the high type c¢". In that case there
[

an on-path offer c" |with E? > ciL. Then from Lemma 5 we know that

M (&) =0= M () >0

Since this is true for any v € U, we know that, for a given k > R, the best available offer
is (k,max U R) that gets accepted with probability one by both types. However, we know that
U (v (k) | h) < maxUP®, and this means that this offer makes an expected loss as well. O

The case N > 2

In the analysis of the duopoly case, we have shown that we can find a distribution over the set of

menu offers

M = {{(k,k),y(k)} | k € R},

such that each of the firms finds it equally optimal to offer any menu offer {k,~ (k)}, for k € R.
This support M has the following special property: U ((k, k) | 1) = u (k) and U (v (k) | h) are
both strictly increasing in k, for £ € R. This means that if firm ¢ = 1 faced two firms 2 and 3
that were choosing menu offers {(k, k),~ (k)} according to continuous distributions Fy and F3, the
relevant random variable for firm 1 is ko3 = max {kg, k3} which determines the only relevant threat
to their offers. The distribution of this variable is given by F' (k) = F (k) F2 (k). This allows us to

adapt the arguments above, by interpreting —i’s offer as the best offer among N — 1 firms.

Proposition 3. In the game with N firms, the following is a symmetric equilibrium: every firm

randomizes over M with distribution over offers M¥ given by F; (), where
Fi (k) = F (k)¥-1.

The choice strategy s is the same as established in Proposition 2.
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The equilibrium described has the following properties. First, whenever there is randomization
(which occurs if condition (1) fails), ties occur with zero probability: there is always a firm that
offers M*: such that k; > max;»; kj. The agent gets a contract from this firm, independent of which
type is realized. If the type is [, the agent ends up with contract (k;, k;). If the agent is of type
h, he chooses contract v (k;). Second, whenever the pure equilibrium with the RS contracts exists,
R = {p;} and the support of strategies reduces to the RS contracts.

The equilibrium is continuous on the prior up, and the equilibrium outcome converges to the
perfect information outcomes as the prior converges to the extreme values 0 and 1. It also presents
monotone comparative statics with respect to the number of firms. These comparative statics are

discussed in more detail in Section 6.

5 Uniqueness

In this section, we prove that the equilibrium described above the unique symmetric equilibrium of
the game.

Our proof strategy is as follows. First, our first result in this section characterizes some basic
properties of any symmetric equilibrium, namely, that all menu offers are essentially equivalent to
a pair of offers and that all firms have zero expected profits. Then, we characterize the distribution
of utilities obtained by each agent type implied by the offer distribution. We show that such
distribution has no gaps and no mass points, except for the utility levels generated by the pair of
RS contracts.

Finally, by looking at local optimality conditions at the equilibrium offers of the same nature
as in Section 4, we are able to show that, relative to a fixed on-path offer, offers that are more
attractive to the h-type agent (by generating higher utility) are necessarily more attractive to the
[-type agent. This special ordering of the equilibrium offers, together with zero profits, implies that
the pairs of contracts that arise in equilibrium lie in the region M* characterized in Section 4. The
reason for this result is that, given equilibrium offers, any firm either delivers the most attractive
offer for both types or it is unattractive for both types. Zero profits implies then that the firm must
break even (in interim terms) in both these situations. After showing that the support of offers
has to contain the whole set M%, uniqueness follows from uniqueness of the solution of the ODE
determined by local deviations.

We define a symmetric equilibrium as an equilibrium strategy profile (¢1,...,¢n,s) such that
¢1 = ... = ¢n. Notice that our definition of symmetric equilibrium allows for acceptance rules by
the agent.

Now, we state our first characterization result for symmetric equilibrium. The proof is presented

in the appendix.

Proposition 4 (Necessary conditions). Consider a symmetric equilibrium. For any menu M € M
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offered on-path, the following hold:

(i) there is only one contract, namely ¢, that is accepted with positive probability by typet € {1, h},
(ii) firms earn zero expected profits,

(iii) profits obtained from l-type agents are always nonpositive, i.e., 11 (CM’Z | l) <0,

(iv) IL (M| h) > 0, which means that M lies in a compact set, and

(v) I-type agents only accept full insurance allocations and are indifferent between ™t and MP,
1.€.,

ML M
and

U (cMJ | z) —U (d‘“ | z) .

Dasgupta and Maskin (1986) have a similar characterization result.” Their result states that
conditions (i)-(v) hold in any equilibrium of this game, focusing on the case N = 2 and on symmetric
acceptance rules by the agent. Therefore, in comparison with their result, ours is more restrictive,
by focusing on symmetric equilibrium, while more general in allowing for N firms and (potentially)
non-symmetric acceptance rules.

It follows from condition (v) in Proposition 4 that we can index all offers by the allocation offered
to the h-type, ¢ (the l-type will be offered a full insurance allocation that makes him indifferent).
Denote as ¢ as the offer made by a fixed firm in equilibrium, which is distributed ®according to ®.

Mt = maxeepm U (| ). Also, denote as H' the implied

For any menu offer M € M, define u
distribution over utility available to type ¢t € {l,h} from N — 1 offers distributed according to ¢

(being offered by all opponents of a given firm). Formally

N-1
H' (u) = [(b{MGM]uM’tSut}] .

We will also denote H® as a general measure (instead of a cumulative distribution), in those
cases we use notation H?A for the measure of set A implied by H®.

We start by showing that, whenever mass points exist on this measure, they will be concentrated

in one specific point. We start by looking for mass points in the utility offered to the I-type.
Lemma 7 (I-utility mass points). Suppose H' {ug} > 0, then ug = u (p;).

Proof. Suppose that we have H'{up} > 0 for some ug > wu(p;) (firms only make losses on ).
Consider an offer ¢ on the support of ® and firm 4 such that: (i) U(c|l) = up and (ii) if the

opponent is offering something that delivers u; = ug, then his ¢ offer is accepted with at least %

"For a formal statement of their claim and the proof, the reader is directed to a working paper that is not available.
83 is the distribution of ¢*" implied by ¢, the equilibrium distribution of menus.
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probability. So profits are at most

{1 (~00,00) + 1! (w0} 3 | [ =™ (U (e )]

R (U (¢ | W)L (e] h),

but by offering ¢+ ¢ (1, —K) for some K € ( ( lfg')(ucll()co), - ZL):’) (:,1()00)> attracts more h-types and less

I-types, so that when ¢ > 0 is arbitrarily small the firm gains
puH' (—00,uo) [pr —w™ (U (¢ | )] + pnH" (U (¢ | b)) T (¢ | h),

which is strictly better than offer c. O
Now we characterize mass points on the utility offered to the h-type.

Lemma 8 (h-utility mass points). Suppose H" {ug} > 0, then ¢ € supp(®) AU (c|h) = ug =
II(c|h)=0.

Proof. Suppose that we have H" {ug} > 0. Then we can find an offer ¢ € supp (®) and firm i such
that: (i) U (¢| h) = wo, (ii) II(c | h) > 0 and that (iii) if the opponent is offering something that
delivers up = ug, then his ¢ offer is accepted with probability less than 1 by h. So profits is strictly

less than

pH' (=00, U (| 1) [t —u™ (U (e | )] + pnH" (ug) I (c | h),

but by offering ¢+ ¢ (1, —K) for some K € ( (ﬁlpul')(i/l()co), . f};:):/)(uc’l()co)) attracts more h-types and less
I-types, so that when e arbitrarily small the firm’s expected profit is approximately this. So there

is a profitable deviation. O
Using these two statements together, and also the fact that firms get zero expected utility in
equilibrium, informs us about what can arise in equilibrium.

RS,

Corollary 2 (Allocation mass points). The only possible point mass in ® is ¢35 =~ (p;).

Proof. 1f there is a mass point of ® at ¢, this means that H' {U (¢ | 1)} > 0 and H" {U (¢ | h)} > 0.
By the lemmata above we then know that U (¢ | I) = u (p;) and that I (¢ | h) = 0. v (p;) is the only
allocation that satisfies this (with ¢; > ¢p). O

Given this consequence, we can also establish that there is only one mass point for the utility

of h-type.

Corollary 3. Suppose H" {ug} > 0, then uo = U (v (p;) | h).
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Proof. Consider ¢ € supp (®) such that U (¢ | h) = up. Following Lemma 8, we know that II (¢ | h) =
0. But for a given ug, there is only one allocation ¢g that attains utility ug and generates zero profit.
So this means that H" {ug} > ® (¢). We know that the only mass point of ® is v (p;). O

We have proved that there are no mass points besides the RS allocation. Now we also must

establish that there is no gap in utility levels.

Lemma 9 (No gap). There is no gap in the H" distribution, i.e., if there exist ug < uy such that
H" (ug) = H" (u1) < 1, then H" (ug) = 0.

Proof. Suppose that we can find such ug and u; as in the lemma and such that H” (ug) > 0. Consider
the offer that delivers u “right above” the gap (which means that H" (u) — H" (ug) is arbitrarily
small). Reducing this offer by (9, ) strictly increases profits (it might reduce the probability that a
[ type accepts it and it almost does not affect the probability that a h-type accepts it). O

Since the menu offer MF must always generate zero profits, the support of equilibrium utilities
must contain U (v (k) | h), the upper bound of U = {U (v (k)) | k € R} (defined in Section 4). If
the utility obtained by the h-type agent is always uniformly below this level, an offer slightly less

attractive than MF generates positive profits.

Lemma 10. For any e > 0,
H" (U (v (k) | h) —¢) < 1.

Proof. Offering ~ (E) and k for the h and [-types, respectively, generates zero expected profit if
those are the best offer for both types. If the statement in the lemma fails, for some § > 0 small, we
could offer ¢ =~ (maxU®) — (6, % (9)) such that U (¢ |l) = u (k) that generates more profit out
of the h-types, which means that it generates strictly positive expected profits (even if the [ type

accepts his offer for sure). O

We denote the support of H" by D = [u,u]. We know it is an interval by lemma 9, we also
know that u > U (v (p;) | h)? and that @ > max UF. Let us denote also Dy = (u, ] (which excludes
the potential mass point). We know that it only has (potentially) a mass point at U (7 (p;) | k) and
is continuous otherwise. We know then that H” is differentiable almost everywhere (Lebesgue).
When differentiable, let A" denote its derivative.

Lemma 11 (Local optimality). If ¢ € supp (®) and H" is differentiable at U (¢ | h) € Dy, then it

9This follows since any offers have to generate no profit from I-types, which means that U (c|1) > U (p; | 1) for
any ¢ € supp (®); and any offers generate no losses from the h-type, which means II (¢ | h) > 0 for any ¢ € supp ().
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satisfies

, P _
B UM Gy v e ~ T =) o (@)
Ph Y2

+hh[U(cyh)][(1_%)—(1_@) II(c|h)=0. (6)

1 Dh 1]

Proof. Similar to the derivation of condition (5). Consider offer around ¢ that delivers same utility
level to I-type and changes utility offered to the h-type. Notice that for ¢’ close to ¢, u; has no mass
point at U (¢ | 1), since otherwise U (¢’ | 1) = u (p;) and max {U (¢ | h) | U (¢ | 1) =u(p)) AN1I(c | h) <0} =
U (v (). m

A direct corollary of this Lemma is that, for all such utility levels, there is at most one offer that

delivers this utility in equilibrium.

Corollary 4. Suppose U € supp (Hh) and H" is differentiable at U, then there is only one offer
x (U) € supp (®) such that
Ulc|h)=TU.

Proof. Same logic as proof of Lemma 5. The equality 6 cannot hold for two different points on the

same indifference curve of h-type. O

So we know how almost all levels of h-type utility uy are “delivered”

(i) If there is a mass point at U (v (p;) | h) = u, then the only offer that delivers this is v (p;).
As for U > u, we know that for almost all U (Lebesgue) there is only one x (U) in the support of ®
that deliver this utility. But since H” is absolutely continuous with respect to Lebesgue measure,
for H" restricted to Dy (proved in Section 8.3), this means that for H"-almost all U > u there is
only one x (U) € supp () that delivers this utility.

(ii) If there is no mass at U (v (p;) | h) = u. By the same argument as above, we know that for
H"-almost all U, there is only one x (U) € supp (®) that delivers this utility.

The offer function x (.) is already pinned down and defined H"-almost everywhere. However we
must find a measurable extension of it to D. Consider A" (-) to be a measurable extension of the
derivative of H" over Dy (the Radon-Nikodym derivative). For any u € Dg let x (u) be the solution
to equation (6) (it always has a solution if H” (U') > 0). Also let x (U (v (p1) | b)) := v (p).

Intuitively, ® is generated by the following algorithm: draw U according to H= [H h] ﬁ, and
then offer y (U). Formally, ® = [H"] N x~! or @ is the push forward of the x (-) function.

Denote as 7 (Up, U;) as the expected profit of making offer that delivers utility U; to the [-type
and Uy, to the h-type (the two indifference curves cross only once, this means that 7 (-, -) is a well
defined function).
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Lemma 12 (Marginal gains). For any fized Uy > w(p;), 7 (-,U;) : Do — R is continuous and
differentiable almost everywhere (Lebesgue). Moreover, whenever it is differentiable, the derivative

18
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where ¢ is such that U (c|h) = Uy, and U (c|1l) = U;. Additionally, for any (U, Uyp) such that

Uy € Dy: U iA
h

7 (Un + A,Up) = m (Up, Uy) +/ M (u, Up) du.
Un

The first part of the statement is quite similar to Lemma 11, since we are considering the same
potential deviation at an equilibrium offer. The second part is technical, and is postponed to Section
8.3 (together with the proof of absolute continuity of H" (-)).

This next lemma states that differentiability only depends on differentiability of H”, so it is a
condition only in Up. It also states that local optimality has implication for global deviations, as in

Lemma 5.

Lemma 13. For anyu € Dy such that H" (u) > 0, if 7 (-, U)) is differentiable at u, then 7 (-,U; + A)
also is. The function M (Uy,-) is strictly increasing at (u,U (x (u) | 1)), for almost all uw € Dy.
Moreover, if A >0 and M (Up,U;) > 0, then

M (U, U+ A) > 0,
and similarly, if A <0 and M (Up,U;) <0, then
M (U, U+ A) < 0.

Proof. The first part of the lemma follows from the fact that differentiability of = (-, U;) reduces to
differentiability of H".

From Proposition 4, we know that for almost all offers ¢, ¢; > ¢g. Define the utility level delivered
by ¢ as (Uy,U;), and let ¢® denote the consumption level that generates utility (Uy,U; + A), for
types h and [, respectively.

Therefore, we know that ¢® satisfies % > 0 and % < 0. Also notice that, since ¢; > cg,
contract ¢® increases the insurance level offered to the h-type and keeps his utility constant. This

. . . dIl(cA|h
implies more profits, i.e., (dCAI ) > 0.
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By definition, the function M (Uy,-) is differentiable, and

dM (U, U + A)

dA
o A D) ()]
(1—pi) dA
pn (1= pn) H* [U (¢ | b)] n [ A :
KM U (c|h du’ (¢ dIi(cA|h
+imoa [ - ) T (A | ) o (o) D)
which is strictly positive. O

A corollary of this Lemma is the following. For a fixed utility level of the h-type Up, offers that
generate higher utility to the I-type present a higher marginal gain from h-type attractive offers.
The implication of these is that, in the set of optimal menu offers, higher utility to the h-type agents
have to be paired with higher utility offers to the [-type agent.

Corollary 5. The function U — U (x (U) | 1), defined over Dy, is non-decreasing.

Proof. Consider U 2 <U, ,1 in Dy. Assume, by way of contradiction, that
U=U(xU)10)>U(xU)|1) =0/

This means that -
ﬂ—(Uf%’Ull) _ﬂ—(Uf(L)7Ull) :/ hM(Z,Ull) dZZO

0
Uh

But then, by Lemma 13,

1 1
Ul U}

M (z,U7) dz > / M (z,U}') dz > 0.

0
Uh

(U, U) — m (UR, UP) = /UO
h

This is a contradiction with optimality of both (U,? , Ulo). O

Since the only mass point of the I-type utility is u (p;), which is only (potentially) generated by
offer v (p;), we know that the function x (-) is strictly increasing.

Lemma 14. The function U — U (x (U) | 1) (defined over Dy) is strictly increasing.
Proposition 5. All equilibrium offers lie in the set {~ (k) | k € R}.

Proof. Follows from the fact that the attractiveness of offers of both types increase together in the
support, which means that they have to generate zero profit if they are the most attractive offers
for both types. So we know that they lie in {7 (k) | k € [p1,p]}. The second part follows form the
fact that the utility delivered to both types has to increase together, which only occurs when k& € R

(see existence proof). O
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It only remains to be proved that D = [U (v (p;) | h),U (v (k) | k)], that is, the support is not
a strict subset of {7y (k) | k € R}.

Proposition 6. D= [U (v(p) | h),U (v (k) | h)].

Proof. Suppose that D = [U,U (v (k) | h)] for some U > U (y(p;) | h). Also let U; denote the

utility generated by the lowest offer. Then we can find allocation ¢ such that

U(d|h) > U;
U(d|h) < U
I(d[h) > o0

(We can accomplish this by considering ¢’ sufficiently close to x (U).) This offer generates strictly
positive expected profits. O

We only needed to fix the support, so that the ODE defining the distribution on Section 4 is
a necessary condition as well. The distribution F' defined in Section 4 is the only solution to the

ODE defining optimality of contracts on D.
Proposition 7. The equilibrium characterized in Proposition 2 is the only symmetric equilibrium.

Proof. Distribution F', characterized in Lemma 4 is the only function that satisfies (i) F (E) =1
and (ii) M (U (v (k) | h), (k,k)) =0, for all k € R. O

6 Comparative statics

Since the equilibrium construction is independent of the number of firms N and the prior distribution
over types (up, py), we are able to analyze the comparative statics with respect to these primitives
of the model.

6.1 Number of firms

First, consider the number of firms in the market. These results are reminiscent of the ones presented
in Rosenthal and Weiss (1984) for the Spence model. Since the distribution of the best offer among
any N — 1 firms is independent of N, it follows that as more firms are present in the market, each
firm will pursue a less aggressive strategy, i.e., with offers that are less attractive to both types of
the agent, in the sense of first order stochastic dominance.

Let F(™ denote the equilibrium distribution over k € R that defines the equilibrium distribution
over contracts {M" | k € R}.
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N+D  In case k > 1,

RS, _
- pl:

Proposition 8. The distribution FN) first-order stochastically dominates F(

(N)

the dominance is strict. Additionally, F\*Y) converges weakly to the RS l-type consumption c

as N — oo.
Proof. Just notice that
FN) = p ()~ < F (k)N = FINHD),
In case k > p;, there is continuous mixing over [pl,EL so that the inequality is strict for any
ke (pl,E).
Finally, if the distribution F' is a point mass at p;, the convergence of F(™ is trivial. In case F

is continuous on [pl,E], notice that for any k € (pl,E)
F (k)€ (0,1) = F (k)¥1 N1,

O

Since the utility provided by offer M¥ is increasing in k, for both types h and [, we know that
the utility delivered by a single firm decreases as N increases. However, for higher number of firms,
the agent is sampling a higher number of offers, so that the overall effect seems unclear. However,
since the distribution of the best offer among any N —1 firms is fixed, it follows that the distribution
of the best among N firms is lower (first-order stochastic dominance) and converges to F'. Let FN

be the distribution of max;—; . n k;, where each k; is distributed according to FWN),

(N+1)

Proposition 9. The distribution Y first-order stochastically dominates F . Moreover,

N _w F,

as N — oco.

Proof. Just notice that F(N) = (F(N))N = (F(N))]\F1 FWN) = FF(N) - Also, in case k > py, for any
k € (pi, k) we know that F' (k) € (0,1) and then

FN (k) = F (k) F™ (k) — F (k).

O

The consequence of the propositions above is that, when the RS pure equilibrium fails to exist,
the model with a continuum of firms cannot be simply taken as the limit of a model with N
firms, as N — co. The problem is that as the number of firms grow, each firm provides worse offers.
However, they get worse “slowly” so that the best offer among IV firms converges to a nondegenerate

distribution F. In the case of a continuum of firms, there is no way to obtain a nondegenerate
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distribution for the best offer among all firms with independent symmetric randomization across
firms.

An important characteristic of the mixed equilibrium constructed is that an outside firm, facing
equilibrium offers in the market, can obtain positive expected profits.

Consider the duopoly case. An outside firm (called firm 3) faces two competing offers (from
firms 1 and 2) distributed according to F', so that the most attractive competing offer is distributed
according to G = F2. If an outside firm considers any offer M¥*, for k € R, it would have zero
expected profits (by definition of v (+)). However, since firms 1 and 2 have zero expected gains from
the local deviation around M¥* described in (4), when facing competing offer distributed according
to F, firm 3 has a strict gain from such deviation around 7 (k) that attracts h-type agents with
higher probability.

It is quite surprising that firm 3, facing two competing offers distributed according to F', can
obtain higher expected profits than a firm facing a single competing offer distributed according to
F'. In most competitive settings, such as auctions, a player always benefits from less aggressive offer
distribution from its competitors. In this model, cross-subsidization between contracts means that
the relative frequency with which an offer attracts both types is the important feature.

Hence, in the market with NV > 2 firms the following is not (part of) an equilibrium: the first
N’ firms deliver offers according to equilibrium strategies of the market with N’ firms and the

remaining N — N’ firms are inactive, where 2 < N/ < N.

6.2 Prior Distribution

One of the main advantages of considering an extensive form version of Rothschild and Stiglitz’s
model is to obtain equilibrium existence for all prior distributions. Here we consider how equilibrium
strategies change with the prior probability of the A-type. The equilibrium distribution of offers
continuously changes with the prior distribution, converging to the RS contracts as pp — 0 (it actu-
ally becomes a pure strategy whenever condition (1) holds) and converging to the full information
full insurance offer (pn,pr) as up — 1. More specifically, this means that both agents benefit from
a better pool of agents. This result is in conflict with the ones obtained by Dubey and Geanakoplos
(2002) and Guerrieri, Shimer, and Wright (2010), who consider extensions of the Rothschild-Stiglitz
model. In both papers, equilibria generate the RS pair of contracts as final outcome for any prior
distribution. We will consider a fixed number N of firms, and we will define F(#*») as the equilibrium
distribution of offers by a single firm. Also, we will denote as Fen)
the best offers, i.e., the distribution of k = max {ky,...,kn}.

the equilibrium distribution of

Proposition 10. If uj > up, then Flh) first-order stochastically dominates F#n) and F(“h) first-
order stochastically dominates f(”h). When pup, — 1, then Fn) converges to a point mass at py,.
When py, — 0, then Fn) converges to a point mass at p;. Moreover, the function pj, — F#1) s

continuous (weak-convergence).
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7 Conclusion

In this paper, we consider a competitive insurance model in which a finite number of firms simul-
taneously offer menus of contracts to an agent with private information regarding his risk type.
We show that there always exists a unique symmetric equilibrium. This equilibrium features firms
offering the separating contracts analyzed in Rothschild and Stiglitz (1976), whenever they can be
sustained as an equilibrium outcome. When this is not the case, which occurs if the prior probability
of low-risk agents is too high, firms randomize over a set of separating pairs of offers. Firms obtain
zero expected profits in equilibrium.

The equilibrium features monotone comparative statics with respect to the prior over types and
the number of firms. As the probability of h-type agents grows, firms offer more attractive offers.
This shift is strict whenever the equilibrium involves mixed strategies by the firms. Regarding the
number of firms, the distribution of the best offer in the market and agent’s welfare decrease as it
grows. The distribution of the best offer converges to the mixed strategy of a single firm in duopoly.

The equilibrium is continuous with respect to the prior. As a consequence, equilibrium outcomes
converge to the perfect information allocation when the prior converges to both extremes. This
result is at odds with the usual analysis of the RS model that only focuses on the region of prior
probabilities for which a pure equilibrium exists, as well as some recent papers that modify the RS
model and obtain equilibrium outcomes that do not depend on the prior (see Guerrieri, Shimer,
and Wright (2010); Dubey and Geanakoplos (2002)).

Due to the implicit nature of the equilibrium construction, we are not able to obtain clear
comparative statics results with respect to preferences. Numerical exercises suggest that higher
constant risk aversion leads to more aggressive offers by the firms and reduces the set of priors for
which a pure equilibrium exists.

An interesting question is whether this equilibrium construction is possible for an arbitrary
number of types, because the equilibrium existence problem presented by Rothschild and Stiglitz
becomes more severe as the number of types increases. For the limiting case of a continuum of types,
competitive equilibrium never exists (see Riley (1979, 2001)). In the two types model considered
here, every optimal pair of contracts has to satisfy one local optimality condition, which is used
to characterize the equilibrium distribution. If there are n potential types, there are n — 1 such
local conditions. All of these conditions have to be simultaneously satisfied at any n-tuple offered
in equilibrium. In the case of two types, the region of offers is given by v and corresponds to the
pairs of separating contracts that generate expected zero profits and is a one dimensional object. In
the case of n risk types, it is a n — 1 dimensional object, namely tuples that provide full insurance
to the lowest type, leave any given type indifferent between his allocation and the next higher type
and generate zero expected profits. The first n — 2 local conditions characterize the one dimensional
region in which the randomization occurs. The local condition connected to the highest type would

characterize the equilibrium distribution. So far, we have no proof that this construction indeed
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works for the n types case.

The analysis presented here is important in order to better understand the classical results on
competitive insurance such as non-existence of equilibrium, uniqueness and the welfare impact of
private information.

However, there are issues with the interpretation of equilibrium in the insurance market when it
involves mixed strategies. The equilibrium presented in Rothschild and Stiglitz (1976) can be seen
as a stable set of contracts in a dynamic market. The analogous interpretation is problematic for the
mixed strategy equilibrium presented in this paper, since firms eventually “learn” their opponents’
policy menus. A systematic analysis of a dynamic competitive insurance model is important, and
fully understanding the equilibrium properties in the static model considered here are a key step in

this direction.

8 Appendix

Proof of Lemma 3. Continuous differentiability of w () implies that v is continuous and differen-
tiable. Just notice that

1—
WRRICET = TR

~p (1) = (=) 254 ()

and / [ PL !
, u' (k) + 4t oo’ (1)
0 (k) = / (=pn) 1 >0
(1= po) u' (y0) = pr==, v/ (1)
-1
— 1 1 -1
Therefore, for K = (13’;%) T ﬁlpl 7 (70) (1—p) " >0,

oU (v (k) | h)

% = put!’ (71) 71 (k) + (1 = pr) v’ (0) 75 (k)
W/ (0)+ £ G2 (o)
pzu'(ﬁ’l)*(lfpl)(lf};h)u/(ﬂ’o)

o) O Gy )

plu/(’Yl)_(lﬁizh)(l_pl)u/('YO)

prt (71)

— (I =pn) v (70)
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Now notice that

W (k+A) < (k)

1 1 1 1
w (i (k+A) (v (k+A)) u (v (k) (0 (k))
This means that w >0= w > 0. O

Proof of Proposition 10. Since we will consider variation in up explicitly, we will acknowledge de-
pendence of each variable on pu; through the notation, as in k'
First notice that, for each k € [p;,p], ¥** (k) is the solution v = (y1,70) (with 71 > 70) to the

following system:

1-— —k II h
Ay (i ) = (L= pn) [pr = K]+ pndl (v [ )
Uy [1)—u(k)
Then, since 887.#;1 is full rank and A; (-) is clearly continuously differentiable at (v, up, k), it follows

that v#» (k) is continuously differentiable in (up, k). It is simple to show that w > 0 and
%}L}flﬁ) < 0. From (7), we know that &'" is defined implicitly as the solution to the following
equation:
Ao ) = () | s = s = B ) [ 2 - P o,
u (v (k) u (v (R) ] g (I=pr) (A—=p)

But we already showed that v## (k) is continuously differentiable in (up, k), and therefore so is
5A2(k,llh) >
Opn,

0 that % > 0. Finally, we mention that As (Euh,uh> = 0 for all pup — (0,1) implies that

Ay. Since % <0, K" is continuously differentiable. Moreover, it follows from

lim,,, 1 = py (since in the limit both types receive a full insurance allocation that generates
zero expected profits).

Finally, notice that, after substitution, we have that

/ Ph 1 _ 1
<1_ph> (ﬂ) (k) Ty w' (™) “’(%’f”)]
Dh Dl _ (I—pp) P D }

Ih (I-p) (-p)

Bh () = 8
o |52 = G| T (e (k) | ) Y

For any (up, k) € (0,1) x [p,p], IL(v*» (k) | h) satisfies
(1 — pn) [ = K] + ppIL (v (k) | h) = 0. (9)
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This implies that W < 0. This implies that, for any k € [pl,ﬁuh} ,

aqsuh
Opn

> 0.

Now consider pj, > pp,. In case E"" = p; the result is trivial; otherwise we have from the ODE
(3) satisfied by [F(“h)]N_l, for any k € [pl,Eﬂh>

Fln) (k) N-1 5Hh / o
IR S — M, dz — Hh d
= (k)] | | eh@a- [ e
[ EH;‘L / E'uh /
= exp ” PH'n (z) dz —i—/k [(b“h (z) — M (z)] dz| > 1.

Monotonicity of Tl follows from the fact that ) [F (“h)] N

Now for a fixed pp, € (0, 1), let’s consider pp, ,, =" pp, monotonically. Monotone convergence

)

implies that for any k € [pl,E“h)

e

/k [0 (2) — ¢ ()] dz = 0.

And continuity of " implies that

E“h,n

/ P (2) dz — 0.
K
Therefore, it follows that, for any k € [pl,E#h)

Fun) (k)

*Fi(uh,n) © — 1,

as n — 00.

Finally, we will show that implies that F'(#») (k) — 0 for any k € [p;, pp]. We have already shown
that k" — p,. Now, from equation (8), it follows that for any k € [p;, ps], lim,,, 1 ¢* (k) = oo.
this follows because that (9) implies that II (v*» (k) | h) — 0 (the denominator converges to zero).
Also, for any k € [p;, pp), we have that lim,, 1 U (v** (k) | [) = u (k) so that

1 1

li - 0
it [ () (k)| T

otherwise we would have that lim,, ,; y** = 7 satisfied I (¥ | h) = 0 and 7; = 7, which implies
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¥ = (pn,pr)- (The numerator is bounded.)

Pointwise monotone convergence of ¢*» (k) implies that, for any k € [p;, pp),
KHh

/k o () dz 7 oo,

This implies that F») (k) = 0, for any k € [p;,py). The convergence result for pj, — 0 follows
trivially from Corollary (1). O

8.1 Proof of Proposition 1

Let the following be an equilibrium:
o Offers M7,..., M} € M,
e acceptance rule s : {I,h} x (x;M) = A (R% x {1,...,N}) u{0}).

Let s; (t,(M;);) € AR? as the the marginal probability of acceptance of firm i’s contracts, i.e., for

any measurable set A C R? it is defined as follows

si (A |t (Mi);) = s (Ax{i} [ £, (Mi),) .-

)

Expected profits for firm ¢, from offer M;, is the following

(M) = {/H(a )i (de | h,Mi,M_i)] T {/H(a 1) 5: (de | L, My, M)
= (M) + 7 (M)

Consequences of equilibrium as as follows. The acceptance rule always has to satisfy the follow-
ing:

c,i) € supp (s (t,(M;);)) = c € ar max Ulc|t).
(01) € supp (s (8. (M) = e € arg__ max U e

Firms maximize profits, i.e.,

T (Ml) > (Ml) ,

for all M; € M.

Define u" and u! to be the equilibrium utility delivered to each type. It is simply given by the
most attractive contract in (U;M;) U {(1,0)}, which is a compact set. Similarly define u? and u}
as the best utility available in M; for types h and [ respectively.

Lemma 15. For any i and t € {l,h}, w! (ﬂz) > 0. As a consequence, ul < u(p¢) for all i.
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Proof. By way of contradiction, consider firm i that has 7! (ﬂz) < 0 for t € {l,h}, so that
its contracts are accepted by the t-type with strictly positive probability in equilibrium. Since
; (ﬂz) > 0, we know that Trfc (ﬂz) > 0 for t¢ # t. First, this implies that in equilibrium the
probability that firm ig’s contract is accepted by t°-type is € > 0. Second, firm iy necessarily offers
h !

contracts that generate u” and u!, i.e., Uj = u" and uéo =u'.

Consider contract

¢ = argmaxII(c|t%)

ceRi
Ule|te) > u;
Ulc|t) <ul.

s.t.

Notice that IT (¢* | t¢) > Wf; (M;) > 0. Take any firm i1 # io. Equilibrium profits for firm 4; are at

most
Mte (1 — E) 11 (C* | tc) .

However, firm 4; can offer {c’}, where ¢ is close enough to c¢* such that: (i) U (¢ | t¢) > ', (ii)
U (d | t) <wu!and (iii) profits are sufficiently close to II (¢* | ), i.e.,
IL(d | t€) =TI (c* | t9) > —ell (¢* | t°).

Therefore, optimality of s implies that

Ty ({'}) > pe (1 — &) (" | £°).

Now we conclude with the main proposition.

Proposition (1). The equilibrium outcome is (CRS’Z,CRS’h), i.e., the only contract accepted with

positive probability by type t € {1, h} is 5,

Proof. First, define c*! as follows:

¢t = argmaxIl(c|t) (10)
ceR2

Ulc|t)>ub;
Ulel|t) <ul.

s.t.

Notice that II (c*’t ] t) > (MZ) > 0 for all ¢ and ¢.
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Suppose now that II (c*’l ] l) > 0. Take firm iy that has contract sold to I-type agent with

probability below % By single-crossing of preferences we can construct ¢® and ¢ such that: (i)

both types prefer the ¢ allocation to c*, i..e, U (c’h | h) >U (c*’h | h) and U (c’l | l) >U (c*’l | l);
(ii) types self select into their own contracts, i.e., U (c’t ] t) >U (c’tc | t) for ¢,t¢ € {l, h} and finally

(iii) contract ¢’ is close enough to ¢* such that

i [H (c’h | h) -1 (c*’h | h)] + [H (c’l | l) —-1I (c*’l | l)] > —%mﬂ (c*’l | l)
U
pnTl (c/h | h) — I (c’l | z) >

I1 (c*’h | h) + <1 - ]1]> 11 (c*’l

So that firm ¢y would have a profitable deviation.

) = m, (M)

An analogous argument works in case I1 (c*’h | h) > 0. Therefore we conclude that I1 (c*’t ] t) =
0 for both types ¢ € {l,h}. The construction of ¢** involves maximization (10) that has unique
maximizer. This means that the equilibrium outcome has to be such that only contract c*! is
accepted with positive probability by type t € {l,h}.

We illustrate three characteristics of the allocation ¢*t.

case that cik’h > cg’h. If cf’h < cg’h, then u™! [U (c*’h | h)] generates more profit then ¢**, a
contradiction. Second, we know that II (c*’h | h) = 0. Third, notice that U (C*’h | l) = u! because

this restriction does not bind in the maximization (10) then zero profit implies that ¢*"* = (ps,pp)

First, notice that it is necessarily the

a contradiction with Lemma 15.
We finally conclude that ¢! = (p;, p;). If this is not the case, then it follows from maximization
(10) that U (¢*! *h

curves implying that ¢! = ¢*". This is a contradiction with the zero profit condition for ¢** for

*,1

and ¢*" are on the same [-type and h-type indifference

h) = u/ and in this case ¢

both types. The fact that ¢*" leaves I-type agent indifferent between this allocation and (p;, p;) and

that it generates zero profits implies that ¢*" = ¢ft5", O

8.2 Proof of Proposition 4

Proof. Consider equilibrium offer distribution ¢ € A (M) followed by the firms and acceptance rule
s:{l,h} x (x;M) = A ((R% x {1,...,N}) U{0}).
Let s; (t,(M;);) € AR? denote the the marginal probability of acceptance of firm 4’s contracts,

i.e., for any measurable set A C ]Ra_ it is defined as follows

si (At (Mi);) = s (Ax{i} [ t,(Mi),) .

)

The expected profit firm ¢ obtains by offering M; is
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O pn [T (e | H) s; (de | h, Mi, M_)]
miMi) = /{ [T (e [ 1) si (de | 1, Mi, M ;)]

= (M) + i (M)

}d(xz’¢(Mi))~

The two implications of equilibrium are: (i) acceptance rule always has to satisfy the following,

c,1) € supp (s (t,(M;);)) = c € ar max Ulcl|t);
(e1) € supp (s (8. (M) = e arg_ max U (e

and (ii) firms maximize profits, i.e.,

/m (M) dd (M) > 7 (M),

for all M; € M.
Consider an on-path menu offer M € M. For t € {l,h}, define v = max{U (¢ |t) | c € M}
and Mt as follows (denote t¢ as type other than t):

MU = argmaxII(c|t) (11)
CGRQ+

Ulc|t) =uMt

Ulc|te) < uMt.

s.t.

Strict concavity of u (-) implies that the maximizer above is uniquely defined. Any contract
¢ € M accepted with positive probability by type ¢ generates (at most) profit II (CM’t ] t), since
it lies in the constrained set of the optimization problem. It will generate strictly less profits if
c# Mt

Also notice that, for any M, (CM’Z, cM7l) satisfies:

1. cf/t’h > coM’h and c{vl’l < coM’l;

2. for some ¢ € {I,h}, &M = ) and U (M) =U (M [ t) = M.

In the ensuing proof, we will also use the following fact: if (cl, ch) are the limit of a sequence of
pairs of contracts (CM"’Z, CM"’l) offered on path, then the pair (cl, ch) also satisfies these properties.

Part 1. Whenever a firm offers menu M, type t only accepts contract ¢t with positive
probability.

Suppose that II (cM’t
continuity, for any € > 0 we can find contracts (Ce’t,cﬁtc) such that: (i)Hce’t — cM7tH < ¢ and
[t = M| < e, (i) U (5t t) > max {U (MP]t),U (¢ [¢)} and (i) U (M [t) >
U (" [t9) > U (5| 1),

For a fixed firm i, let us define H! as the implied distribution of utility obtained by an t-type

t) > 0 and IT (cM’tc | tc) < 0. By single crossing, monotonicity and
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from offers M_;, distributed according to x _;¢. Similarly, the probability that an offer from firm
i is accepted by type t, given offer M, is denoted!® PiM’t. It follows from optimality of choice rule
s that

: t(, Mt Mt t( Mt

}Y%Hz(u —n)gpi §Hi(u )

As e — 0, total expected profit obtained by firm ¢ offering menu {cs’t, c“:’tc} converges to

utHf (uM’t) II (c t) + fge 11{]% ch (uM,tc _ 77) I (CM,tC | tc) ’
n

which is greater than the profits obtained by offer M. It generates strictly more profits in case

Mt is accepted with positive probability by t-type agent from firm 4.

an offer different from c
An analogous construction can be made for the cases (i) II (¢M* [ ) > 0 and II (¢M* | t€) > 0
and (i) II (M | t) <0 and IT (M | t€) < 0.

Part 2. Firms make zero profits.

Assume that a firm, namely 4, obtains expected profits my > 0. Define as u! the lowest utility

delivered to t-type agent in equilibrium, i.e.,
=inf{ueR|¢({MeM|uM <u})>0}.

We want to prove that there exists a pair of contracts (c', ¢ ) such that: (i) U (¢" | h) = u", (ii)
H(gh \ h) =0, (iii) Ql > QO, (iv) gll = g%) =u" ( ( b l)) (gl | l) > ul. We will prove
this statement separately for the two possible cases.

Case 1) H" (u") = 0. Consider sequence {M,, },, such that M,, € supp (¢) and H" (U (cM=" | b)) =

L (for n large enough). First notice that
1
mo = T (My) + 7t (M) < 7h (M) + —Ph- (12)

This means that almost all the profits will come from the I-type contract ¢M»!. Offering the

certainty equivalent allocation to the I-type must not be profitable, which means that

0 (1) 1o 0 (1)) 1) <80 (1)) (1) 2

which can be rewritten as (remember that the certainty equivalent allocation is always the most

profitable one, given a utility level)

0<H (U (cMml | l)) [H (u_l (U (cM"’l | z)) | z) I (cMml | l)} < %ph. (13)

10The probability PZ-M”5 may depend on the identity of the firm in a symmetric equilibrium, since the acceptance
rules by the agent might be asymmetric.
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Let (gl,gh) be the limit of any convergent subsequence of contract pairs. It follows that
11 (gh \ h) = 0. In case II (gh | h) > 0, by single crossing we can find allocation & close to ¢ such
that (i) U (¢" | h) > U (<" | h), (ii) U (é" | 1) < U (" |1) and (iii) IT(¢" | h) > 0. Also consider
allocation ¢ such that (i) U (¢l [ 1) > U (¢ 1), (i) U (¢L | h) < U (¢' | h) and (iii) || — || < e.
Offering pair (Ei,&h), for & arbitrarily small, generates profit strictly above my since the profit ob-
tained from [-type converges to my as € — 0 and the profit obtained form the h-type is strictly
positive, since H" (U (¢" | b)) IL (¢" | k) > 0.

Since, as shown, Q}f > gg. It follows that ¢ is the unique contract such that (i) generates zero
profit, i.e., II (¢ | h) = 0, (ii) generates utility u”, i..e., U (¢ | h) = u" and (iii) has partial insurance,
i.e., c1 > ¢o. Also, since the allocation ¢ generates profits, we know that Q}f > Qg, otherwise the
agent of type [ would the full insurance contract of the h-type agent. ¢l > ¢l and the fact that ¢”

solves maximization problem (11) at utilities u" and U (' | ) implies that

v(d ) =u(dn),

Il
and ¢} = ¢;.

Since ¢!

is a full insurance allocation, it follows that ¢ = w1 (U (gh | l)) The fact that
U (' |1) > ! follows from continuity of u (-).

Case 2) H" (u) > 0.

Consider any on-path offer M € M and firm i such that (i) " = ¥ and (ii) PiM’h <
%H h (uM’h). Since there is a tie in the utility offered to the h-type with positive probability, there
is at least one firm that receives acceptance by the h-types with less than % chance in case the tie
occurs. Define ¢ = ¢eM" and ¢t = M. First, II (gh ] h) = 0. Suppose that II (Qh | h) > 0. In this
case there exists an offer that generates strictly more profits than M. Suppose that 11 (gl | l) >0
(an analogous argument can be made in case II (gl | l) < 0). By single crossing, for any € > 0 we
can construct (¢t,ct) such that: (i) U (¢" |1) > U (¢ [1); U (¢t |n) > U (" | ), (i) U (c" | h) >
U |h)and U (e |1) > U (¢ |1) and (ii) Hgt - EEH <e. As € = 0, the profit obtained from this

offer converges to

(1)) )+ mt (U (R i)

This is a strict improvement for firm 4, since acceptance by the h-type occurs with strictly
higher probability. Therefore, for € arbitrarily small, offer (Eig, E?) is a strict improvement from M,
a contradiction.

Now we conclude the proof of part 2. I claim that U (gl | l) = u!. Suppose that there exists
another offer M € supp (¢) such that U (CM’l l) <U (gl | l). This pair of contracts must deliver
utility below u” to the h-type agent, a contradiction with u” being a lower bound. We know

that one of the following holds: (i) C{Vl’l = cé\/l’l and U (MU [1) = U (M |1), or (ii) cf/l’l <
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cé\/l’l, U(M"|h) =U (M| h) and c{vl’h = cévl’h. If (i) is true, than U (M | h) < U (" | h),
otherwise we would contradict the fact that ¢ is the unique solution to problem (11) at utility levels
U (M| h) and U (M| 1). If (ii) is true, than necessarily c{\/l’h < ¢ (because the I-type agent
has lower utility). However, we know that ¢} = u~! (U (gh | l)) <yl (U (gh | h)) since ¢l > Q{)’.

This means that an agent of type h has lower utility at offer M than in ¢*

, a contradiction.

Finally, we claim that firm ¢ must make zero expected profits.

Case H! (gl) =0. If H" (gh) > 0, consider offer M such that U (cM’h | h) = uh. We already
know that IT (CM’h | h) = 0, but since U (CM’l | l) = u!, it also follows that profits obtained from
the I-type agents are zero as well.

If H» (gh) = 0. Consider sequence of menu offers {M,}, such that Mnh 5l We already
know that ¢! — ¢ therefore the profit obtained with this offer converges to zero, since acceptance
probabilities go to zero.

Case H' (gl) > 0. In this case, any offer M such that U (cM’l | l) = u!, it must be the case that
1I (CM’Z | l) = 0. Otherwise, one of the firms could improve by offering & close to ¢™! that generates
utility above u! to the I-type (and decreases utility obtained by the h-type). Since u! < u (p;), it is
necessarily the case that Cé\/"l > c{w’l (maximization (11) implies that cé\/l’l > cf/l’l). Therefore it
must be the case that the h-type allocation is of full insurance and leaves him indifferent between
M Mok e, C{M’h = cé\/l’h =yt (U (cM’l | h)) But generates utility strictly lower than c¢?,
a contradiction since U (gh ] h) =uh.

Part 3. II (cM’l l) <0, for all M € supp (¢).

Consider offering a single contract ¢ = (p; — €, p; — €), for some £ > 0. This contract generates

and ¢

profits whenever accepted because
II(c|h)>I(c|l)=¢>0.

Therefore, it must be accepted with zero probability, for any ¢ > 0. This means that H' (u (p; — €)) =
0, for any € > 0. Therefore, all the offers accepted by the [-type agent generate at least utility u (p;).
However, since the actuarially fair contract (p;, p;) maximizes expected utility of the I-type among

the contracts that generate nonnegative contracts, it follows that

M € supp ()
|2

1) > up)
L
I (chl | z) <0.

U (CM’Z

Part 4. 11 (cM’t h) > 0.
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First, assume that for some on-path offer M € M the following holds: II (cM’h | h) < 0.

PZ-M’h > (. Since firms make nonnegative profits, we know that PiM’l >0

Consider a firm ¢ such that
and II (cM’l | l) > 0. This implies that II (cM’l | h) > 0. Then, firm 4 could strictly improve by
just offering contract ¢M! + (e,¢), for € > 0 sufficiently small. This offer would guarantee the same
profits from the [-types and also generate at least no loss from the h-type agent.

Now consider the case 11 (CM’Z h) < 0 and firm ¢ such that Pl-M’l > 0. Similarly, this implies
that PzM’h > 0 and II (M7 | h) > 0. We know that cé\/l’l > C{M’l, because if ¢M! was a full

insurance allocation the initial assumption implies that cf/l’l = céw’l > pp, so that any contract

that generates as much utility to the h-type as this one generates a loss. Therefore, we know that
cf/l’h = céw’h < pp, and c{w’h =1 (U (CM’Z
in state 1 implies that u™! (U (¢! | b)) < u™ (U (¢M!|1)). This means that (i) ¢M" attracts
the I-type strictly less than ¢™! and (ii) ¢ generates more profits than ¢™!, because

I (cM’h | z) > 11 (u—l (U (CMJ | z)) | z) > 11 (CMJ | z) .

M,h +

h)) The fact that h has a preference for consumption

Therefore offering single contract M’ = {c (e, 5)} for € > 0 sufficiently small generates strictly

more profits. It generates at least as much profits from the h-type. Also, it is accepted with smaller
M1
P

7

probability < PiM’l by the [-type and generates more profits, whenever accepted.

Notice that this conclusion implies that the set of contracts that are accepted with positive
probability lie in the compact set {c¢ € R3 |II(c| h) > 0}.

Part 5. c{w’l = Cé\/"l.

Suppose that, for some on-path offer M, we have that cOM’l > c{w’l. In this case we know that,
necessarily, c{w’h = CSM’h and U (Mh | h) = U (M! ] h). IFIT (MY

firm ¢ such that PiM’l > 0. By the same construction used in the proof of Part 4, firm ¢ can strictly

l) < 0, than considering a

improve by just offering ¢M" + (g, ¢) for ¢ > 0 sufficiently small.

In case II (cM’l | l) = 0, we know that the certainty equivalent of this allocation, for type [, is
profitable. This means that IT (v~ (U (MU 1)) H) > 0. Therefore, any firm can guarantee strictly
positive profits by offering (c,c), where ¢ = u~! (U (CM’l ] l)) + ¢, for € > 0 sufficiently small so

that I ((¢,¢) | 1) > 0. This is a contradiction. O

8.3 Proof of Lemma 12

In order to use the integration formula presented in Lemma 12, we need to bound variation of the
integrand. This is what we do in this section. We have chosen to present this results separately
because of their technical nature and the fact that they do not add novel intuition to the arguments

presented before.
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Lemma 16. Let C = {c€R3 |U(c|l) > u(p), c1 = co and I (c| h) > 0}. Then

II h)—1I(d | h
p TN =TI
c,c'eC HC —C ||

i.e., the restriction of IL(- | h) to C is Lipschitz.
Proof. Follows from compactness of C' and continuous differentiability of function IT (- | h). O

Now we are interested in the absolute continuity of h. Since we already know that a pure
equilibrium might exist, we won’t be able to prove that h is absolutely continuous. However, we
will show that there (at most) one problematic point, namely the pure Rothschild-Stiglitz h-type
utility level U (cRS’h | h). The utility distribution h will be absolutely continuous away from this

point. This will allow us to use the integral formula for utility levels above this 'problematic’ one.

Lemma 17. Function H" (-) has bounded variation except (possibly) for the lowest h-type utility
HMU)—H"(U")

provided. If supy regr — =g = 00, then there exists a unique € € supp (®) such that:
h _1gh /
(i) % — o0 implies lim, U,, = lim,, U}, = U (¢ | h) and

(it) p(w <U(€|l)) =p(up, <U(E|h))=0.

Proof. Assume that U is not a mass point of H" (-) and ¢ € supp (®) such that U (¢ | h) = U. Then
optimality implies that a deviation to offer ¢ = (¢1 +¢,c0 — £ (€)) with £ (-) defined implicitly as
in equation (4). Let us consider deviation ¢® = ¢*(®) such that U (ca(A) | h) = U + A. Since the

deviation is non-profitable we have that
H"(U)I (¢ | h) > H"(U + A)w (¢ | h)

which can be rewritten as

HM(U + A) - H" (U)
A

II(c|h)—T(c™|h) 1
A IM(c® | h)

< H"(U)

Then, if HM(Un)=HM(Uy)

U= — 00, by compactness of the support of ®, U,, and U], are generated by

¢n, and ¢, in the support of ® and lim, ¢, = lim,, ¢/, = €. From the equation above we know that
II(¢| h) = 0. This means that the offers considered make almost zero profits from the h types,

therefore they must make almost zero losses from the [-type, i.e.,
w(uy <U(en | 1)) —="0. (14)

Then we know that offer ¢ — (g, ¢) is certainly never accepted by the I-type, therefore since firms
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might make zero profits we know that
w(up < U (| h))=0. (15)

Now to the uniqueness of ¢. Assume there are two such ¢ # ¢ (that are limits of such sequences),
then both of them lie in the zero profit line for the h-type. This means that U (¢|1) # U (¢ | 1),
and then (14) and (15) cannot hold for both. O

Now we finally conclude with the desired condition.
Corollary 6. The restriction of H" (-) to (u,00] is absolutely continuous.

Proof. From Lemma 17, it follows that the restriction of H" (-) to [u+ ¢,] is Lipschitz, for any
e > 0 small. Therefore H" (-) restricted to this domain is absolutely continuous. Consider a set
A C (u,)] of zero Lebesgue measure. Absolute continuity of the restrictions of H" (-), we know that
[(1A) (1 [g + %,HD dH" = 0 for any n € N. By dominated convergence, we know that

/(1A) (1 (u,@]) dH" = 0.

O

This means that we can find a Radon-Nikodym derivative h : Dy — R, such that for any
measurable function f: R — R4

/f@wﬂﬂ@»—/mfuwuadz+ﬂwwf@o.

Finally, we can conclude with the proof of Lemma 12.

For any Lipschitz differentiable function f: Dy — R, U € Dy and A > 0, we want to compute
HMU+A) f(U+A)—H"U)f(U). (16)
The first part is given by

(/M@fw+AHMMU+ADW+HWMfW+A%
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while the second term can be written as

[ @) @O ds+ B ) 1 ©)
— [hE O AU e+ B @] )£ [hE)F0+2) 1w U) d:
— [hE U+ D) @ @UDdz~ [ U +8) = O AU de+ B () ] ©).
and by using Fubini’s theorem it reduces to
/ h(z) f(U+A) (1 (w,U)) dz— / [ (@) (L(U,U + A] @)] deo [ H" (U) = B ()] + B" (u) £ (U).
Therefore, the final difference in (16) reduces to

/h(z)f(U+A)(1(U,U+A])dz+/[f’ (@) (1(U,U + A] ()] dw [H" (U) = H" (w)]
+H" (u) [f (U +A) = f (U)]

U+A
- / [h (2) f (U + A) + H" (U) ' (z)} dz.

U

The integral in Lemma 12 uses this fact applied to the case in which f (U) = II(c(U;,U) | h),
with ¢ (U;, U) being the contract that delivers utility levels U; and Uy, i..e, it is defined implicitly
as the solution to U (¢ | ) = U; and U (¢ | h) = Uy,
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